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ABSTRACT. We study the dynamical boundary value problem for Hamilton-Jacobi equa-
tions of the eikonal type with a small parameter. We establish two results concerning the
asymptotic behavior of solutions of the Hamilton-Jacobi equations: one concerns with the
convergence of solutions as the parameter goes to zero and the other with the large-time
asymptotics of solutions of the limit equation.
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1. INTRODUCTION AND THE MAIN RESULTS

We consider the initial-boundary value problem for the eikonal equation

eui(x,t) + |Dyus(z,t)] =1 in Q,
(1) ui(z,t) +v(x) - Dyuf(z,t) =0 on 0N x (0, co),
us(z,0) = up(x) for x € Q.

Here ¢ € (0, 1) is a parameter, 2 is a bounded open connected subset of R, with C1
boundary, @ := Q x (0, ), v(x) denotes the outer unit normal of Q at x € 99, and ug
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represents the initial data. We adapt the notion of viscosity solution as the notion of solution
of eikonal equations in this article. Throughout this article we assume for simplicity that
ug € Lip (Q), i.e., ug is Lipschitz continuous on €.

The boundary condition in the above problem is called the dynamical boundary condition.

If we set
v(z,t) = (v(x),0) and ~y(z,t)=(v(z), 1) for (z,t) € 0N x (0, ),
then o(z,t) is the outer unit normal vector of @ at (z,t) € 992 x (0, 00),
v(z,t)-v(x,t) =1 forall (x,t) € 0 x (0, 00)

and

ur(z,t) + v(z) - Dyu(z,t) = y(x,t) - Du(z,t).
From this observation, we see that the above dynamical boundary condition is a kind of
Neumann type boundary condition posed on the portion 02 x (0, co) of the boundary 0Q
of the domain Q.

Motivated with applications to superconductivity and surface evolution, Elliott-Giga-Goto
7] have studied the well-posedness of a Hamilton-Jacobi equation with a dynamical boundary
condition, where the boundary condition is “tangential” to the lateral boundary and has the
form w(x,t) + g(z,t) = 0 (see also (4) below). As far as the authors know, a general study
of Hamilton-Jacobi equations with dynamical boundary conditions goes back to Barles [5],
where the well-posedness of dynamical boundary problems has been established (see for
instance [5, Theoremé 4.11]).

We are also motivated by the recent studies on the Laplace equation

Ayu(z,t) =0 in Q x (0, o0)
with the nonlinear dynamical boundary condition of the type
u(z,t) + v(z) - Dyu(x,t) = |u(x,t)|?, with a constant ¢ > 1,

due to Amann-Fila [1], Fila-Ishige-Kawakami [10] and others, where the blow-up phenomena
and large time behavior of solutions are investigated. The Laplace equation above is, of
course, the limit equation of the heat equations eu(x,t) — Ayu(z,t) = 0 in Q x (0, co0) as
¢ — 0+4. Here we replace these heat equations by the eikonal equations and the nonlinear
dynamical boundary condition by the linear one as in (1).

We are thus concerned with the asymptotic behavior of the solution u® of (1) as € — 0+.
Roughly speaking, if there is a limit function of u® as ¢ — 0+, the limit function u should
satisfy

2 {|Dxu<:c,t>\ =1 in Q,

ui(x,t) + v(z) - Dyu(z,t) =0  on 9N x (0, co).
Regarding the initial condition for the limit function, as we will see in our main results, the
solutions u° develop an initial layer and the original initial condition u(-,0) = o does not
make sense for the limit function v in general.

To overcome the difficulty of initial layer, we introduce a new (slower) time scale and, for
the solutions u® of (1), we set

v (w,t) = u(x,et) for (x,t) € Q.
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Note that the v® satisfy

vi (z,t) + | Do (z,t)| = 1 in Q,
(3) vi(z,t) +ev(z) - Dyvt(z,t) =0 on 08 x (0, 00),
ve(z,0) = up(z) for x € Q.

In the informal level, by setting ¢ = 0 we get the problem for the limit function v of the u*
as € — 04:

ve(z,t) + |Dyv(z,t)| =1 in Q,
(4) v(z,t) =0 on 02 x (0, ),
v(z,0) = up(z) for x € Q.

The initial condition for the limit function w of the u® is then given as the limit function
Voo () of the solution v(z,t) of (4) as t — oo. The recent developments concerning the large
time asymptotics for solutions of Hamilton-Jacobi equations (see [12, 4]) suggest that the
limit function v., should be described as follows: define first the function vy on € as the
maximal subsolution of the stationary eikonal equation

(5) |Dv(z)]=1 in Q

among those v which satisfy v < ug on ©Q, and then v,, as the minimal solution of (5) among
those v which satisfy v > v; on €. It is well-known (see the end of this section) that v, and
Uso are Lipschitz continuous on € with a Lipschitz bound depending only on the domain €.
See [12, Lemma 2.2] for this Lipschitz continuity.

The main purpose of this paper is twofold. First, we consider the convergence of u® as
e — 0+ and, second, we study the large time asymptotics for solutions of (2). Our result on
the convergence of u° is stated as follows:

Theorem 1.1. Let u® € C(Q) be a solution of (1), with e € (0, 1), and u € C(Q) a solution
of (2) satisfying the initial condition u(-,0) = vo on Q. Then
lim u®(x,t) = u(x,t) uniformly on Q x [T~ T

e—0+

forall T > 1.

The stationary problem corresponding to (2) is the following.

|Du(z)| =1 in
(6)
1+v(z) - Du(z) =0 on 0.

As we will see, this problem has a solution in C'(2) and v, is a supersolution of this problem.
We define the function us as the maximal solution of (6) among those u which satisfy u < v
on . Our result concerning the large time behavior of solutions of (2) is as follows.

Theorem 1.2. Let u € C(Q) be a solution of (2) satisfying the initial condition u(-,0) = V.
Then

tlim (u(w,t) —t) = uso(x)  uniformly on Q.
—00
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We use the following notation: as above let & C R™ be a bounded domain with C!
boundary. By the implicit function theorem, there exists a function p € C*(R™) such that

Q={zeR": p(x) <0},
Dp(z) #0 for all = € 09.

Note that Dp(x) = |Dp(x)|v(z) for all z € 9. We call such a function p a defining function
of Q. Let ¢ € C(2) be a (viscosity) subsolution of

|Dop(x)] <1 in Q.

It is well-known (see [12, Propositionl.14] and [5, 2, 16]) that this property is equivalent to
the following Lipschitz property: for any ball B C €,

lp(z) — o(y)| < |z —y| forall z,y € B.

Due to the C' regularity, connectedness and boundedness of €, any such function ¢ is
Lipschitz continuous on 2, with a uniform Lipschitz bound. (See [12, Lemma 2.2] for this.) In
the following, the minimum of such uniform bounds will be denoted as Lq. It is obvious that
Lg > 1. For any bounded function f on a set A, || f||oc,4 denotes the sup-norm sup, ¢ 4 | f()].
For any T' > 0, Q1 denotes the domain €2 x (0, T').

2. PRELIMINARIES

We begin with the following theorem.

Theorem 2.1. Let € > 0. There exists a unique solution u® € Lip (Q) of (1).

Recall that ug € Lip (€2) is assumed here, which is crucial to conclude the Lipschitz
continuity of u° in the above theorem. On the other hand, for any continuous ug, one can
show the unique existence of a uniformly continuous solution of (1). The above result is
known in the literature (see for instance [5, 3]), but we give a proof here for the reader’s
convenience.

Proof. We first note that the uniqueness of solution of (1) is a direct consequence of Theorem
A.1 (comparison theorem) in the appendix.

We next show that there exists a solution of (1) which is continuous on Q. Let L > 0 be
a Lipschitz bound of ug. Define the functions U* € Lip (Q) by

U*(2,t) = uo(z) £ max{e™*, e 'L, L} .
It is easily checked that U™ and U~ are, respectively, a supersolution and a subsolution of
0 {sut(x,t)+ |Dyu(z,t)] =1 in Q,
ui(z,t) +v(z) - Dyu(x,t) =0  on 90 x (0, 00).

According to Perron’s method (see [6, 5, 2, 12] for instance), if we denote by S the set of
all subsolutions ¢ of (7) such that U~ < ¢ < U* on Q and set

W (2, t) = sup{(.1) : 9 €S} for (v,1) €Q,
then u® is a solution of (7) and u® € S. More precisely, u® is a solution of (7) in the sense

that u® € USC(Q), v is a subsolution of (7) and the lower semicontinuous envelope u of
u® is a supersolution of (7). It is obvious that U~ < u < u® < Ut on ). We apply the



EIKONAL EQUATIONS WITH DYNAMICAL BOUNDARY CONDITIONS 5

comparison theorem (Theorem A.1 in the appendix) to u® and ug, to obtain u® < ug on Q.
Thus we see that u® = v is continuous on Q. It is now obvious that u®(z,0) = ug(x) for all
r € Q and that u° is a solution of (1).

Finally we show that u® € Lip (Q). We set M. = max{e~!, e7'L, L} and observe that
for any h > 0,

u(x,h) — M.h < Ut (2, h) — M.h < up(z) for all x € (.
For any h > 0, by comparison between the solutions u®(z,t + h) — M.h and u®(x,t) of (1),
we get
u(z,t+h) — M.h < uf(z,t)  forall (z,t) € Q.
Similarly, we get
u(z,t+h) + M.h > uf(z,t)  forall (x,t) € Q.
Hence, we get
|uf(x,t) — u(z,s)] < M|t —s| forall t,s>0, x€q.

This Lipschitz estimate together with Lemma A.3 in the appendix guarantees that u® €
Lip (£2 x (0, 00)). But, since u® € C(Q), we conclude that u® € Lip (Q). O

Given a function u® € Lip (Q)), we define the function v* € Lip (Q)) by
vi(x,t) = u(z, et).

It is easy to check that u® is a solution of (1) if and only if v° is a solution of (3). Hence,
Theorem 2.1 implies the following proposition.

Corollary 2.2. There exists a unique solution v¢ € Lip (Q) of (3).

We remark here on the definition of vy , v and u... By definition, the function vy : Q —
R is given by
vy () = sup{o(x) : ¢ € S},

where Sy denotes the set of all subsolutions ¢ € Lip (€2) of (5) satisfying the inequality
¢ < up on Q. It is a classical observation that Sy # 0 and the above formula gives a
Lipschitz continuous subsolution of (5). The function vy : € — R is defined by

vuol) = inf{o(2) : 6 € S},

where S denotes the set of all solutions ¢ € Lip (Q) of (5) satisfying ¢ > v, on Q. Tt is
well-known (see also Proposition A.5 in the appendix or Perron’s method as well) that S # ()
and the above formula gives a solution in Lip (Q) of (5).

The definition of u., is related to the additive eigenvalue problem (or, ergodic problem):

consider the problem of finding a pair (¢,v) € R x Lip (£2) such that v is a solution of

®) |Du(z)] =1 in

c+v-Dv(zr)=0 on IN.
It is clear that if (¢, v) is a solution of the above additive eigenvalue problem, so is the pair
(c,v+ A), with any constant A € R. On the other hand, the following theorem assures that
the additive eigenvalue c is unique and, indeed, ¢ = 1.
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Theorem 2.3. There exists a solution v € C(Q) of (6). Moreover, for any ¢ # 1, there
exists no solution of (8).

Proof. 1. To prove the existence of a solution of (6), we show that the function
v(x) = dist (x,00)

is a solution of (6).
For any z € 09 the function x — |z — z| is a classical solution of (5), and hence, the
function

v(x) =inf{|z — 2| : z € 0Q}

is a solution of (5) (see Proposition A.5). Next let ¢ € C*(Q) and x € Q. We first assume
that v — ¢ has a maximum at « € 0Q0. We set y = x — ev, where v = v(x) and € > 0. Note
that if € > 0 is sufficiently small, then y € Q. The C! regularity of Q ensures that

v(y) —v(r) =v(r—ev)=c+o(e) as € —=0+.
Hence, as ¢ — 04, we get
e+o(e) =v(y) —v(z) < o(y) — ¢(x) = —ev - Do(z) + o(e),
which yields
1+v-p<o.

Next, we assume that v — ¢ has a minimum at z € 9). Set y = x — ev, with € > 0. Observe
that as ¢ — 0+,

e+ o)

v(y) — (@) = oY) — o(x)
Do(x) - (y — x) + oe) = —evDo(x) + o),

from which we get
1+v-p>0.

We thus conclude that v is a supersolution of (6) and moreover that v is a solution of (6).

2. We next show that ¢ = 1 is the only possible choice for which (8) has a solution. We
actually show that if there exist solutions (c1,u), (c2,v) € R x Lip (Q) of (8), then ¢; = c,.
By symmetry, we only need to show that c¢; < cy. To this end, we argue by contradiction.
Thus, we assume that the inequality ¢; > ¢y holds. Let A > 0, and define the functions
V, W € Lip (Q) by

V(z,t) = v(z) + et
W(x,t) = w(z) + cot + A.

It is easily seen that V' and W are both solutions of (2). We select A sufficiently large so
that W (x,0) > V(x,0) for all x € Q. By the comparison principle (see Theorem A.1), we
obtain

W(x,t) > V(x,t) forall (z,t) € Q.

But this is a contradiction since ¢; > ¢9. Thus we must have ¢; < ¢s. L]
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3. PROOF OF THE MAIN RESULTS

Theorem 3.1. For each ¢ > 0 let v° € Lip (Q)) be the solution of (3). Then there exists a

function v € Lip (Q) such that

lim v°(x,t) = v(x,t)  uniformly on € x [0, T)
e—0+

forall 0 <T < oo. The function v is a solution of (4).

The existence and uniqueness of solution of (3) have been shown in Corollary 2.2. The
following lemma is needed in our proof of the above theorem.

Lemma 3.2 (Comparison). Let v € Lip (@) and w € Lip (Q) be a subsolution and a super-
solution of

©) {ut(:n,t) + |Dyu(x,t)| =1 in Q,

u(z,t) =0 on 092 x (0, 00),
respectively. Assume that v(z,0) < w(z,0) for all z € Q. Then v < w on Q.

The above comparison principle does not hold in general if the Lipschitz regularity of the
functions v, w is removed. For this see Example A.6 in the appendix.

Proof. Fix any ¢ > 0. Let M > 0 be a Lipschitz bound of the functions v and w. It is
easily checked that the functions v.(z,t) := v(z,t) —eM t and w.(z,t) := w(z,t) +cM t are,
respectively, a subsolution and a supersolution of

u(@,t) + [Dyu(z,t)| =1 in @,

u(z,t) + ev(x) - Dyu(x, t) =0  on 99 x (0, 00),
and that v.(z,0) = v(z,0) < w(z,0) = w.(z,0) for all # € Q. Applying a standard
comparison theorem (for instance, Theorem A.1), we get

v.(z,t) = v(z,t) —eMt <w.(z,t) = w(z,t) +eMt foral (x,t) € Q.

Sending € — 0 yields the desired inequality. 0

The following proposition is an immediate consequence of Theorem 3.1 and Lemma 3.2.

Corollary 3.3. There exists a unique solution of (4) in the class Lip (Q).

Proof of Theorem 3.1. We show first that the family {v°}o<.<1 is equi-Lipschitz continuous
on (). The argument is similar to the last part of the proof of Theorem 2.1.
Let 0 < e < 1. Let M > 1 be a Lipschitz bound of the function uy. It is easily checked

that the functions Ut, U~ € Lip (Q) given by
U*(z,t) = ug(z) £ Mt for (z,t) € Q

are a supersolution and a subsolution of (3), respectively. By comparison (Theorem A.1),
we get -

U™ (x,t) <ov°(x,t) Ut (x,t)  forall (z,t) € Q.
Consequently, for any A > 0, we have

v (z, h) — Mh < ug(z) = v°(x,0) < v°(x,h) + Mh for all x € Q.
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Again, by comparison, we get
v (z,t+h) — Mh < v°(z,t) <v°(z,t +h)+ Mh forall (z,t) €Q.

Hence, using Lemma A.3, we deduce that the collection {v®}o<e<1 is equi-Lipschitz continu-
ous on Q.
Thanks to the Ascoli-Arzela theorem, there are a sequence {¢;} C (0, 1) converging to

zero and a function v € Lip (@) such that

(10) lim [[v% — || axjo,71 =0  for every T > 0.
Jj—00
By the well-known stability property of viscosity solutions, we see that v is a solution of (4).
To complete the proof, we need to show that for any 7" > 0,

Ell%ﬁr v — UHoo,Qx[o,T] = 0.

For this, we argue by contradiction and suppose that there were a sequence {(j)}; C (0, 1)
converging to zero and a constant 0 < .S < oo such that

(11) limsup [[v°9 = vl oo, 5 > 0.

J—00

Passing to a subsequence and arguing as in the case of the sequence {¢;}, we may assume

that there is a solution w € Lip (Q) of (4) such that for all T' > 0,

(12) lim [[v°9) — w0 gxo.71 = 0.
Jj—o0
But, by Lemma 3.2, we must have v =w on @, and (11) contradicts (12). O

Theorem 3.4. Let v € Lip (Q) be the solution of (4). Then

tlim v(z,t) = voo(x)  uniformly on Q.
—00

Indeed, one can prove that there exists a constant 7" > 0 such that
v(x,t) = voo() for all (z,t) € Q x [T, ).

Proof of Theorem 3.4. 1. We show first that v is bounded on @. Fix an e € R" so that
le] = 1. For any C' € R the function we(x,t) := e-z+C' is a solution of (9). Hence, choosing
C > 0 so large that |up(z) —e- x| < C for all x € Q, by comparison (Lemma 3.2), we get

w_c(z,t) <v(z,t) <we(x,t) forall (z,t) €Q,
which shows that v is bounded on Q.
2. We next show that for each x € 02 the function ¢ — v(z,t) is nonincreasing on [0, o).
We fix any & € 02 and show that the function ¢ — v(Z,¢) is nonincreasing on [0, o). To

this end, we assume, by contradiction, that there were two positive numbers t, < t; such
that

U(i‘, to) < U(@, tl)
We may choose an increasing function ¢ € C([to,?,]) such that v(z,-) — ¢ attains a strict
maximum at some point ¢ € (¢, ¢;) and inf,>¢'(r) > 0.
For a > 0 we introduce the function

q)a(xataya S) = 'U(Q?,t) - ¢<t) - Oé|l' - :%|2 + @2p(l')
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on Q x [t, t1], where p is a defining function of Q. Note that
Do (z,t) < Po(z,t) forall (x,t) € Qx [to, t1], a > 0.
Let o > 0 and let (z,4,%) be a maximum point of the function @, over Q x [to, t;]. Note
that
Dy(2,1) = P (2, 1) < Pu(Tasta) < Po(Ta,ta) — alze — 2[°.
This sequence of inequalities guarantees that
lim (74,t) = (2,1).

a—0o0

In particular, if « is sufficiently large, then ¢y < t, < t;. For such a large «, by the viscosity
property of v, we have either

V(ty) <0 or  Y(ty) + [20(xe — 2) — a?Dp(zs)| < 1.

Noting that

lim [2a(z, — %) — a®Dp(x,)| = 00
a—0o0

and sending o — oo, we get

V() <0,
which contradicts our choice of 1. Thus we see that for each = € 09 the function ¢ — v(x,t)
is nonincreasing on [0, oo) and, therefore, the limit

tlim v(x,t) = vp(x) exists for any = € 01,
—00

where v, is a function on 9Q. Noting that v € Lip (Q), we see that v, € Lip (9€2).
3. We define v* € Lip (Q) by
vt(z,t) = supv(x,t+ s),
s>0

v (z,t) = ;ggv(:c,t—i— s).

By the monotonicity of the function t — v(x,t) for x € 0, we see that
(13) v (x,t) =vp(x)  forall (x,t) € 9Q x [0, 00).

It is a standard observation (see [12, Proposition 1.10], [6, 2, 5] for instance) that v™
and v~ are a subsolution and a supersolution of (9), respectively. Because of the Lipschitz
continuity and boundedness of v*, we find that

lim v (z,t +s) = V*(x,t),
§—00
lim v (z,t+s) =V~ (x,1)
S§—00

for some functions V* € Lip (Q), where the convergence is uniform for (z,t) € Q x [0, T7,
with every 7' > 0. By the stability of the viscosity property under uniform convergence, we
see that VT and V'~ are a subsolution and a supersolution of (9), respectively. It is easily
seen that the functions V*(z,t) in fact do not depend on ¢t. We may thus denote them
respectively by V*(z), and we have for all z € €,
VH(z) = limsupv(z,t),
t—o0
V7 (z) = liminfv(x, t).
t—o0
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Obviously we have
V() =V (x) = v(x) for all x € 09,
{V+([B> >V (x) for all = €,
and the functions V* and V'~ are a subsolution and a supersolution of the eikonal equation
(5) |Du(z)]=1 in €,
respectively. By the standard comparison result ([14, 5, 2, 16]), we get
Vix) <V~ (z) forall ze.

It is now clear that

lim v(z,t) =V (z) =V~ (x)  uniformly on Q.

t—o0
4. Set V :=V*t =V~. We intend to identify V with v. By the definition of v, , we have

vy (1) <wup(x)  forall z € Q,

and the function vy (x) as a function on Q is a subsolution of (9). By comparison, we get

vy () <w(x,t)  forall (z,t) € Q.

Consequently, we have )
vy () < V(z) forall ze Q.

Since V' is a solution of (5), we see that

(14) Voo(x) < V(z) forall z € Q.

It is immediate to see by the definition of v~ that for each x € €, the function ¢ — v~ (z,t)
is nondecreasing on [0, co). Since (9) is a convex Hamilton-Jacobi equation, we deduce (see
Proposition A.5) that v~ is a solution of

ug(z,t) + |Dyu(z,t) =1 in Q.

From these observations, we infer that for each ¢ > 0 the function x — v~ (x,t) is a subso-
lution of (5). Noting that

uop(z) > v~ (x,0) forall z€Q
and that )
v (z,0) = lim v~ (x,t)  uniformly for all x € (),
t—0+
which shows that the function z — v~ (z,0) is a subsolution of (5), we see that
v (2,0) < vy () < veo(x)  forall z € Q.

By the constancy (13), it is now easy to check that v~ is a subsolution of (9). Also, the
function v, (), regarded as a function of (x,t), is a solution of (9). Hence, by comparison,
we get
v (x,t) <velx)  forall (z,t) € Q.
Consequently, we get
V(z) <vel(z) forall x €.
This together with (14) guarantees that V = v,. O]
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Proof of Theorem 1.1. We set v¢(x,t) = u®(z,¢ct) for (z,t) € Q. Let v € Lip (Q) be the
solution of (4). Fix any 6 > 0. By Theorem 3.4, there is a constant 0 < T" < oo such that
|o(2,T) — voo(z)] < 6 for all z€ Q.
By Theorem 3.1, there exists a constant gy € (0, 1) such that
|v° (2, T) —v(z, T)| <§ forall 2€Q and 0<e <&
Thus, we have
[0°(2,T) — voo(x)| <26 forallz € Q and 0 < e < g,
which reads
(15) |uf(2,€T) — voo(x)| <20 forallz € Q and 0 < e < &.
Since vy, is a solution of (5), the function v, is Lipschitz continuous on Q with a Lipschitz
bound Lg. Hence, the functions vy () & Lgt are a supersolution and a subsolution of (1),
respectively. Using (15), by comparison (Theorem A.1), we get
(16) |uf (2, t +eT) — voo(7)| < 26 + Lot forall (x,t) €Q, 0<e < e
We define the functions u* on Q x (0, 0o) by
ut(z,t) = Tllr&sup{ua(y, s): (y,8) €Qx(0,00), 0<e<r, |[y—a|+|s—t| <r},
u (z,t) = Tllr&inf{ue(y,s) c(y,8) €2 x(0,00), 0<e<rm ly—zx|+|s—t| <r}

The functions u™ and v~ are called the half-relaxed limits of the functions u®, and it is well-
known (see [12, Theorem 1.3], [6, 2, 5]) that u* € USC(Q2 x (0, 00)), u~ € LSC(2 x (0, 00)),
um < utin Q x (0, 00), and ut and u~ are a subsolution and a supersolution of (2),
respectively. Due to estimate (16), we see that if we set
uF(2,0) = voo(x)  for z€Q,

then vt € USC(Q) and u~ € LSC(Q). By comparison (Theorem A.1), we get ut <u < u~
on ), which shows that u™ = v~ = w on () and moreover that as ¢ — 0+, u(z,t) — wu(z,1)
uniformly for (z,t) € Q x [S™1, S] for every S > 1. O

Proof of Theorem 1.2. We define the function w € Lip (Q)) by
w(zx,t) = u(x,t) —t,
and observe that w is a solution of
Dyw(z,t)| =1 in Q,
. Daw(a, 1) Q
wy(z,t) + 1+ v(x) - Dyw(z,t) =0 on 992 x (0, c0).

The function v, is a solution of (5) and hence it is a supersolution of (6). (Indeed, for
any z € 02 and p € D~ v(x), we have two possibilities: either [p| > 1 or |p| < 1, and if
Ip| <1, then 1+v(z)-p>1—|v(x)||p| >0.) Accordingly, the function v (z), as a function
of (x,t), is a supersolution of (17). By comparison (Theorem A.1), we get

w(z,t) <vs(z) forall (z,t) € Q.
Again, by the comparison between w(x,t) and w(z,t+ h), with h > 0, we get
w(z,t+h) <w(z,t) forall (z,t) €Q and h > 0.



12 E. S. AL-AIDAROUS, E. O. ALZAHRANI, H. ISHII, AND A. M. M. YOUNAS

That is, for each x € Q, the function ¢ — w(x,t) is nonincreasing on [0, co).
Note that the function u. () is, as a function of (z,t), a solution of (17) and that u.(z) <
Voo () for all z € ). By comparison, we get

w(z,t) > us(x) forall (x,t) € Q.
Noting also that w is bounded and Lipschitz continuous on @, we see that

tlim w(z,t) = wso(z)  uniformly on
—00

for some function we, € Lip (2). Clearly, wy, is a solution of (6) and satisfies
Uoo () < Weo(7) < V()  forall z € Q.
Because of the maximality of u.,, we conclude that w., = us and that

tlim w(z,t) = Use(x)  uniformly on Q. O
—00

4. INITIAL VALUE PROBLEM FOR (2)

We discuss here the well-posedness of the initial value problem for (2) and consider first
the initial value problem

Doul, )] = 1 n Q.
(18) u(z,t) + v(z) - Dyu(x,t) =0  on 99 x (0, ),
u(z,0) = ug(x) for x € Q.

This problem has been studied in the previous sections, but it is overdetermined in its initial
condition. Indeed, if u is a solution of (18) and continuous on @), then the function 1 should
be a solution of |Dug(z)] =1 in Q and therefore it should be given by the boundary data
uploq. This suggests another formulation: let uy € C(02) and consider the initial value
problem

Dy, )] = 1 in Q.
(19) u(x,t) + v(z) - Dyu(z,t) =0 on 9Q x (0, c0),
u(z,0) = ug(x) for = € 0.

Suppose that there is a solution u € C(Q U (992 x [0, 00))) of (19). Observe that for
each t > 0 the function v(z) := u(x,t) is a solution of |Dv(z)| = 1 in 2, which shows that
the collection {u(-,t) : t > 0} is equi-Lipschitz continuous on Q. Hence, we may choose a
sequence t; — 0+ such that the limit

uo(z) = leI?O u(x,t;)

exists for all z € 2 and the convergence is uniform on €. It is a standard observation that
the limit function %g is a unique solution of the Dirichlet problem

{|Dv(m)|:1 in Q,

(20) v(z) =up(x) for z € 0N.
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Moreover, it follows that

lim u(z,t) = do(x) uniformly for x € Q.
t—0+

We thus see that if u € C(Q U (952 x [0, 00))) is a solution of (19), then u is extended
uniquely to a function on () and the resulting function solves (18), with g replaced by the
unique solution v of the Dirichlet problem (20). It is well-known that there exists a solution

v € Lip () of (20) if and only if there exists a subsolution w € Lip (2) of (20).
Now, an existence result for (19) is stated as follows.

Theorem 4.1. Let uy € Lip (). Assume that there exists a subsolution w € Lip (Q) of

(20). Then there ezists a unique solution u € Lip (Q) of (19).
Before giving a proof of the above theorem, we present a comparison principle.

Lemma 4.2. Let v € USC(Q U (092 x [0, 00)) and w € LSC(Q U (09 x [0, 00)) be a
subsolution and a supersolution of (2), respectively. Assume that v(z,0) < w(z,0) for all

x € 0. Then v <w on QU (0 x [0, 00)).

Proof. Fix any € > 0. By the semicontinuity of v, w and the inequality v(-,0) < w(-,0) on
0f), we find that there exists a constant § > 0 such that

v(z,t) <w(x,t)+e  forall (z,t) € 9Q x (0, 9).
For each 0 <t < 4, since
|Dv(x,t)] <1 and |Dyw(z,t)]>1 in Q

hold in the viscosity sense, by a standard comparison result (see Lemma A.4 or [14, 5, 2]),
we see that v(x,t) < w(x,t) +¢ for all (x,t) € Q x (0, §). We now apply Theorem A.1,
with the interval [¢, co) in place of [0, 00), in the appendix, to conclude that

v(zr,t+38) <w(z,t+s)+e foral (z,s)€Q, te(0,9),
which implies that v(z,t) < w(z,t) for all (z,t) € QU (02 x [0, 00)). O

Proof of Theorem 4.1. The uniqueness of solution of (19) follows readily from Lemma 4.2.
To show the existence of a solution of (19), we consider problem (18), with uo replaced by
the solution w € Lip (2) of (20), and argue as in the proof of Theorem 2.1. Recall that the
constant Lgq is a Lipschitz bound of the function w. We define the functions U* € Lip (Q)
by
U*(z,t) = w(z) £ Lot,

and observe that UT and U~ are a supersolution and a subsolution of (2), respectively.
By Perron’s method, we may find a function v € USC(Q) such that u and the lower
semicontinuous envelope u, are a subsolution and a supersolution of (2), respectively, and
U <u, <u<UT on Q By the comparison (see Theorem A.1) between u and u., we
see that u = u, € C(Q). Also, by the comparison between the functions u(x,t 4+ h) and
u(z,t) + Lo h of (z,t), with h > 0, we get u(z,t +h) < u(z,t) + Loh for all (z,t) € Q
and h > 0. Similarly, we get wu(x,t+ h) > u(z,t) — Loh for all (z,t) € Q and h > 0.

Consequently, we obtain

lu(z,t) —u(z,s)| < Lolt —s| forall x €Q and t,s € [0, c0).



14 E. S. AL-AIDAROUS, E. O. ALZAHRANI, H. ISHII, AND A. M. M. YOUNAS

For each ¢ > 0 the function x + wu(x,t) is a solution of |D,u(xz,t)| = 1 in Q, which shows

that |u(z,t) —u(y,t)| < Lo|lz —y| forall xz,y € Q and ¢t > 0. Thus we see that u € Lip (Q)
and u is a solution of (18), with w in place of wy. O

5. VARIATIONAL FORMULAS

We have studied several Hamilton-Jacobi equations of the eikonal type. We discuss in this
section the variational (or optimal control) formulas for solutions of such Hamilton-Jacobi
equations.

We recall first the general principle (the Bellman principle). Let U be an open subset
of R™ and I' a closed subset of OU. Let v : OU \ I' — R™ be a continuous vector field
such that vy(z) - v(z) > 0 (or y(z) - v(z) > 0) for all z € OU \ I, where v(z) denotes the
outer unit normal vector of U at x and p - ¢ denotes the inner product in R™. Given a
function v € L*(]0, o), R"™), the Skorokhod problem is then to seek for 7 € [0, co) and
(X,1) € Lip ([0, 7],R™) x L*>([0, 7], R) such that

(X (t) 4+ 1)y (X (1)) = v(t) a.e. te0, 7],
( _

X(t)eU for all ¢ € [0, 7],

(21) I(t)y>0 a.e. te0, 7],
I(t)y=0 if X(t)eU a.e. tel0, 7]
(X (1) €T

The Skorokhod problem has been investigated extensively in the literature (see [15]), and we
refer to [12, Theorem 5.2], [13] for the existence results convenient for our discussion here.
We denote by SP the set of all quadruples (X, [, 7,v) which satisfy (21). We consider the
function

V(x) = inf /OT[f(X(t), () +1()g(X (1)) dt

on U, where f and ¢ are given functions on U x R™ and 9U, respectively, and the infimum
is taken over all (X,[,7,v) € SP such that X(0) = x. This is an optimal control problem,
where the function v plays the role of control and where the function V' is called the value
function. The dynamic programming principle leads to the boundary-value problem for the
value function V:

sup {—v-DV(z) — f(z,v)} =0 in U,

(@) - DV () = g(a) on OU\T,
V(z) = Vo(z) for z €T,

where Vj is a given function representing the Dirichlet (or initial) data on T'.

We apply the above principle to find correct variational formulas for solutions of the
Hamilton-Jacobi equations discussed in the previous sections.

We treat first the equation (1), where the Hamilton-Jacobi equation can be written as

(22> SUP{_(TL U) ’ DU,(,I, t) - 531(0)><{€}(_n7 _U) —1: (777 U) € R" x R} = 07
where 04 denotes the indicator function of the set A, i.e., the function 64 is defined by
da(z) = 0if z € A and d4(z) = oo otherwise. The sets @ and 2 x {0} in (1) correspond
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to U and I' in the above, respectively, and the vector field (v(z), 1) on 9 x (0, co), where
v(x) and € are from (1), corresponds to the y(z,t) in the above. Given functions (v, w) €
L>([0, 00),R™ x R), our current Skorokhod problem is stated as

(X (t) + 1(t)y(X () = v(t) ae. telo, ]
T(t) 4+ 1(t) = w(t) a.e. tel0, 7]
(23) X(t)eQ and T(t) >0 for all ¢ € [0, 7],
[(t) >0 a.e. te|0, 7],
[(t)=0 if (X(¢),T(t) €@ ae. tel0, 7]
(T(T) =0,

where 7 € [0, co) and (X, 7,1) € Lip ([0, 7], R™ x R) x L*([0, 7],R) are to be looked for.
Accordingly, SP denotes the set of all sextuples (X,T,l,7,v,w) satisfying (23) and the
minimization problem at (x,t) € Q, i.e., the value at (z,t) of the optimal control problem
associated with (23) or (22) is stated as

inf{/OT(éBl(O)X{E}(—v(t),—w(t))+1)dt (X T7ww) €SP, X(0) =2, T(0) =t}

For any (X, T,l,7,v,w) € SP, with (X(0),T(0)) = (z,t) € Q, if the integral is finite in
the above minimization formula, then |v(¢)| <1 and w(t) = —¢ for a.e. t € [0, 7] and 7 is
characterized by

4+/l@w:—m
0

These observations suggest a modification of SP and we introduce SP(1;z,t) as the set of
all triples (X,1,7) of 7 € [0, 00), X € Lip ([0, 7], R") and [ € L*([0, 7], R) such that

(X (s)+1(s)v(X(s)) € B.(0) a.e. se€ |0, 1],
(24) t:/o [(s)ds + e, )

X0)=z X(s)e for all s € [0, 7],

L(s) =0 if X(s)eQ, I(s)>0 ae sel0,7]

Theorem 5.1. The solution u® € Lip (()) of (1) is represented as
(25) ut(x,t) = inf{r +uo(X (7)) : (X,l,7) € SP(L;x,t)}  for all (z,t) € Q.

Proof. We write V (x,t) for the right hand side of (25).
1. Tt is a standard observation that the dynamic programming principle holds: for any

(z,t) € Q x (0, 00) and 6 € (0, t),
(26) V(z,t) = inf{r + V(X (7),t =6) : (X,l,7) € SP(1;x,0)}.
Here we have for any (X,[,7) € SP(1;x,0),

5:57'+/ I(r)dr,
0
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and hence,
(27) m[ax] | X (s) —z| < / (I(r) + 1) dr < (g7t + 1)6.
s€l0, T 0
2. We have shown in the proof of Theorem 2.1 that, for some constant A > 0, the function
U(x,t) := up(x) — At is a subsolution of (1). Fix such a function U on Q. Fix any (z,t) € Q)
and (X,[,7) € SP(1;z,t). We set

T(s):=t—es —/ l(r)dr and wv(s):=X(s)+(s)v(X(s)) for se]l0, 7],
0
and compute informally that
T d

U
ds

Ulz,t) = U(X(0),T(0)) = UX(r), T

o

— X(s),T(s))ds
' X(s

(7)) (
~Ui(X (), T(s))T'(s) — DU (X(s), T(s)) - X(s) | ds

I

N
=
<
P
-
+

o\\]
[ —

< up(X(7)) + i [eU(X(s),T(s)) + [D:U(X(s), T(s))[] ds

+ /OTZ(S) [Ui(X(s),T(s)) + D,U(X(s), T(s)) - v(X(s))] ds
< up(X(7)) + 7.

The above computation is easily justified by approximating uy, by smooth functions (see
Proposition A.7 and the remark after the proposition), and we conclude that

V(z,t) > up(x) — At for all (z,t) € Q,
which yields
(28) Vi(z,0) > up(x) forall z €,

where V, denotes the lower semicontinuous envelope of the function V.
3. Next, we show that

(29) V*(x,0) <up(z) forall z €,

where V* denotes the upper semicontinuous envelope of the function V. To see this, we fix
any (z,t) € Q, define the triple (X,[,7) by

ri=c 't and X(s):=uxz, I(s):=0 for s€]0, 7],
and observe that (X,l,7) € SP(1;z,t) and
V(z,t) <7+ u(z) = up(x) +e't.

This clearly shows that (29) holds. ) )
4. We prove that V* is a subsolution of (1). Let ¢ € C'(Q) and (#,1) € Q x (0, 00),
and assume that V* — ¢ has a strict maximum at (Z,£). We treat here only the case where



EIKONAL EQUATIONS WITH DYNAMICAL BOUNDARY CONDITIONS 17
2 € 0f). The other case can be handled similarly and more easily. We argue by contradiction
and hence assume that
(30) edy(2,1) + |Dod(2,8)| > 1 and  ¢y(2,7) + v(2) - Dop(2,1) > 0.
We choose a unit vector e € R so that
D.¢(2,1)| = —e - Dp(,7),
and then a constant R € (0, £) so that for all (z,t) € QN (Bg(#) x [t — R, + R)),
epi(x,t) —e- Dyp(x,t) >1 and ¢z, t) +v(x) - Dyg(z,t) > 0.
In view of (27), we fix an r € (0, R/2) so that
(' +1)r < R/2,
and choose a point (Z,) € Q N (Brya() x (t —1/2, £ +1/2)) so that
(V —¢)(z,1) > max{(V* — ¢)(z,t —71/2) : z € Q}.
Such a choice is possible since
(V* = ¢)(&,1) > max{(V* — ¢)(x,t —r/2) : x € Q}.

We set
§:=t—(t—r/2),
and note that 0 <t — (f —r/2) <7 and (e7'+1)0 < R/2.
According to the existence results in [12, 13], there exists a solution (X,I,7) € SP(1;z,0)
such that ‘
X(s)+U(s)v(X(s)) =e ae s€]0,r7]
We set .
T(s):=t—es —/ I(r)ydr for se |0, 7].

0

By (26), we get
V(z,t) <74+ V(X(7),t—=96) =7+ V(X(1),T(1)).

We may assume by adding a constant to the function ¢ that (V — ¢)(Z, ) = 0, which implies
that

(V* =)z, T(1)) = (V* — p)(x,t —7/2) <0 forall z € Q.
Hence, we get
0 <7+V(X(7),T(1))=V(Z,t) <7+ o(X(7),T(7)) — o(T,7)

- /OT [1 + (X (8),T(8)T(s) + D.p(X(s),T(s)) -X(s)] ds

(31) _ /OT [1+e-D,p(X(s),T(s)) —epe(X(s),T(s))] ds

# [ 1) X (6. T(9) = (X (0) - Dbl X (9. T(5))] .
By estimate (27) and our choice of ¢, we have
X(s) € Brj2(Z) C Br(2).
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Now, using (30), we get
0 < [ 1 e DLo(X(5). T(9) — e0u(X (61, T(5)] ds
+ /OTZ(S) [—u(X(s),T(s)) — v(X(s)) - Do(X(s),T(s))] ds <0,

which is a contradiction. Thus, V* is a subsolution of (1).

5. We next prove that V, is a supersolution of (1). The argument here is similar to that
in the previous step. Let ¢ € C*(Q) and (2,%) € Q x (0, 00), and assume that V, — ¢ has a
strict minimum at (Z,£). Here again we treat only the case where 2 € Q. We assume by
contradiction that

ety(#,1) 4+ |Dpdp(2,1)| < 1 and  ¢y(&,1) + v(2) - Dop(2,1) < 0.

We choose a constant R € (0, ) so that for all (z,t) € QN (Bg(2) x [t — R,t + R)]),
epi(z,t) + |Dpd(z,t)] <1 and  ¢y(x,t) +v(z) - Dpg(z,t) <O0.

As in the previous step, we may choose a point (z,%) € Q) and a constant J > 0 such that

(V —¢)(z,1) < min{(Vi — ¢)(z,t —9) : x € Q},
Brya() x [t — 6,1 C Br(d) x [t — R, { + R],
(e +1)6 < R/2.

We may assume as before that (V' — ¢)(z,t) = 0 and, hence, (Vi — ¢)(x,t — ) > 0 for all
x € ). Setting

Y= min{(Va — )(x,—6) € O,
by (26), we may choose a triple (X,1,7) € SP(1;7,t) so that
V(z,t) +v>7+V(X(7),t—9),
which yields
o(z,t) > 7+ (X (1), 1 —9).
Noting that
X(s) € Br(z) forall sel0, 7],

and setting

T(s) :=t—es— /Osl(r) dr and wo(s) = X(s)+(s)v(X(s)) for sel0, 7],
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we compute that
0 >7+4¢(X(7),T(7)) — o(z,1)

_ /0 ' (146X (5), T()T(s) + Da(X(5),T(5)) - X(5)] ds
= [ 009 DX (6. T(5) — (X (5). 7)) s
+ [ 1) X 6. T(5) = (X (3) - Dbl X(9). T(5) s
> [ 0= 1De0X(9). 7)) - eu(X(5). 7)) ds = 0.

which is a contradiction. We have thus shown that V, is a supersolution of (1).
6. We now apply a comparison result (for instance, Theorem A.1), to conclude that
V*<u <V, on Q,
which obviously shows that u° =V on Q. U

Replacing (I,t) by (el,et) in (24) is a simple modification to get the right Skorokhod
problem for (3). We thus denote by SP(3;z,t) the set of all triples (X,[,7) of 7 € [0, 00),
X € Lip ([0, 7], R™) and [ € L*([0, 7], R) such that

'X(S) +el(s)v(X(s)) € B1(0) a.e. s€|0, 7],
) ) t:/o I(s) ds + 7,

X0)=z, X(s)e for all s € [0, 7],

LI(s) =0 if X(s)eQ, I(s)>0 ae se]0,7]

The following proposition is an immediate consequence of the previous theorem.

Corollary 5.2. The solution v¢ € Lip (Q) of (3) is represented as
v (z,t) = inf{T + uo(X (7)) : (X,I,7) € SP(3;x,t)}  for all (z,t) € Q.
The Skorokhod problem associated with problem (4) or (9) is given by the collection

SP(4;x,t) of all triples (X,l,7) of 7 € [0, c0), X € Lip ([0, 7], R") and [ € L>([0, 7], R)
such that

(1X(s)| <1 a.e. se€ |0, 1],
t= [(s)ds + T,

(33) 0 _
X(0)=2z, X(s)eQ for all s € [0, 7],
L(s) =0 if X(s)eQ, I(s)>0 ae sel0,7]

The variational formula for the solution of (4) is stated as follows.

Theorem 5.3. Let v € Lip (Q) be the solution of (4). Then
(34) v(x,t) = inf{7T + uo(X (7)) : (X,1,7) € SP(4;2,8)}  for all (z,t) € Q.
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Because of the lack of a “good” comparison theorem (see Lemma 3.2 and Example A.6),
our strategy for the proof of the above theorem differs substantially from that of Theorem
5.1.

Proof. We write V (z,t) for the right hand side of (34). The dynamic programming principle
holds, which is stated as

(35) V(z,t+h) =inf{r+V(X(7),t) : (X,l,7) € SP(4;z,h)} forall (z,t)€Q, h>0.
1. Let (z,t) € Q and h > 0. We set
X(t)=x and I(t)=0 for te€]0,h],
and note that (X,1,h) € SP(4;x,h). By (35), we have
V(z,t+h) < h+V(x,t).
That is, we have
(36) V(z,t+h) <V(z,t)+h foral (z,t)€Q, h>0.

2. Let A > 0 be a Lipschitz bound of the function uy. Following Step 2 of the proof of
Theorem 5.1, we obtain

V(z,t) > up(x) — At for all (z,t) € Q.
Hence, using (35), we get
V(z,t+h) =inf{r +V(X(7),h) : (X,l,7) € SP(4;z,t)}
(37) > inf{7 + uo(X (7)) — Ah : (X,l,7) € SP(4;z,t)}
=V(x,t)— Ah forall (z,t)€Q, h>0.
Thus, combining (36) and (37), we see that the functions ¢ — V(z,t), with z € €, are

equi-Lipschitz continuous on [0, co) with a Lipschitz bound max{A, 1}.
3. Let t > 0, B C Q be a ball and choose x,y € B so that x # y. Set

h=lr—y|, I(s)=0 and X(s)=ax+sh (y—az) for s€]0,h]
Noting that (X, [, h) € SP(4;x,h), by (35), we get
V(z,t+h) <h+V(y,t).
Combining this with (37) yields
V(z,t) <V(y,t)+ (A+ 1)z — vyl
Hence, by the symmetry in  and y, we get
V1) = Viy ] < (A+ Do — yl.

This shows that the functions z — V(x,t), with ¢t > 0, are equi-Lipschitz continuous on {2
with a Lipschitz bound Lq(A + 1).

4. Let x € 02 and t > 0. Observe that if € > 0 is small enough, then the line segment
connecting the points x and z — ev(z) lies in Q. Arguing as in Step 3, we deduce that

|V (z,t) = V(r —ev(z),t) < (A+1)e.

This shows together with the observation in Step 3 that the functions x +— V/(x,t), with
t > 0, are continuous on €2, which moreover implies that the functions z — V(z,t), with
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t > 0, are equi-Lipschitz continuous on € with a Lipschitz bound Lo (A +1). This combined
with the result in Step 2 assures that V' € Lip (Q).

5. Following the argument of the proof of Theorem 5.1, we see easily that V' is a solution
of (4). Lemma 3.2 guarantees that v =V on Q. O

For the problem (2) with initial condition, a natural choice is the Skorokhod problem
SP(2;xz,t), defined as the set of of all triples (X,[,7) of 7 € [0, 0), X € Lip ([0, 7], R™) and
[ € L*>([0, 7], R) such that

(X (s)+1(s)v(X(s)) € B;(0) a.e. se€ |0, 7],
" - /0 fspds,

X0)=z X(s)eQ for all s € [0, 7],

LI(s) =0 if X(s)eQ, I(s)>0 ae se€]0,7]

We remark that the first condition in (38)
(39) X (s)* +1(s
To see this, let z,y € Q and (X,1,7) € SP(z) be such that X(7) = y. Let p be a defining
function of © and note that for any ¢ € [0, 7], if X (t) € 09, then the function s — p(X(s))
attains the maximum value 0 at ¢t. Hence, if ¢t € (0,7) is a point where X (t) € 02 and the
function X is differentiable at ¢, then

0= Sp(X(s)| _ = Dp(X(1)- X(1).

s=t

is equlvalent that

)2 < a.e.

that is, two vectors v(X(t)) and X (t) are perpendicular. Accordingly, we have
v(X(s))-X(s)=0 if X(s)€d ae.
Thus, the first condition in (38) is equivalent to condition (39). It is now easily seen that
Xa(z,y) >0 for all z,y € Q.
Theorem 5.4. Let u € Lip (Q) be a (unique) solution of (2) satisfying the initial condition
u(-,0) = ug. Then
u(z,t) = inf{r +uo(X (7)) : (X,l,7) € SP(2;z,t)}  for all (z,t) € Q.

Before giving a proof of the above theorem, we make similar observations for vy, v and

Uso. We introduce two “distance” functions dg and Ag on 2 x €, where dg(z,y) is defined

as the infimum of all positive numbers 7 for which there exists a function X € Lip ([0, 7], Q)
such that X (¢) € Q for all t € [0, 7], X(0) = z and X (7) =y, and A\g(z,y) is defined by

Xa(z, y) :inf{/OT(l—l(s))ds . (X,1,7) € SP(x), X(7) :y},

where SP(x) denotes the set of all triples (X,l,7) of 7 > 0, [ € L*([0, 7],R) and X €
Lip ([0, 7], R™) such that

X(s)+1(s)v(X(s)) € Bi(0) a.e. s€|0, 7],
X0)=z, X(s)€ for all s € [0, 7],
[(s) =0 if X(s)eQ, I(s)>0 ae §€]0, 7]
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Note that

SP(x) = U SP(1;x,t) = U SP(2;z,1),

>0 >0
and that

do(x,y) = inf { /OT(l —1(s))ds : (X,l,7) € SP(z), X(1) =y, l(s) = 0} > Aa(z,y).

We note as well that do(z,7) = Ag(z,2) = 0 for all x € Q.

Theorem 5.5. The functions v, € Lip (), vs and us, are represented as
(40) vy (z) = inf{da(z,y) +uo(y) : y € Q},

(41) Uso(2) = inf{dq(z,y) + vy (y) = y € 00,

(42) () = inf{Aq(z,y) + vy (y) : y € 0N}.

Lemma 5.6. Let y € Q. (i) The function x — do(x,y) is a solution of (5) in Q\ {y} and
a subsolution of (5) in Q. (ii) The function x — Ag(z,y) is a solution of

{!DU(ﬂﬁ)! =1 i Q\{y},

(43)
1+v(z)-Du(z) =0 on 05,

and a subsolution of (6).

Proof. 1. Note that the function v(x) = |r — y| in R", with y € R, is a solution of
|Dv(z)] =1 in R™\ {y} and is a subsolution of |Dv(z)| =1 in R"

2. Let y € Q and let B C §2 be an open ball such that y ¢ B. According to the dynamic
programming principle, we deduce that for any x € B

do(z,y) = inf{dg(z, 2) + do(z,y) : z € 0B} = inf{|z — z| + da(z,y) : z € OB},

and
Xa(z,y) = inf{|z — 2| + A\a(z,y) : z € OB}.
By the observation in Step 1, using Proposition A.5, we see that both the functions = —
do(z,y) and = — Ag(x,y) are Lipschitz continuous in B and are solutions of |Du(z)| =1
in B, which implies that they are both solutions of |Du(z)] =1 in Q\ {y}.
Next let y € 2 and let B C ) be an open ball such that y € B. For any x € B, we have

do(,y) = Aa(z,y) = |z —yl,
from which we see that both the functions = — dg(z,y) and z — Aq(x,y) are subsolutions
of |Du(xz)] =1 in B. This together with the previous observation, we conclude that the
functions z — dg(z,y) and = — Aq(z,y) are subsolutions of |Du(x)] = 1 in Q. This
ensures that these functions are Lipschitz continuous in 2 with a Lipschitz bound Lg.
A consideration based on the dynamic programming principle similar to the above shows
that if € > 0 is sufficiently small, then

max{|do(z —ev(x),y) — do(z,y)|, |Ma(z —cv(z),y) — da(z,y)} <e forallz € 99, y € Q.

This and the Lipschitz continuity of the functions z + dq(z,y) and x = Aq(z,y) in Q
guarantee that these functions are Lipschitz continuous on €.
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3. By following the argument (Steps 4 and 5) of the proof of Theorem 5.1, it is now not
hard to check that the function x — Ag(z,y) on Q is a solution of (43). O

Lemma 5.7. (i) Ifu € Lip (Q) is a subsolution of (5), then

u(z) — u(y) < dg(z,y) for all z,y € .
(ii) Ifu € Lip (Q) is a subsolution of (6), then

uw(r) —uy) < Xa(z,y)  forall z,y € Q.

Proof. (i) Let u € Lip (2) be a subsolution of (5). We approximate u by a smooth function
u. € C*(Q) with € > 0 (see the remark after Proposition A.7) such that |[Du.(z)] < 1+¢
in 2, observe that for any z,y € €Q,

we(z) = ua(y) + / " Dus(X(s)) - X(s)ds < uely) + (1 + &),

where (X,1,7) € SP(z) satisfies X (1) = y and I(s) = 0, and conclude that u(z) < u(y) +
do(z,y) for all z,y € Q.

(ii) Let u € Lip () be a subsolution of (6). For each & > 0, there is a function u. € C*(Q)
which satisfies

[Duc(z)] <1+e¢ for all z € Q,
14+ v(z)- Dus(z) <0  forall x € 09Q,
e — ulloon < €.

(See [12, Theorem 4.2] for this.) Then, arguing as in the proof of (i) above, we easily conclude
that u(z) <wu(y) + Aa(z,y) forall z,y € Q. O

Lemma 5.8. (i) Ifu € Lip (Q) is a solution of (5), then
u(z) = min{u(y) + do(z,y) : y € 00}  for all z € Q.
(ii) Ifu € Lip (Q) is a solution of (6), then
u(z) = min{u(y) + Xa(z,y) : y € 9Q}  for all z € Q.
Proof. (i) We set
V(z) = min{u(y) + do(z,y) : y € 9Q} for z € Q.
By Lemma 5.7, we have
u(z) < V(x) forall e Q.
By the definition of V', we see that
V(z) <wu(x) forall z e 0NQ.

Hence, we have u(z) = V(x) for all z € 9§2. According to Proposition A.5, the function V'
is a solution of (5). Hence, by Lemma A.4, we conclude that u =V on €. The proof of (ii)
is similar to the above, and we skip it here. O
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Proof of Theorem 5.4. 1. We set
V(z,t) =inf{r + uo(X(7)) : (X,1,7) € SP(2;2,t)} for (x,t) € Q.
We show that
V*(z,0) < up(z) < Vi(z,0) forall x e

as well as the locally boundedness of the function V. Once this is done, we just need to
follow Steps 4, 5 and 6 of the proof of Theorem 5.1.

2. It is a standard observation that for each ¢ > 0 the function w : z — wu(z,t) is a
solution of the eikonal equation |[Dw(x)| =1 in €. By assumption, we have u € Lip (Q).
Hence, by the stability of the viscosity property, we see that g is a solution of |Dw(z)| =1
in €. As in Step 2 of the proof of Theorem 5.1, we easily find a constant A > 0 such that

V(z,t) > up(x) — At for all (z,t) € Q,

which proves that V is locally bounded below in @ and that V,(x,0) > ug(x) for all x € Q.
3. Next, fix any (z,t) € 90 x (0, co) and set

7=t I(s)=1 and X(s)=z for se]l0, 7]
Observe that (X,1,7) € SP(2;x,t) and that
(44) V(z,t) <74 ug(X(7)) = uo(z) + t.

Now fix any (z,t) € Q x (0, o). By (i) of Lemma 5.8, there exists a point y € 9Q such
that

(45) uo(x) = uo(y) + da(z,y).
By the dynamic programming principle, we have
Vi, t) < dg(x,y)+ V(y,t).
Combining this with (44) and using (45), we get
V(z,t) < do(z,y) +uo(y) +t =uo(x) +t,
which shows that V' is locally bounded above on @ and that V*(z,0) < ug(z) for all z €
Q. OJ
Proof of Theorem 5.5. 1. We write V(z) for the right hand side of (40). Since v, is a
subsolution of (5), by Lemma 5.7 we have
vy (r) < V(z) forall x €.

On the other hand, in view of Proposition A.5 we see that V is a subsolution of (5). Also,
we have

V(z) < vy (x) +do(r,z) <ug(z) forall x e Q.
Now, the maximality of v, ensures that V < vy on Q. Thus we conclude that V = v; on
Q.
2. Let V(z) denote the right hand side of (41). By Lemma 5.7, we have
vy (2) < vg (y) +da(x,y) forall z,y€Q,

and hence, vy <V on €. In view of Proposition A.5, the function V' is a solution of
(5). By the minimality of v.,, we see that v,, <V on Q. Note that v, > v, on Q and
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V(z) < vy (x) for all z € 9. Hence, we have vy () = vy (x) = V(z) for all z € 9.
Now, by comparison (Lemma A.4), we get v, =V on Q.

3. Let V(z) denote the right hand side of (42). As noted before, the function v, is a
supersolution of (6). In Step 2 above, we have observed that v, = v, on 0. According
to Lemma 5.6, the function V' is a solution of (6). Since V < vy on 02, by comparison,
we get V < vy on Q. Hence, by the maximality of .., we see that V < us, on . On
the other hand, by (ii) of Lemma 5.8, we find that

V(z) = min{Aq(z,y) + v (y) : y € 00N}
> min{ Ao (7, y) + U (y) 1 y € 00} = uso(x) for all z € Q.
Thus, we have 1, =V on Q. 0

6. MORE ON THE FUNCTION Ag

By the assumption that € is a bounded, open connected subset of R and is of class C*!, we
deduce that OS2 consists of a finite number of connected components I';, with ¢ = 1,2,..., N.
We have shown in the proof of Theorem 2.3 that the function x +— dist (z,09) on  is
a solution of (6). The same proof shows that for each i = 1,..., N, the function u(z) :=
dist (x,I';) on 2 is a solution of
|Du(x)] =1 in Q,
(46)
1+v(z) - Du(z) =0 on I}
Fory € Qandi,j=1,.., N we define
7(3-/72) = dist (yarl) = mln{]y - Z’ CzE Fz}v
Y(i,7) = dist (I';,I';) = min{|z —y| : x € I';, y € I';}.

Let I denotes the set of all finite sequences (i1, ...,4,) such that i; € {1,..,N} for all
j=1,..,mand¢; #ix it j #k Foryec Qandi=1,..,N we set
m—1

a;(y) = min{y(y,i1) + > _ Y(ij.i541) (i1 eenrim) € 1, iy = i},

j=1
Theorem 6.1. We have
(47) Aa(z,y) = min{|z — y|, min{a;(y) + dist (x,T;) : i =1,...,N}}  forall z,y € Q.
Lemma 6.2. For each v =1,..., N we have

Xa(z,y) =0 forall x,y €T,

Before going into the proof of the above lemma, we remark that Aq(x,y) is symmetric in
x and y, that is,

Ma(z,y) = Ma(y,z) forall z,y € Q.
To see this, let z,y € Q and (X,[,7) € SP(x) be such that X (7) = y. We set

Y(s)=X(r—s) and m(s)=I(r—s) for se]l0, ],
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then (Y,m,7) € SP(y) and Y (7) = z. Moreover, we have

[ a=uas= [ a=ms)as

and find that Aq(z,y) = Aa(y,z) forall z,y € Q. From this symmetry, Ao(z,y) = Aa(y, z),
it follows that Ag(x,y) is Lipschitz continuous on € x €.
We remark also that the triangle inequality holds for Aq:

Xa(r,y) < da(z, 2) + Aalz,y)  forall x,y,z¢€ Q.
)

Indeed, for any (X,[,7) € SP(x) and (Z,m,0) € SP(z) such that X(7) = z and Z(o) = v,
we define (¢, p, 7 + o) € SP(x) by concatenating (X,1) and (Z,m), i.e., by setting
(X(s),1(s))  for s<[0,7),
(£(s), p(s)) =
(Z(s),m(s)) for sé€[r,7+0]

and observe that {(7 + ¢) = y and

mmwséﬂh—mmmzlewmm+Ah—m@m&
which implies that Ao(z,y) < Aa(w, 2) + Aa(2, ).

Proof of Lemma 6.2. Let i =1,..., N and x,y € I';. By the connectedness and C! regularity
of T, there exists a curve X € Lip ([0, 7],R") starting at = and ending at y such that
X (s) € T; for all s € [0, 7]. We may assume by an appropriate scaling if needed that
| X(s)] <1 ae. in [0, 7]. Fix any € € (0, 1) and set

X.(s)=X(es) and [.(s)=1—¢* for s€]0,e 7]
Observe that

IXo(5))?+1(s)? <4+ (1—e)?<1 ae in [0, 7],

which assures that (X_,l.,e7'7) € SP(z). Also , we have

—1

/05 (1= 1.(s))ds = er.

Sending ¢ — 0, we conclude that A\g(z,y) = 0. O
We divide the proof of Theorem 6.1 into two parts.

Proof of Theorem 6.1, Part 1. We fix any y € Q and write v(z) for the right hand side of
formula (47). Here we prove that

(48) v(z) < Aa(x,y) forall z € Q.
1. We first prove that v is a solution of (6). Let ¢ = 1,..., N. By the definition of a;(y), for

any sequence (i1, ...,%,,) € I such that i,, =i, we have

m—1

ai(y) <y(y,in) + Y (i, insr).
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In particular, if m = 1, then we get
a;(y) <(y,i) < |ly—=x| forall z el
Also, for any j = 1,..., N, if we choose (i1, ...,1,,) € I, with i,,_1 = j, optimally so that

m—2
a;(y) =y, i1) + ZV (ks Tht1),
k=1

then we get
ai(y) < a;(y) +70,i) < a;(y) + dist (z,I;)  forall z €l
Hence, by the definition of v, we see that v(z) = a;(y) for all x € T';. Note as well by the

definition of v that v(z) < a;(y) + dist (z,I;) for all z € €.
Let £ > 0 and set

v.(z) = min{v(z), a;(y) + dist (2, T;) —e} for x € Q.
There exists an open neighborhood V,, relative to R", of I'; such that
v.(z) = a;(y) + dist (z,T;) —e  forall 2 €V, NQ.
It is now a standard observation that v. is a solution of (46). It is clear that
li_l}”% v.(r) =v(z) uniformly on (.

Hence, by the stability of the viscosity property under uniform convergence, we see that v
is a solution of (46). Since our choice of ¢ is arbitrary, we may conclude that v is a solution
of (6). Noting that v(y) = 0, by Lemma 5.7, we conclude that (48) holds. O

Recalling the Jordan-Brouwer separation theorem (see for instance [11]), since the I'; are
compact, connected C! hypersurfaces, we see that for each i = 1,2,..., N the open subset
R™\ T'; of R™ has exactly two connected components O and O; . Since € is connected and
does not intersect Q = U;I;, for each i we have either Q C O or Q C O;. We choose
our notation so that Q2 C O; foralli=1,...,N.

Lemma 6.3. Leti,j € {1,...,N}. Ifi# j, then I'; C O; .
Proof. Since T; C QC O; =I;UO; and T;NT; =0, we have T; C O; . O
Lemma 6.4. We have Q =, O; .

Proof. 1. We first show that the set ﬂzNzl O; is connected. To do this, fix i =1,..., N and
an open connected subset O of R" such that I'; C O and prove that O N O, is connected.
Fix 2,y € ONO; . Since O is arc-wise connected, there exists a curve £ € C([0, 1], R™) such
that £(0) =, {(1) =y and £(t) € O for all t € [0, 1]. If £(t) € O; for all ¢t € [0, 1], then we
are done. Otherwise, we may choose two numbers 0 < o < 7 < 1 so that £(0),&(7) € I'; and
£(t) € O; forallt € [0, 0)U(T, 1]. Now, since I'; is locally diffeomorphic to a hyperplane, it
is not hard to find a small constant ¢ > 0 and a continuous curve n € C([oc — ¢, T + €], R")
such that n(c —¢e) =&(o —¢), n(t +¢) =&(T +¢) and n(t) € O; forallt € [0 —¢, T + €.
Here it is assumed that 0 < 0 —e < 7+ ¢ < 1. Moreover, we may select the curve 7 so that
the distance of the curve 7 to the hypersurface I';,
max  dist (n(¢), 1),

telo—e, 7+€]
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is as small as required. Consequently, we may assume that n(t) € O for allt € [0 —¢, T+ ¢].
Concatenating three curves £|j, ,— (the restriction of £ to [0, o —¢]),  and |4, 1), we get
a continuous curve in O N O; connecting = and y. Hence, O N O; is arc-wise connected,
which shows that it is connected.

We assume that N > 2, note by Lemma 6.3 that I'y C O and apply the above observation
to O; and O, to see that O] N O, is connected. If N > 3, then we note by Lemma 6.3
that I's C O; N O, and use the above observation, to see that O; N O; N Oy is connected.
In general, by induction, we conclude that the set ﬂf\il O; is connected.

2. We know now that ﬂZN:l O; is connected and includes the set 2. To show the identity
N, 07 = Q, we suppose that there exists a point z € (J~, O; \ Q and will get a contra-

diction. Fix a point zy € €2 and select a curve in ﬂi\;l O; connecting xy and z. Since x & €2,
the curve intersects 02 at a point x;. Since, for each 7, I'; does not intersects O, , the set
002 = vazl I'; does not intersects ﬂf\il O; . These together yield a contradiction:

N
v €N (05 = 0. O

i=1
Lemma 6.5. For any x,y € ) we have

(49) a(z,y) < |z -yl forall z,y e

Proof. By continuity, it is enough to show inequality (49) only for z,y € Q. Fix any z,y € Q
and consider the curve ¢ given by ¢(t) := (1 — t)x + ty for t € [0, 1]. Indeed, ¢ represents
the line segment between = and y.

1. Assume first that ¢(t) € Q for all ¢t € [0, 1]. Fix any € > 0, set 7. := | — y| + ¢ and
o:(t) == o(7- ') for t € [0, 7], and note that (¢.,7.,0) € SP(z) (that is, [(t) = 0 in the
usual notation) and ¢(7.) = y. By the definition of \q, we get

Aa(r,y) < 7. = [r -yl +¢,

which shows that (49) holds in this case.
2. Next assume that the curve ¢ intersects the complement of 2. We show that there are
sequences {s;}7, C (0, 1), {tx}7, C (0, 1) and {ix}7~, C {1,..., N} such that

0<81§t1<82§t2<"'<$m§tm<1,

w#iy it kFG

d(sp) €y o(te) €y, forall k=1,...,m,

o(t) € Q forall te0,s)UUrS (th, Skr1) U (tm, 1.

Here, since the i) are mutually different, m is not more than N.
It is obvious that ¢([0, 1]) N 9N # (. We set

{51 =min{t € [0, 1] : ¢(t) € N},

(50)

t1 =max{t € [0, 1] : ¢(¢t) € T, },

where 7, € {1,...,N} is chosen so that ¢(s;) € I';,. Note that such an 4; is uniquely
determined.
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Since both ¢(0) and ¢(1) are in 2, it is clear that 0 < s; < ¢; < 1 and also that ¢(t) €
for all ¢t € [0, 5s1). Note that ¢(1) € Q C O, and that ¢((t1, 1]) NIy, = 0. Hence, the
connected set ¢((t1, 1]) is included in R™ \ I';,; and intersects O, , which implies that
6 s((t1. 1) € O

By Lemma 6.3, we have ¢(t;) € I'y; C (1,4, O; , which implies that ¢((t1, 71]) C N, OF
for some 7 € (1, 1]. Combining this with (51) and using Lemma 6.4, we see that

tl, 7'1 ﬂO*

If ¢((t1, 1]) C Q, then we set m = 1 and we are done. Otherwise, we repeat the previous
argument, with the interval [0, 1] replaced by [, 1]. (Note that ¢; < 73 < 1.) That is, we
set

sy =min{t € [m, 1] : ¢(t) € 0Q},
to = max{t € [m, 1] : ¢(t) € T, },

where iy € {1,..., N} is the integer such that ¢(s2) € I';,. By the choice of ¢y, it is clear that
iy # 11. As in the first step of this iteration, we see that for some m € (3, 1],

qb((tg, 7‘2]) c €.

We repeat this procedure of finding (sg, tx, i) at most N times before arriving the situation
that ¢((tg, 1]) C €, to conclude that there exist sequences {sx}; C (0, 1), {tx}7-, C (0, 1)
and {ix}7; C {1,..., N} such that all the conditions of (50) hold.

3. By the triangle inequality, we get

k=1

According to Lemma 6.2, we have

)\Q((b(Sk), (b(tk)) =0 for all k= 1, .., m
Noting that

m—1
o(t) € forall tel0,s)U U iy Skt1) U (tm, 1]
k=1

and arguing as in Step 1, we get

Aa(9(0), ¢(s1)) < |6(0) — @(s1)],
A (d(tk); P(skr1) < [@(tk) — @(spr1)|  forall k=1,...m—1,
Ao (d(tm), ¢(1)) < [d(tm) — @(1)].
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Adding these all together, we obtain

Aa(z,y) < |9(0) — ¢(s1)] + Z |0(tk) = O(ser1)| + [o(tm) — d(1)| < |z —y.

The proof is complete. O

Proof of Theorem 6.1, Part 2. As in Part 1, we fix any y € Q and write v(x) for the right
hand side of formula (47). We show that
(52) Xo(r,y) <v(x) forall z€Q,
which will complete the proof of the theorem.
Fix any 7 € {1,..., N}. There exists a sequence (iy, ..., %,,) € I such that i,, =i and

m—1

ai(y) = (y,in) + > V(i insa).

We may choose sequences (1, ..., T,,) € (9Q)™ and (y1, ..., Yym—1) € (02)™ ! so that

’Y(y7zl) = ’y_xl‘a T EFiU
V(s k1) = Yk — Thga|, Yk € T4y wpp €0y, forall k=1,...,m—1.
By the triangle inequality, we get

m m—1
Ay Tm) < Aoy, 21) + Y Aoz gn) + Y Aa(ye, Trrn)-
h=1

k=1
Hence, using Lemmas 6.2 and 6.5, we obtain
m—1 -1

Mo Tm) <y =21+ gk — wra| = ¥, 1) + D> Yk, iri1) = aiy).
k=1 1

3

B
Il

Thus we get
(53) Aa(y,2) < Ay, Tm) + Ao (Tm, ) = < ai(y) forall z el

A(Y, Tm)
By the definition of a;(y), it is obvious that v(z) = a;(y) for all z € I'; and i = 1,..., N.
This together with (53) assures that Aq(z,y) < v(x) for all z € 9. By the standard
comparison result, we conclude that A\q(z,y) < v(x) for all x € Q. O

APPENDIX A

We present a comparison theorem for the eikonal equation with the dynamical boundary
condition. They are known in the literature (see for instance [5, 4, 12]), but for the reader’s
convenience we give here a proof.

We first consider the problem

{aut(x,t) + |Dyu(z, t)| = f(x) in Qr:=Qx(0,7),
bui(z,t) + cv(x) - Dyu(x,t) = g(x)  on 00 x (0, T),

where 7' > 0, a > 0, b > 0 and ¢ > 0 are constants and f and g are continuous functions on
) and 02, respectively.

(54)
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Theorem A.1. Assume that a+b > 0 and that ming f > 0 ifa = 0. Letu € USC(Qx |0, T))
and v € LSC(Q x [0, T)) be a subsolution and a supersolution of (54), respectively. Assume

that u(x,0) < v(z,0) for all z € Q and that w and v are bounded on Q1 x [0, T). Then u < v
on Q2 x (0, T).

In what follows we set
H(z,p) = |p| — f(x) for (z,t) € Q xR,
so that our equation reads
auy + H(z,Dyu) =0 in Qr.

Lemma A.2. Let v, e € R"™ and assume that v -e > 0. Then there exists a function
¢ € CHR™1) such that

o(te) = 2¢(&)  for all (t,€) € R x R,
$(§) >0 if £€#0,
v-Dp(§) >0 if e-£>0,
v-Dp(E) <0 if e-£<0.
See [15, 13, 12] for a proof of the above lemma. Indeed, the function

. e-§ ? 2
cb(é)—‘é—av o)

(55)

has the required properties.

Lemma A.3. Let u € USC(Q x (0, T)) be a subsolution of (54). Assume that the family
{u(z, ) },eq of functions in (0, T) is equi-Lipschitz continuous. Then w is Lipschitz contin-
uous in Q x (0, T). Moreover, if L is a Lipschitz bound of the family {u(z,-)},cq in (0, T),
then the constant

Lo(aL + [| fllsc0)
is a Lipschitz bound of the function u in Q.

Notice that Lq indicates the Lipschitz constant introduced at the end of Section 1.
Proof. Let L > 0 be a Lipschitz bound for the family {u(z,-)},cq, i-¢.,
lu(z,t) —u(x,s)| < Lt —s| forall x€Q and t,s€ (0, T).
Let (z,t) € Qx (0, T) and (p, q) € D u(z,t). Since u is a subsolution of (54), we have either

(56) aq + H(z,p) <0,
or
(57) bg+cv(z)-p<g(xr) and x€IN.

Also, we have
gl < L.
If z € Q, then we get
Pl < aL + || flloc0;
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which implies that for each ¢ € (0, T'), the function u(-,t) is a subsolution of
|Dyu(z,t)] < al + ||flloo in .

This implies further that the family {u(-,t)}sc(o, ) of functions in €2 is equi-Lipschitz con-
tinuous with a Lipschitz bound given by Lo(aL + || f]leo.q), and we have

[u(z,t) —u(y, s)| < La(aL + || fleo) (o =yl +]t —s)/?  forall (2,), (y,5) € Qr.

Let u|g, denote the restriction of u to the domain Q7. We may extend u|q, by conti-
nuity to the domain © x (0, T) and denote the resulting function as @. Since u is upper
semicontinuous on 2 x (0, T'), w € Lip (2 x (0, 7)) and u = w in Q7, we have

u<u on 002 x (0,7).

If u=1 on Q x (0, T), then we are done.
Thus we need only to show that

(58) u<u on 00 x (0,7).

For this, we assume by contradiction that (58) were not the case, and will show a contradic-
tion. By this assumption, we find a point (xq,t) € 9Q x (0, T') such that

u(l‘o, to) > Q_L(Io, to)

We may choose an open interval I C (0, T'), a function ¢ € C*(I) and a constant § > 0 such
that ~
toeI CcIcC(0,T),

V(ty) = 0, Y(t) >0 forall tel,
u(zo, to) — u(xo, to) > 9
u(z,t) —u(z,t) —(t) <0 forall (x,t) € Qxal.
By an approximation procedure, we find a function ¢ € C'(Q x I) such that

~ J
12 = Plloc, axr < 5-
Note that if we set ®(x,t) := u(x,t) — ¢(x,t) — ¥(t), then
J
(59) max® > - > sup .
Qx1 2 axruaxar

Let p € C*(R") be a defining function of . We may assume that |Dp(z)| > 1 for all
x € 0N Let ¢ € C'(R) be a nondecreasing function such that

¢(0) =0, 0<{'(r) < (0)=1, IC(r)] <1 forall reR.
Let € > 0 be a small constant, and set
U(x,t) =u(x,t) — d(x,t) —(t) —eC(e p(z)) for (z,t) € A x 1.

According to (59), if € > 0 is sufficiently small, then the function ¥ attains its maximum
at some point (z.,t.) € 9 x I. For such a small ¢ > 0 and point (z.,t.), by the viscosity
property of u (i.e., by (56) and (57)), we have either

(60) ag. + H(ze,p. + ' Dp(x.)) <0,
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or

(61) bg. + cv(x.) - (pe + ¢ "Dp(x.)) < g(z.),

where p. = D,¢(z.,t.) and q. := ¢(z.,t.) + '(t.). Here we have used the fact that
('(p(z:)) = ¢'(0) = 1. Inequalities (60) and (61) yield

el < 5_1|DP(375)‘ < |pe| + [pe + 5_1Dp(xa)| <|p| + f(ze) — ag.,

or

ce™ ' <ce Y Dp(x.)| = ce tv(z.) - Dp(x.) < g(x.) — bge + cv(x.) - p.
respectively. Since |p.| and ¢. are bounded as ¢ — 0, from these inequalities we get a

contradiction. O

Proof of Theorem A.1. We argue by contradiction: we assume that supg o m(u —v) > 0
and will get a contradiction. The following argument is divided into a few steps.
1. We may assume by replacing 7" by a number smaller than and close to 7" that u &

USC(Qr) and v € LSC(Q7).
Let € € (0, 1). If a > 0, then we set

U (2,) = u(z,t) — —

T i for (z,t) € Qr.
Let M > 0 be a constant such that ||g]|.o < M. If a = 0, then we set
eb ' M(T + £2)?

T —t+¢e?
Observe that if € is sufficiently small, then

Us(z,t) = (1 — e)u(z,t) — for (z,t) € Qr.

max(U® —v) > 0> max (U®—w).
QT QX{O,T}

Observe also that if a > 0, then U€ is a subsolution of

aUs (2,t) + H(x, DU (z,1)) < _ﬁ in Qr,
bUf (z,t) + cv(zx) - DU (z,t) < g(x) on 002 x (0, T).
Moreover, if a = 0, we compute informally that
aUf (z,t) + H(x, D,U*(z,t)) = (1 — ¢)| Dyu(z, t)| — f(x) < —ef(x),
and that for any (x,t) € 09 x (0, T'),
bU; (z,t) + cv(x) - DU (z,t) = (1 — €)[bug(x,t) + cv(x) - Dyu(z, t)] — %
< (I —e)g(x) —eM < g(x),
and deduce that U® is a subsolution of
aUf (z,t) + H(x, DU (x,t)) < —cf(x) in Qr,
{bUf(m,t) +cv(z) - DU (z,t) < g(x) on 092 x (0, T).

Thus, replacing u by U*®, selecting € > 0 sufficiently small and setting

[ = emin {L, mjnf},
(T +¢e2)? o
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we are in the situation that u is a subsolution of

(62) aug(z,t) + H(x, Dyu(z,t) < —p in Qr,

buy(z,t) + cv(x) - Dyu(z,t) < g(x) on 92 x (0, T),
and
(63) max(u —v) > 0> max (u—wv).

Qr Ox{0,T}

2. Let € > 0 be a small constant, and we consider the sup-convolution of w(z,t) in
t-variable. We set
(t =)
£

(64) Us(z,t) = max} <u(x, s) —

s€l0, T

) for (z,t) € Qr.

This function U®(z,t) is Lipschitz continuous in ¢-variable: indeed, we have

\US(z,t1) — U (2, t5)| < e max |(t — 5)? — (ta — 5)?|
(65) s€[0,T)
< e 2Tt —ty|  forall ty,ty € [0, T)], x €.

It is easily seen that if M(x,t) denotes the set of all maximum points s € [0, 7] in formula
(64), then
t—s| < (2el|ulloeg,)””  forall se M(zt), () € Qr.
Hence, setting
1/2
() = (2eull o) "
we have B
M(z,t) C (0, T) forall (z,t) € Qx (d(e), T —d(e)).

It is now easily seen (and it is a standard observation) that U¢ is a subsolution of
) aUf(e,t) + H(w, DU, ) < —p i 92 x (8(2), T — 6(e)),

bU(z,t) + cv(x) - DU (z,t) < g(xz) on 90Q x (d(e), T —d(e)).

In view of Lemma A.3, by the Lipschitz property (65) and the viscosity property (66), we
see that U® is Lipschitz continuous in §2 x (§(¢), T'— d6(¢)). Noting that v € USC(Qr),

Us(x,t) > u(x,t) and li%lJr Uf(x,t) = u(z,t) forall (x,t) € Qr,
E—

we see that if ¢ > 0 is sufficiently small, then

_ max (Uf—v)>0>_ max (UF —w).
Qx[26(e), T—25(e)] Qx{28(c), T—25()}

Fixing € > 0 small enough, replacing u by U® and writing J = (2d(¢), T —26(¢)), we get the
situation that w is Lipschitz continuous on 2 x J, u is a subsolution of

(67) {aut(x,t) + H(x, Dyu(x,t)) < —p in Q x J,
buy(z,t) + cv(x) - Dyu(z,t) < g(x)  on 02 x J,

and

(68) max(u —v) > 0 > max(u — v).

QxJ QxoJ
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3. Let p € C*(R™) be a defining function of Q. We may assume that
1< nalgzn |Dp| <max|Dp| < C  for some constant C.
Q

Let € > 0 and set
U(z,t) = u(z,t) —ep(z) forall (z,t) € QxJ.
By assuming ¢ > 0 small enough, we may assume that

max(U® —v) > 0 > max(U® —v).
QxJ QAx0J

It is easily checked that U® is a subsolution of
aUf (z,t) + H(x, D, U*(x,t)) < —pp+ eC in Q x J,
{bUf(ac, t)+ cv(z) - DU (z,t) < g(x) —ec  on 9 x J.
Thus, selecting € > 0 sufficiently small and replacing u by U¢, we may assume that
u € Lip (Q x J),

max(u —v) > 0 > max(u — v),
QxJ Qx0J

and for some constant A > 0,

(69) {aut(x,t) + H(l’, DxU(ZL‘,t» S -\ in O % J,

bug(z,t) + cv(x) - Dyu(z,t) < glx) — A on 92 x J.

4. Now, we choose a maximum point (,%) € Q x J of u — v over 2 x J. Replacing the
function u(x,t) by the function

u(e,t) —e(je —a* + (t = £)?),

with € > 0 sufficiently small and replacing A by a smaller positive number, we may assume
that « — v has a strict maximum at (, £).

If 2 € Q, then the standard argument leads to a contradiction, the detail of which is
skipped here. We thus assume that z € 0f). According to Lemma A.2, there is a function
¢ € CYR"1) having the properties (55) with v = (cv(2),b) and e = (v(2),0). For any
a > 0 we consider the function

(I)(xat>y> S) = U(.C(Z,t) - U(ya S) - @¢(I - yat - S) - dV(;%) ’ (Z‘ - y)
on (Q x J)2, where d is the constant given by

WA
cd =g(z) — 5

Let (7q,ta, Yas So) be a maximum point of the function ®.
Let L > 0 be a Lipschitz bound of the function v in 2x.J. By the inequality ®(z4, ta, Ya, Sa) >
(I)(yaa SO&? yaa SCX)? we get

Ong(l‘a — Yo, ta - Sot) S L(|xa - ya|2 + |t0& - Sa|2>1/2 + |d||xa - ya'
< (L+ |d)(|Ta = yal* + [ta — sal*)"*.
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We set

0= i o(&) (> 0),

and observe by the homogeneity of ¢ that

#(€) > 0|¢)*  for all & € R™M,
Combining these observations, we find that
(70) |0 = Yal® + [ta = sa|*)/? < O7H(L + |d]).

Moreover, by the standard argument, we deduce that

A

lim (z,,t,) = (:i“,f), lim (Y, sq) = (2,1),
a—r 00 a— 00

lim ad(Ta,ta, Yo, Sa) = 0,

a—> 00

lim w(x,,ts) = u(, 1), lim (Yo, 5o) = v(,1).
a—r00 a—00

In particular, we may assume by choosing « large enough that ¢, s, € J.
Fix a > 0 so that t,, s, € J. By the viscosity property of u, writing

aDo(xy — Yarta — Sa) =: (Pay Ga) € R" X R,
we get either
(1) {aqa + H(Zo,po +dv(z)) < —A or

bGo + cv(xs) - (Po + dv(2)) < g(xa) — A and x, € 0S.
Also, we get either
) {aqa + H (Yo, po + dv(i)) > 0 or

bdo + cV(Yo) - (Po + dv(2)) > g(Ya) and 1z, € 0.
Noting the homogeneity of the function D¢, i.e., the property that

Do(t€) = tD¢(€) for all (¢,¢) € R x R"
and setting z, := a(xq — yo) and r, = a(t, — Sa), we have

(Pas Ga) = Dé(Za;7a)-

By (70), the collection {(z4,74a)}a>0 is bounded in R
Consider the case where there is a sequence {c;} diverging to infinity such that

(73)  bga + cv(z4) - (po +dv(2)) < g(za) — A and z, € 0Q  forall a=q;.

We may assume by reselecting the subsequence {a;} if needed that for some (z,7) € R"
I (20,72, = (7).

For any defining function p € C'(R"™) of €, we have

02> ap(ya) = a(p(ya) — p(Ta)) = —Dp(2a) - 2o + a0(|yo — Tal)  as a=a;, j— oo,

which yields
v(z)-z>0.
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Hence, we have e- (z,7) > 0, where e = (v(),0). Now, since
lim (pocj7qa7') = lim D¢(Za7" raj) = D(b(Z, r),
j—o0 T g0 ‘
by our choice of ¢, we get
D¢(z,1) - (cv(2),b) > 0.
Thus, sending j — oo in (73) with a = «;, we get

0>X—g(@)+ (cv(2),b) - Do(z,7) + c¢d > % > 0,

which is a contradiction.
Next consider the case where there is a sequence {¢;} diverging to infinity such that
bgo + cv(Yo) - (Po +dv(2)) > g(yo) and y, € 02  for all a=a,.
An argument parallel to the above yields a contradiction.
What remains is the case where we have both
aqo + H(To,pa +dv(2)) < =X and  aqq + H(Ya, pa + dv(z)) >0
if « is sufficiently large. Hence, sending o — oo along a sequence, we get
ag+ H(Z,p+ cv(2) < =A< 0<aq+ H(Z,p+ cv())
for some (p,q) € R" x R, which is a contradiction. The proof is complete. O

The stationary eikonal equation (5) is of a special importance in this article and the
following is a well-known comparison result (see [14, 5, 2, 16] for instance) for (5).

Lemma A.4. Let v € USC(Q) and w € LSC(R2) be a subsolution and a supersolution of
(5), respectively. Assume that v(x) < w(x) for all x € 9. Then v < w on .

The following proposition is a well-known result for convex Hamilton-Jacobi equations
(see for instance [8, 9, 12]).

Proposition A.5. Let U be an open subset of R" and H € C(U x R™). Assume that for
each x € U, the function p — H(z,p) is convex in R™. Let F be a nonempty collection of
subsolutions of
(74) H(z,Du(z)) =0 in U.
Assume that F is uniformly bounded and equi-Lipschitz in U. Set

u(z) = inf{v(z) : ve F}  for vz eU.
Then the function u is a subsolution of (74).

As is well-known, if we replace “inf” by “sup” in the above definition of u, the same
conclusion as above holds without the convexity of H.

Outline of proof. 1. Let ¢ € Lip (U). We show that ¢ is a (viscosity) subsolution of (74)
if and only if H(z, Dé(x)) < 0 a.e. in U. Note here by the Rademacher theorem that ¢
is differentiable almost everywhere (and the gradient D¢ obtained in the pointwise sense is
identical to that in the distributional sense). It is then obvious by the viscosity property
that if ¢ is a subsolution of (74), we have H(x,D¢(z)) < 0 a.e. Next, assume that
H(z,D¢(z)) <0 ae. in U. Fix any open ball B such that B C U. Using the mollification
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technique and Jensen’s inequality, for each ¢ > 0, we can select a function ¢, € C*(B) such
that

{H(x,D@(w)) <e B,
H@bg - ¢||oo,B <E.

By sending ¢ — 0, we see by the stability of the viscosity property under uniform convergence
that ¢ is a subsolution of (74) in B. Since the choice of balls B is arbitrary, we conclude
that ¢ is a subsolution of (74) in U.

2. Let v € F. By the above equivalence, we have H(z, Dv(z)) < 0 a.e. in U. Hence,
setting w := —v, we have H(x,—Dw(x)) <0 a.e. Note that for each z € U, the function

p+— H(x,—p) is convex in R". Using the above equivalence again, we find that w := —wv is
a subsolution of H(x, —Dw(z)) <0 in U. Since

—u(z) =sup{—v(z) : ve F} for zeU,

we see by the stability of the subsolution property under taking the pointwise supremum

that w := —u is a subsolution of H(z, —Dw(x)) < 0 in U, which implies thanks to the above

equivalence that H(x, Du(z)) < 0 a.e. Hence, again by the equivalence, we conclude that

u is a subsolution of (74). O]

Example A.6. Let n =1 and Q2 = (0, 1). Consider the problem

©) ur + |Dyul =1 in Q x (0, 00),
up =0 on 09 x (0, o),

together with the initial condition
(75) u(z,0) =2z for z € Q.

As Lemma 3.2 states, the comparison principle holds for Lipschitz continuous subsolutions
and supersolution of the above problem. In what follows we show that the comparison
principle does not hold for semicontinuous subsolutions and supersolutions of (9).

We set

= max{v(z), w(x,t)}.

Note that v is a classical solution of (9) and that w is a classical solution of

wy+ |Dyw| =1 in Qx (0, 00)

and a classical subsolution of (9). Accordingly, u is a viscosity subsolution of (9).

Our claim here is that u is a solution of (9) satisfying the initial condition (75). It is clear
that u(z,0) = 2z for all x € Q. We have already checked that u is a subsolution of (9). Note
that

u(z,t) =v(x) if t>«x,
which shows that u is a classical solution of
Uy + |Dacu| =1 in QJr»
u =0 on {0} x (0, c0),
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where Q1 := {(z,t) : t > x}. Similarly, noting that
u=w ift<ux,
we see that u is a classical solution of
w(z,t) + |Dyu(z,t) =1 in Q,
where Q™ == {(v,1) € Q : t < z}.

Fix any A_,f) € Q x (0, c0) such that v(2) = w(&,f). Obviously, 0 < # < 1 and # = 7.
Let ¢ € C’l ) and assume that u — ¢ has a minimum at (£,f) = (#,#). The function
7+ (u—¢)(r,r) on (0, Z] has a minimum at » = Z and we have

d L .
OZ —(u—¢)(7‘,1") . :1_¢x('xax>_¢t($7x)a

d?" r==

which yields
G(2,1) + 0o (,) >
t)

Similarly, since the function r — (u — ¢)(r,

d

0>Hﬂu—@@® =1 ¢.(1,1),

which shows that ¢,(z,f) > 1 > 0. Hence, we get
¢t(x7t) + ’¢x(x>t)‘ 2 17
which assures that u is a supersolution of (9). Thus, we conclude that u is a viscosity solution

of (9).
We set

on (0, m] has a minimum at r = Z, we get

r=x

u(z,t) for (x,t) € [0, 1) x [0, c0),
Uz, t) =
2 for (x,t) € {1} x [0, 00).
The functions v and U differ only on the set {1} x (0, co) and the function U is upper

semicontinuous on Q. It is obvious to see that U is a viscosity subsolution of (9) and that
U(x,0) =2z = u(z,0) for all x € [0, 1] = Q. Moreover, the inequality

U<u on@

does not hold. That is, in the framework of semicontinuous viscosity solutions, the compar-
ison principle does not hold.

Proposition A.7. For each § > 0 there exists a C* diffeomorphism js of R™ such that
3s(Q) CcQ  and |Djs(x) —I| <6 forall x € R,

where Djs(x) and I denote the Jacobian matriz of js and the identity matriz, respectively,
and, for n x n matriz A, |A| denotes the operator norm of A, i.e., |A| = maxe<y |AE].

Let js be as above. Since 2 is compact, the set j5(Q) is a compact subset of €2. Therefore,
the set U := j; () is an open neighborhood of Q and U = Js 1(Q). These observations are
useful to extend the domain of definition of functions on Q to a neighborhood of Q. Let
u € C(Q). The function u o js is defined on U, and D(u o js)(z) = Djs(x)* Du(js(x)) if
u is differentiable at js(z), with © € U, where Djs(x)* indicates the transposed matrix of
Djs(x). Moreover, this extension technique combined with the mollification can be used to
approximate a function of £ by a smooth function on €.



40 E. S. AL-AIDAROUS, E. O. ALZAHRANI, H. ISHII, AND A. M. M. YOUNAS

Proof. 1. Extending the vector field v on 0f) to the whole R" as a bounded, continuous
vector field and then mollifying the resulting vector field, we can find a bounded, C'*° vector
field p on R™ such that v(z) - pu(z) > 0 for all x € 9. Since 0N is bounded, we may assume
that p(x) = 0 if |x| is sufficiently large. We may assume by multiplying u by a small positive
number if needed that |u(z)| + |Du(x)| < 1 for all z € R™. Let § € (0, 1) and define the
mapping js : R — R” by
Jo(z) = = — op(x).

The mapping = +— ou(x) is a contraction on R™, which ensures that the mapping js is
invertible. Indeed, for every = € R", we have

0D p(x)] < 6
and, moreover,
|Djs(z) — I| < 6.
2. Next we show that js(2) € Qif § € (0, 1) is sufficiently small. Let p € C*(R") be a
defining function of {2. Observe that for any z € R,

p(js()) = plz) / Dple — tu(x)) - () dt.

Note that if z € 02, then p(z) - Dp(z) > 0, which guarantees that there are a neighborhood
V of 02 and dy € (0, 1) such that

5
/ Dp(x — tp(z)) - p(x)dt >0  forall z €V, §e (0, d).
0

On the other hand, we have
sup p < 0,
Q\Vv
and hence, replacing dp by a smaller number if needed, we may assume that

p(Js(x)) = p(x — dp(z)) <0 forall xe Q\V, §e (0, d).

Thus, we have B
p(js(z)) <0 forall ze€Q, §e(0,d),
and conclude that js(x) € Q for all z € Q and d € (0, ). O
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