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ABSTRACT. We consider the ergodic (or additive eigenvalue) problem for the Neumann
type boundary value problem for Hamilton-Jacobi equations and the corresponding dis-
counted problems. When denoting by u* the solution of the discounted problem with
discount factor A > 0, we establish the convergence of the whole family {u*}\~o to a
solution of the ergodic problem, as A — 0, and give a representation formula for the
limit function via the Mather measures and Peierls function. As an interesting byprod-
uct, we introduce Mather measures associated with Hamilton-Jacobi equations with the
Neumann type boundary condtitions. These results are variants of the main results in
the paper “Convergence of the solutions of the discounted equations” by A. Davini, A.
Fathi, R. Iturriaga and M. Zavidovique, where they study the same convergence problem
on smooth compact manifolds without boundary.
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1. INTRODUCTION

We consider the ergodic problem (or additive eigenvalue problem) with Neumann type
boundary condition

H(z, Du(z)) = ¢ in £,

(1)
v(z) - Du(z) = g(x) on 0f2.

Here the problem is to seek for a pair (u, ) € C(£2) xR such that the above two conditions
hold in the viscosity sense. Throughout this article we assume that (2 is a given subset of
R™ and H, v and g are given functions on 2 x R", 92 and 042, respectively, and moreover,

(i) §2 is a bounded open connected subset of R™, with C'! boundary,
(ii) H € C(2 x R",R), g € C(002,R),
(iii) v € C(0£2,R") is a vector field oblique to the boundary 0(2, that is, y(x)-v(x) > 0
for all x € 012, where v(z) denotes the outer unit normal of (2 at x € 012,
(iv) H is a convex Hamiltonian, that is, the function p — H(z,p) is convex on R" for
every r € ﬁ,
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(v) H is a coercive Hamiltonian, that is,
(2) ]%im inf{H(z,p) : (x,p) € 2 x (R"\ Bg)} = oo,
—00

where Bg denotes the open ball of R™ with radius R and center at the origin.

Furthermore, solutions, sub- and super-solutions of Hamilton-Jacobi equations here mean
those in the viscosity sense (see [3, 1, 5]).
The following existence and uniqueness result has been established.

Theorem 1. (i) There ezists a solution (u,c) € Lip (£2) x R of (1) and (ii) the constant

c is unique in the sense that if (v,d) € C({2) x R is another solution of (1), then d = c.

The above theorem is valid without the convexity assumption on the Hamiltonian f.
We refer to [12, Corollary 3.7, Theorem 6.1], [4, Theorem 1.2, (i)] for a proof of the above
theorem.

We call the constant ¢, given by the above theorem, the critical value (or additive
eigenvalue) for (1) and denote it by cy.

It is a classical observation (see [16] for the case of periodic settings) that the discounted
problem with discount factor A > 0

) {/\u)‘(:p) + H(z,Du*z)) =0 in £,

y(x) - Durz) = g(x) on 02

gives an efficient approach to solving problem (1). This problem (3) is a standard
boundary value problem of the Neumann type for the Hamilton-Jacobi equation Au +
H(z, Du?) = 0 in £2. Asin [16, 4], one way to establish the existence result of Theorem 1
is the following. We solve (3), to get a unique solution u* for every A > 0, next show that
the families {\u*} so and {u*} <0 are respectively uniformly bounded and equi-Lipschitz

continuous on {2, and then define ¢ € R and u € Lip (£2) by taking the limit (uniform
limit on (2), along a suitable sequence A = \; — 0,

{c = —lim M (z),

u(z) = lim(u*(z) — ming u?),

to find a solution (u,c) of (1).

Recently there has been much interest in the question if for the solution u* € Lip (£2),

the following convergence holds or not:

(4) }\gr(l)(uA(x) + A tey) =u(xr) uniformly on 2

for some function u € Lip (£2). See for this [10, 15, 6]. It is quite recent that Davini, Fathi,
Iturriaga and Zavidovique [6] have given a positive and decisive answer to this question
when H is a convex and coercive Hamiltonian and (2 is a compact smooth manifold
without boundary.

We show in this article that the method of [6], together with the recent developments
[12, 13, 14] of weak KAM theory for Hamilton-Jacobi equations with Neumann type
boundary conditions, is adapted and modified to the Neumann type boundary value
problem, to establish the following two theorems. As is seen later, an interesting outcome
of this study is that notion of Mather measures is naturally generalized to Hamilton-Jacobi
equations with Neumann type boundary conditions.
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Theorem 2. For each A\ > 0 let u* € C(£2) be a (unique) solution of (3). Then there

exists a solution u € Lip (§2) of (1), with ¢ = ¢y, such that

(5) u(z) = }\%(uk(x) + A tey)  uniformly on £2.

The theorem above will be proved in the next section. Before stating the second
theorem, some preparations are needed. Henceforth in this introduction we assume that
Theorem 2 is valid, and we write ug for the limit function given by (5).

Let L denote the Lagrangian of H. That is, L is the function on {2 x R™ given by

peER™
We note (see also [14]) that L is lower semicontinuous and bounded below by the constant
—min, g5 H(z,0) on 2 x R", for any z € 2 the function £ — L(z,£) is convex, and L is
bounded on {2 x Bs for some § > 0 while it takes possibly the value 4oo.
We introduce Mather measures (p1, f12) associated with (1). We call a pair of finite
Borel measures zi; and jie, with compact support, on £2 x R” and on 9f2, respectively, a
Mather measure associated with (1) if the following three conditions hold:

| 2w+ enmng + [ g <o

o0
O [ Do) €m(dade) + | () Dolala(d) =0 forall 6€ C'(2),
NxRn on
(i is a probability measure on {2 x R".

Our definition of Mather measures above is an adaptation of the standard closed Mather
measures (see [6]) to the Neumann type boundary value problem for Hamilton-Jacobi
equations. The introduction of Mather measures, associated with Hamilton-Jacobi equa-
tions with the Neumann type boundary conditions, seems to be new and original. See
also [18, 9, 8] for general scopes of Mather measures. The second condition in the above
list of conditions corresponds to the requirement that the measure (u, i2) be closed. In
this note, we denote by M the collection of all Mather measures (11, 112) associated with
(1).

For any Borel measure on {2 x R™, we denote by fi; the projection of 11 on £2. That is,
we define ji; by setting ji;(B) = p1(B x R") for every Borel subset B of 2.

Next we introduce briefly the Skorokhod problem. That is the problem, for given

v e L*(]0, 00),R™), to look for a pair (n,[) € Lip ([0, 00), £2) x L*([0, c0), R) such that

n(0) = =,
(7) () 1y ((t) = v(t)  ae >0,

I(t) >0 and,if n(t)e R, I(t)=0 ae t>0.
We denote by SP(x) the set of all triplets (n,v,1) € Lip ([0, o0), £2) x L=([0, 0o), R") x
L>([0, 00),R) which satisfy (7). For more details of the Skorokhod problem, we refer to

[12, 14] and the references therein.
For given ¢ > 0 we define p; : 2 x 2 - RU {oco} by

®) pi(e,y) = inf / [L(n(s), —v(s)) + Us)g(n(s)) + cxlds,
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where the infimum is taken over all (n,v,l) € SP(x) such that n(t) = y. We understand
here, in view of the boundedness of L from below, that if the function s — L(n(s), —v(s))
is not integrable on [0, ¢], then

t
/ L(n(s), —v(s))ds = +o0.
0
It is easily seen that

(9) pees(m,y) = inf (pi(7, 2) + ps(2,9))  for all z,y € 2 and t,s € [0, 00).
z€f2

We define as well a function p on 2 x £2 by
(10) p(e,y) = liminf p, (2, y).
—00

This function p is called the Peierls function and is Lipschitz continuous on {2 x 2, which
is a consequence of Lemma 12 below.
We are ready to state the second main result, which will be proved in Section 3.

Theorem 3. We have

(11) uo(z) = min p(z,y)in(dy)  for all = € 1.
(/'leMZ)eM ﬁ
2. PROOF OF THEOREM 2

The main arguments of the proof of Theorem 2 are stated in the following several
lemmas.

Lemma 4. For the solution u* of (3), the formula

(12) ut(z) = inf/ooo e M[L(n(t), —v(1) + U(t)g(n(t)))dt

holds for all x € 2, where the infimum is taken over all triplets (n,v,1) € SP(x).

As before, we understand in the above formula that if the function t — e M L(n(t), —v(t))
is not integrable on [0, o), then

/OOO e M[L(n(t), —v(t)) + 1(t)g(n(t))]dt = oco.

The above lemma is well-known (see [17]), for instance, if L is uniformly continuous
on 2 x R™. Also, in [12, Theorem 5.1] or [14, Theorem 5.5, a similar formula has been
established, in the generality of the above lemma, for solutions of the initial-boundary
value problem for Hamilton-Jacobi equations with the Neumann type boundary condi-
tions, the proof of which can be easily adapted to the case of the above lemma. However,
for completeness and the reader’s convenience, we give a proof after the following lemma.

Lemma 5. For the solution u* of (3) and any x € 2, there exists (n,v,1) € SP(z) such
that

) = / ML), —o(6) + Ut)g(n()]dt.
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Proof. We prove the lemma as a corollary of [12, Theorem 7.3]. Set G(z,p) = H(z,p) +
Aur(z). Then G is a continuous, convex, coercive Hamiltonian and its Lagrangian is
given by L(z,£) — Mu*(z). Fix any x € 2. Thanks to [12, Theorem 7.3], there exists
(n,v,1) € SP(z) such that

ut(z) = /0 [L(n(s), —v(s)) + U(s)g(n(s)) — Au*(n(s))lds + u(n(t))  for all ¢ > 0.
Differentiating this, we get
0= L(n(t), —v(t)) + Ut)g(n(t)) — A’ (n(t)) + %Wn(t)) a.et>0,

and furthermore, multiplying this by e=* and integrating over [0, T, with T' > 0,

(13) 0= /0 e M[L(n(t), —v(t)) + U(t)g(n(t))]dt + e u (n(T) — u(x).
Sending T" — oo yields the desired identity. U

Proof of Lemma 4. In view of Lemma 5, we only need to prove that, for any = € £2 and
(n,v,1) € SP(x), the following inequality holds:

(14) ut(z) < /OOO e M[L(n(r), —v(r) + U(r)g(n(r))]dt.

We prove this based on [12, Theorem 5.1]. Fix any x € 2 and (n,v,1) € SP(z). We
may assume that the function ¢ — e ™ L(n(t), —v(t)) is integrable on [0, co). According
to [12, Theorem 5.1], with Hamiltonian H(z, p) replaced by H(x,p) + Au*(x), we have

(15) u’(z) < /0 [L(n(r), —v(r)) + U(r)g(n(r)) = Xu*(n(r))ldr +u*(n(t))  for all t > 0.

We set
f(t) = —u’\(a:)+/0 [L(n(r), —v(r)) + 1(r)g(n(r)) — Xu*(n(r))ldr  for t >0,

and observe by using (15) that for a.e. ¢t > 0,

% f(8) = Lin(t), —v(t)) + U()g(n(t)) — (1))

< L(n(t), —v(t)) + U(t)g(n(t) + Af (1),
and, hence,

(€™ f()) < eM[L(n(t), —v(t)) + U(t)g(n(1))]-

d
dt
[0, T, with T" > 0, we get

Integrating this over
e MA(T) = £(0) < /O ML (n(t), —v(t) + U(t)g(n(t))]dt.
This combined with (15) yields
ut(z) S/O M[L(n(t), —v(t)) + U(t)g(n(t))]dt + e~ u (n(T)),

which shows after sending 7" — oo that

Ar) < / ML), —o() + LD a(n())dt.
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Thus, (14) holds. O

Lemma 6. Assume that cg = 0. For each A\ > 0 let u* € Lip (£2) be the solution of (3).
Then the famaly {u/\})\e(Ql) 15 uniformly bounded and equi-Lipschitz continuous on {2.

The observations in the above lemma should have be done when establishing Theorem 1
in the approach described briefly after the statement of Theorem 1. But, for completeness,
we give a proof of the above lemma.

Proof. Since ¢y = 0, by Theorem 1 there exists a solution u € Lip (2 of (1), with ¢ = 0.
We choose a constant M > 0 so that ||u]|e,o < M and set ui,(z) := u(z) £+ M for x € 0.
Observe that if A € (0, 1), then u}, and ), are a supersolution and subsolution of (3),
respectively. Hence, by comparison (see [2, Remark (i) of Theorem 1] or [7, Remark 2.2]),
we see that, for any A € (0, 1), uy; < u* < uf; on 2, which shows that ||u*||e.0 < 2M.
That is, the collection {u*}¢( 1) is uniformly bounded on £2.

Next we choose a constant K > 0 so that H(z,p) > 2M for all (z,p) € 2 x (R"\ Bg).
Let A € (0, 1). If (z,p) € 2 x R satisfies \u*(z) + H(z,p) < 0, then H(z,p) < 2M
and, hence, |p| < K. This observation shows that u* is a subsolution of [Du*(z)| < K
in (2, which implies (see [14, Lemma 2.2]) that u* is Lipschitz continuous on 2 with
a Lipschitz bound Cn K for some constant C, > 0, depending only on (2. Thus, the
collection {u*}r(0,1) i equi-Lipschitz continuous on f2. O

We denote by U the set of all limit functions v obtained as
u(z) = lim v (z) uniformly on 2,
j—oo
where {\; };en is a sequence of positive numbers \; converging to zero. Observe by Lemma
6 and the Ascoli-Arzela theorem that if ¢z = 0, then U # (). Also, note by the stability

of the viscosity property under uniform convergence that every u € U is a solution of (1),
with ¢ = 0.

Lemma 7. For each A > 0 there exists a constant C'y > 0 such that
L(z,8) > Al¢| = Ca  forall (z,€) € 2 xR™
For a proof of Lemma 7 above, we refer to [11, Lemma 6.4] or [14, Lemma 5.1].

Lemma 8. There is a constant C' > 0, depending only on {2 and v, such that for any
xz € {2 and (n, v, l) € SP(z),

In(s)| vi(s) < Clu(s)] a.e. s>0.
See [11, Proposition 4.1] or [14, Proposition 5.2] for a proof of the above lemma.

Lemma 9. Let u € C(£2) be a subsolution of (1), with a given ¢ € R, and ¢ > 0 a
constant. Then there exists a function w € C1(£2) such that

H(z,Dw(x)) <c+e in §2,
(16) v(z) - Dw(x) < g(x) on 0L,

lu — w||oon < e.

See [14, Theorem 4.2] for a proof of the above lemma.
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Lemma 10. Assume that cg = 0. We have

/ w(x)py(de) <0 forall weld and (ui,ps) € M.

2
Proof. Fix any u € U and (1, pta) € M, and choose {A;};en so that 0 < A\; < 1 for all j,
hm]_mo )\] =0 and

(17) u(z) = lim w™(z) uniformly on 2.
j—o0

Fix e > 0 and j € N. We agree to write A for A; for the moment. By applying Lemma 9
with the function \ur(x) + H(x,p) in place of the function H(z,p), we obtain a function
w € C'(N) such that

Mut(z) + H(z, Dw(z)) <e in £,
(18) (x) - Dw(z) < g(x) on 012,
|u? — w|oon < €.
Since H(z,p) > & -p— L(z,€) for all z € 2 and p, & € R", we get from (18)
Mt (z) < e+ L(x, &) — Dw(z) - € for all (z,€) € 2 x R,
Integrating this with respect to y; and setting 7' = £2 x R", we get

A [ @) < o)+ [

02 T

Lz n(dad§) = [ Dula) - m(dads)

Furthermore, using the second equality and inequality, respectively, of (6) and (18), we
get

A/ux(x)gl(dx) < 6u1(T)+/

n T

<em(T) +/

T

L(z, €)pur (dzd€) + /8 9(a)- Dulz)nda)

L(x,f)ul(dxd£)+/ g(x)pa(d).

o1

Now, this combined with the first inequality of (6) yields

3 [ @i (da) < (D),
which implies that
/Qu’\(x)ﬁl(dx) <0 forall A=);,jeN.
Sending j — oo, we get the desired inequality

/ u(z) iy (dz) < 0. O

2

Lemma 11. Assume that cg = 0. Let w € C({2) be a subsolution of (1), uw € U and
x € (2. Then there exists (u1, po) € M such that

(19) u(x) > w(z) - / w(y)iia(dy).

9}
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Proof. We choose {\;};en so that 0 < A\; <1 forall j € N, lim; ., A; =0 and

u(z) = lim v (2)  uniformly on £2.
j—o0

Thanks to Lemma 6, we may choose a Lipschitz bound M > 0 for the functions v, with
A € (0, 1), so that |[u*(x)] < M for all x € 2 and X € (0, 1).

Fix any © € 2 and j € N, and write A for \;. By Lemma 5, there exists (1,v,1) =
(n;,vj,1;) € SP(z) such that

(20) uMm:1£ma“wm@x—wwwuamm@Mdt

From this, in view of the dynamic programming principle (or the proof of Lemma 5), we
see that

(21)  w’(z) = /o e [L(n(s), —v(s)) + 1(s)g(n(s))]ds + e Mu*(n(t)) forall t> 0.

Next, observe that the function u* o7 is Lipschitz continuous with M|l 10, ) as a
Lipschitz bound and, hence,

d :

‘au o n(t)’ < Milli=0.00) ae. t>0.

Using this and differentiating (21) in ¢, we get

0= e [L(n(t), —o(t)) + 1) g(n(t)) — M (n(t)) + %UA 0 n(t)] ae. t>0.

That is, we have

0= L(1(t), —v(t)) + U(t)g(n(t)) — Xu*(n(t)) + %UA on(t) ae t>0,

and hence,
0> L(n(t), —v(t) = l(t)|gllcoe — [0 = Mlllz=00) ae. t>0.
Furthermore, using Lemma 8, we obtain
0> L(n(t), —v(t)) — Cllgllsco0llvlLe©0) — M — CM|[v]|z=@0e) a.e. t>0.

Here C' is the constant from Lemma 8. We now use Lemma 7, with A = 1+ C(]|¢|o0.00 +
M), to get
Alw)| < Ca+ M+ (A= D|jv| =00 ae. t>0,

where C'4 is the constant from Lemma 7, with the above choice of A. Hence, we get

(22) V][ (0,00) < C1s
where C', = C'y + M, and furthermore, by Lemma 8,
(23) yvint) <Ccc; ae t>0.

Now, we are going to take the limit as A = A; and j — oo, and recall that (n,v,[) =
(nj,vj,1;) depends on j. For each j we define the functionals F; and G; on BUC(£2 x R")
and on C(012), respectively, by

mwz&flwwwmw@thm @w:&ﬁﬁﬂ%wwmmw
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It is clear that
|E5(0)] < 19l oo.xrn for all ¢ € BUC(2 x R"),
1G5 ()] < CCL[Y |0 forall ¢ e C(012).

By (22), we see that the supports of the functionals F; are contained in the compact set

2 x Be,. Thus, we may choose an increasing sequence {j.}ren C N such that
— lim F, d = lim G,
= Jim Fiand i = fim Gy

in the weak convergence of measures, for some finite Borel measures j; and py on £2 x R™
and on 02, respectively. Furthermore, if ¢(z,£) = 1, then F;(¢) = 1 and, hence, p11(¢) =
1, which ensures that p; is a probability measure.

We fix any £ > 0. Thanks to Lemma 9, we may choose a function z € Lip (£2) so that

H(z,Dz(x)) <e¢ in (2,
(24) v(z) - Dz(z) < g(x) on 052,
|2 — wl||oo,0 < e.

From (20), using (24), we obtain
W) = [ e ML, <0 (0) + Ligtm @)
> [ e us(0) - Doty (1) — HOu(0). Dy (0) + (B0
> [0 D) ~ &+ L0y (0) - Doty )]s
S /0 e N D (s (1)) - 0y (D)t

= —)\;15 + 2(z) — )\j/o e Mtz (n;(t))dt.

Here, noting that z depends on ¢ and sending ¢ — 0, we get

o

W) 2 wla) <Ay [Nl

0

and then we send j — oo along the subsequence ji, to obtain

wwzmw—/w@mmw

)

It remains to show that (u1,p2) is a Mather measure. We may choose a sequence
{Lm}men of functions L,, € BUC({2 x R") such that

Li(2,8) < Ly (z,€) for all (m,z, &) € N x 2 x R,
L(z,€) = lim L,,(z,&) pointwise on (2 x R™.
m—0o0

For any j,m € N, by (20), we get

A (x) = A /000 ™M L (n; (1), —v; (8)) + 1 (£) g (n; (¢))]d2.
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Hence, sending j — oo along the subsequence j = ji, we get

02 [ Lo Ou(dsde) + [ glam(do)

QxR" 09
By the monotone convergence theorem, in the limit as m — oo, we get

/_(2 n L(‘T?g):ul(dxdé) + /899<I>M2(d$) < 0.

Next, let ¢ € C'(£2) and observe that for any j € N,
~o(o) = [ 5 M ote) e
= [ et [ e Do) i
== [ e Moo+ [ e Do) - () ~ Lm0

Multiplying the above by A; and sending j — oo along the subsequence j = ji, we get

| Dota)gmdade) + | (@) Dola)pa(dz) =0

2xR™ a12

Hence, (j11, i12) is a Mather measure. This completes the proof. 0

Proof of Theorem 2. We first assume that cy = 0, and will come back to the general case.
As noted after Lemma 6, the set ¢ is non-empty.

To prove the desired uniform convergence, we need only to show that I/ is a singleton.
Let u,w € U and = € £2. By Lemma 11, there is a Mather measure (u1, jis) € M such
that

ulw) = wle) - [ w(e)(ay)
2
Hence, by Lemma 10, we get
u(z) > w(z).

Since x € {2 is arbitrary, we see that u(z) > w(x) for all z € 2. Also, by symmetry, we
have w(x) > u(z) for all z € 2. Thus, we conclude that u = w, which shows that I/ is a
singleton. N

Next, we consider the general case. We set H(z,p) = H(x,p) — cyg and @t(z) =
u*(x) + A Leyr, and note that the critical value for (1), with H replaced by H, is zero and
that @* is the unique solution of (3), with H replaced by H. The previous argument now
yields

u(zr) = }\1{{(1) @*(z) uniformly on 2

for some solution u € Lip (£2) of (1), with ¢ = ¢, and the proof is complete. O

3. PROOF OF THEOREM 3

In this section, except otherwise stated, we assume that cy = 0, and let S~ denotes

the set of all subsolutions w € C(£2) of (1), with ¢ = 0.
Let d be the function on 2 x (2 defined by

d(z,y) =sup{w(z) —w(y) : we S }.
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We recall that, since §™ is equi-Lipschitz (see e.g. [14, Lemma 4.1])_, d is Lipschitz
continuous on {2 x {2, and the function x +— d(x,y) is in S~ for any y € {2. Furthermore,
we have (see e.g. [14, Proposition 5.4])

(25) d(w,y) = infpi(w,y) forall ,y € 0,

and

(26) d(x,y) < d(x,z) +d(z,y) forall z,y,z€ .

It is obvious that, if w € S,

(27) w(z) —w(y) < d(z,y) < pz,y) forall x,ye 2,t>0.

Now, we consider the initial-boundary value problem

(28) {Gtu(:c,t) + H(z, Dyu(z,t)) =0 in £ x (0, c0),
v(z) - Dyu(z,t) = g(x) on 902 x (0, o0),
(29) u(z,0) = f(x) for x € 02,

where f € C(£2) is a given initial data. According to [12, Theorem 5.1] or [14, Theorem
3.3], there exists a unique solution u € BUC({2 x [0, 00)) of (28), (29), the solution w is
given by

(30) u(w,t) = yigg(pt(:c,y) + f(y)) forall (z,t) € 2 x (0, c0),

and moreover, u € Lip (2 x [0, o0)) if f € Lip (12).
We introduce a function ¢ on 2 x 2 x [0, o) defined by

(31) q(z,y,t) = inf (p(x, 2) + d(z,y)) if t >0,
z€S?

and q(x,y,0) = d(x,y). We note that, for any y € 2, the function (x,t) — q(z,y,t) is a
solution of (28) with the initial function z — d(x,y).
We need the following lemma for the proof of Theorem 3.

Lemma 12. We have: p € Lip (2 x £2), ¢ € Lip (2 x 2 x [0, o)),
d(z,y) < q(v,y,t) < min{p(z,y), p(w,y)}  for all x,y € 2, t >0,

and
p(r,y) = tlim q(z,y,t)  uniformly on 2 x £.
—00

Furthermore, for any y € £2, the function x v p(x,y) is a solution of (1), with ¢ = 0.
The following lemma is needed for the proof of the above lemma.

Lemma 13. The function q is Lipschitz continuous on £2 x £2 x [0, c0) and, for any
x,y € (2, the function t — q(x,y,t) is nondecreasing on [0, 00).

Proof. Observe that for any x,,z € £2 and ¢, s € [0, co),
inf (p;(,€) +ps(€,2) +d(2,9))
¢en

> ;2% (pe(z, &) +d(&,y) = q(x,y,1),

pt—l—s(x? Z) + d(Z, y) -

and, hence, B
q(x,y,t +5) > q(z,y,t) forall z,ye
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which shows that the function ¢ + q(x,y,t) is nondecreasing on [0, oo) for any z,y € £2.
Equation (28) for the function (x,t) — ¢(z,y,t) and the monotonicity of t — ¢(x,y,t)
yield, for any y € (2,

|atQ(x7 Y, t>| + H(:Ij’, qu<l', Y, t))
= 0uq(w,y,t) + H(x, Dyg(x,y,1)) =0 ae. in 2 x [0, 00).

Due to the coercivity of H, this ensures that the family of functions (z,t) — q(z,y,t),
parametrized by y € (2, is equi-Lipschitz continuous on {2 x [0, co). Moreover, we note
by (31) that if C' > 0 is a Lipschitz bound of d, then |q(z,y,t) — q(z, 2,t)| < C|y — 2| for

all y, z € 2. Thus we deduce that ¢ € Lip (2 x £2 x [0, 00)). O
Proof of Lemma 12. We first show that
(32) p(z,y) = tlim q(z,y,t) forall z,yc 12

—00

To this end, we fix any y € £2 and set u(z,t) = q(x,y,t) for (z,t) € 2 x [0, c0). Since
the function wu is a solution of (28) with the initial function z — d(z,y), we see that u
is bounded and Lipschitz continuous on 2 x [0, 00). Recalling the monotonicity of the
function u(x,t) in ¢ and using the Ascoli-Arzela theorem, we deduce that

(33) u™(z) = tlim u(z,t)  uniformly on 2,
—00

for some function u> € Lip (£2). It follows that the function u* is a solution of (1), with
¢ = 0. By the monotonicity of the function u(x,t) in t, we get

(34) d(z,y) < q(z,y,t) <u>(x) forall (x,t)€ 2 x][0,00).
Observe by (9) and (27) that for all # € 2 and t, s € [0, 00),
Prvs(@,y) = Inf (pe(z, 2) +d(z,y)) = q(z,y.1),
from which we get
(35) p(z,y) >u>(x) forall z€ .

Now, we fix z € 2 as well. Also, fix any 7 > 0 and ¢ > 0. The function u™(z),
regarded as a function of (x,t), is a solution of (28), and, by (30), we get

u>(x) = inf (pr(x,2) + u™(z)) > —c + pr(z, z.) + u™(z.)
z€f?
for some 2 € 2. Furthermore, by (34) and (25), we get
uoo(‘r) > —e+ pT(x7 2) + d(éa y) > —2¢ +pT(x7 2) + p7'<27 y)
> —2e+ ing (pr(z, 2) + pr(2,y)) = =2 + prir(z,y)
ze
for some 7 > 0, which shows that
u(z) = liminf pi(2,y) = p(z,y).
—00
This, (35) and (33) together ensure that
p(z,y) = u™(z) = lim q(z,y,1).

Noting that the choice of x,y € 2 above is arbitrary, we conclude that (32) holds.
By Lemma 13, we know that g € Lip ({2 x {2 x [0, o0)). Hence, we infer that, by the
Ascoli-Arzela theorem, the convergence (1) is indeed uniform on (2 x {2 and that the limit
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function p is Lipschitz continuous on {2 x £2. Moreover, it is now clear that, for any y € 2,
the function z — p(x,y) is a solution of (1), with ¢ = 0. and that ¢(z,y,t) < p(z,y) and
d(z,y) < q(x,y,t) < p(x,y) for all z,y € 2 and t > 0. The proof is complete. O

Remark 3.1. It is worth noting that the above proof is easily modified to show that if
f € C(f2) (and cyg = 0), then, for the solution v € BUC({2 x [0, o0)) of (28), (29), we
have

liminf u(x,t) = inf (p(z,y) + f(y)) forall x € f2.
yes?

t—o00

In other words, if f € C(£2), then the function £ € Lip (£2) defined by

fo(x) = ;2% (p(z,y) + f(v))

is the minimal solution of (1), with ¢z = 0, among those solutions ¢ satisfying ¢ > f~
on {2, where the function f~ € Lip ({2) given by

f(z) = inf (d(z,y) + f(v)),

yen

and this function f~ is the maximal one among those 1) € S~ satisfying ¢» < f on £2. See
also [13, Proposition 4.1].

We continue to assume until the middle of the following proof that ¢y = 0.
Proof of Theorem 3. By (27), we have
ug(z) < uo(y) +p(x,y) forall z,y € 2.

Let (u1, po) € M. We integrate the both sides of the above in gy, then use Lemma 10, to
get

wlo) < [ w)iny) + [ plan)indn) < [ plepildy)  foral o€ @
o o o
and conclude that
(36) uo(x) < inf p(z,y)fii(dy) for all x € £2.
(p1,u2)EM J 5o

Next, fix z € 2. Let A > 0 and u* € Lip (£2) be the solution of (3). In view of Lemma
5, we may choose (n,v,1) = (nx, vx,lx) € SP(z) so that

) = / ML), —o(6) + Ut)g ()]t

Similarly to the proof of Lemma 5, we deduce that for all £ > 0,
t
uMz) = /0 [L(n(s), —v(s)) +U(s)g(n(s)) — u*(n(s))]ds + u*(n(t))

> pule, () — A / W (57(3))ds + 1 (n()
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Moreover, multiplication by Ae™*! and integration over [0, co) yield

uMz) > )\/000 Mpy(, n(t))dt + )\/OOO% (e_)‘t /Ot uA(n(s))ds) dt

A /000 My (z, n(t))dt

t e8]
= /\/ e M pg(x,n(s))ds +/ e ps(z,m(s))ds forall ¢t > 0.
0 ¢

We fix any ¢t > 0, and, using Lemmas and 12 and 13, we observe from the above that

(37) u(z) > /\/0 e d(z,n(t))ds + /\/ltOO e q(z,n(s),t)ds.

We argue exactly as in the proof of Lemma 11, to find a sequence {\;} € (0, 1),
converging to zero, and a Mather measure (u1, p2) such that for any v € C({2),

/ vle)in(da) = i ), [ TNy (5))ds
0

]—)OO

Thus, sending A — 0 in (37) along the sequence {\;} and using Theorem 2, we get

uo(z) > /Q o(z,y, D) (dy).

Furthermore, sending ¢ — oo yields
wle) = [ pla.y)in(dy).
2

Since x € (2 is arbitrary in the above inequality, we combine this with (36), to conclude
the proof of Theorem 3 in the case when cy = 0.

Now, we consider the general case regarding cy. Given a Hamiltonian H, as above,
let L, cg and p be the corresponding Lagrangian, critical value and Peierls function,
respectively. Let M denote the corresponding set of Mather measures associated with
(1). Moreover, let ug be the limit function given by (5). If we define the function H
on 2 x R™ by setting ﬁ[(:p,p) = H(x,p) — cpy, then the critical value and Lagrangian,
corresponding to the Hamiltonian H , are zero and the function L(z, )+ cy, respectively.
On the other hand, the Peierls function p, the set M of Mather measures, and the limit
function uy do not change under the above replacement between H and H. Thus, by the
previous result for cyg = 0, we get

up(xr) = min p(z,y)i(dx) for all z € £,
(n1,p2)EM J 5o

which completes the proof. O
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