HAMILTON-JACOBI EQUATIONS WITH THEIR HAMILTONIANS
DEPENDING LIPSCHITZ CONTINUOUSLY ON THE UNKNOWN
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ABSTRACT. We study the Hamilton-Jacobi equations H(x, Du,u) = 0 in M and
Ou/ot + H(xz, Dyu,u) = 0 in M x (0,00), where the Hamiltonian H = H(x,p, u)
depends Lipschitz continuously on the variable u. In the framework of the semi-
continuous viscosity solutions due to Barron-Jensen, we establish the comparison
principle, existence theorem, and representation formula as value functions for ex-
tended real-valued, lower semicontinuous solutions for the Cauchy problem. We
also establish some results on the long-time behavior of solutions for the Cauchy
problem and classification of solutions for the stationary problem.
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1. INTRODUCTION
We study the Hamilton-Jacobi equation
(1.1) u + H(x, Dyu,u) =0 in M x (0,7),

where M is a connected, closed, smooth Riemannian manifold of dimension n, T is
either a positive number or +o00, H is the Hamiltonian on T*M x R, u is the unknown
function on M x [0,7"), u; denotes the partial derivative Ou/0t = dyu, D = D, denotes
the differential map, so that (z, Du) = (x, Du(z)) denotes an element of the cotangent

space Ty M. The Riemannian structure on M induces a norm |-| = |-|, on the tangent
space T, M. The canonical pairing between T7* M and T, M is denoted by (-,-) = (-, ),
which defines naturally a norm |- | = |- |, on 7M.

The following list collects our main assumptions on the Hamiltonian H.

(H1) The function (z,p,u) — H(x,p,u) is continuous on T*M x R.
(H2) For any R > 0 there exists K > 0 such that

H(z,p,u) > R if |u| < R and |p| > K.

(H3) For any (x,u) € M x R, the function p — H(z,p,u) is convex on T M.
(H4) The functions u — H (z, p, u) are equi-Lipschitz continuous on R, with (z, p) €
T*M.
When (H4) is assumed, the symbol A denotes a positive Lipschitz bound:
|H(x,p,u) — H(x,p,v)| < Au—v| forall (z,p) € T*M, u,v € R,

and it is fixed throughout this paper. Remark also that under the assumption (H4),
condition (H2) is equivalent to say that for any R > 0, there exists K > 0 such that
H(z,p,0) > R if |p| > K.

In recent work K. Wang-L. Wang-J. Yan [18], the authors have studied the Cauchy
problem for (1.1) with the initial condition of the form, with given y € M and ¢ € R,

(1.2) u(z,0) = {C ifr=y

oo  otherwise.

To assure the existence of a solution belonging in C(M x (0,7),R), they assume a
coercivity assumption stronger than (H2) above. The purpose of this paper is to
adopt the notion of semicontinuous viscosity solutions due to Barron-Jensen [2] and
to give an existence and uniqueness result for the Cauchy problem for (1.1) with

general lower semicontinuous data. Consider the Hamilton-Jacobi equation

(1.3) u + |Dyul —u=0 in M x (0, 00),
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with the initial condition (1.2). This equation has the property of a finite speed
propagation, by which any solution has necessarily discontinuities for positive times
as far as the initial data is discontinuous. Indeed, the main concern of the paper
2] is to take into this kind of singular behavior of the solutions into the notion of
solution, and the solution u of (1.3) and (1.2) is given by the formula (see the proof

of Proposition 5.3 below for a related discussion)

(2.1) ce' if d(x,y) <t,
u(x,t) = i
400 otherwise.

New features of our adaptation of the semicontinuous viscosity solutions to (1.1) are
the use of structure conditions on (1.1), that is, the hypotheses (H1)—(H4) different
from those employed in [1-3,10], and the extension of the notion of solution which
applies to extended real-value functions.

We recall the definition of lower semicontinuous viscosity sub and supersolutions
of (1.1) following [2,10,13]: let u: M x (0,7) — RU{oo} be a lower semicontinuous
function, that is, v € LSC(M x (0,7),R U {oo}). The function u is called a lower
semicontinuous viscosity subsolution (resp., supersolution) of (1.1) if, whenever ¢ €
CY{M x (0,T),R) and min(u—¢) = (u—¢)(x,t) for some (z,t) € M x (0,T), we have
Oz, t)+H(x, Dp(x,t),u(x,t)) < 0 (resp., > 0). If uis both lower semicontinuous sub
and supersolutions of (1.1), then we call it a lower semicontinuous solution of (1.1).
Henceforth, for simplicity of notation, we write simply “BJ” for “lower semicontinuous
viscosity”. For instance, we say a BJ subsolution instead of a lower semicontinuous
viscosity subsolution.

We remark that a function v € LSC(M x (0,7),R U {oo}) is a BJ subsolution of
u + H(z, Dyu,u) = 0in M x (0,7) if and only if it is a viscosity supersolution, in
the sense of Crandall-Lions ([5,6]), of —u; — H(x, Dyu,u) =0 in M x (0,7T).

Let u € LSC(M x (0,7),RU {oo}) and (z,t) € M x (0,T) be such that u(z,t) <
oo. Let D~u(x,t) denote the subdifferential of u at (x,t) defined as the set of all
(p,q) € TM x R such that in local coordinates, as |y| + |s| — 0,

u(z +y,t+s) > ulz,t) + (p,y) +qs +o(|y| + |s]).

It is straightforward to generalize the notion of BJ solution to a general Hamilton-
Jacobi equation F(z, Du,u) = 0 in U. We henceforth write Sgj(F) = Sgy(F,U)
(resp., Sp;(F) = Sg5(F,U) and Sg;(F) = Sg;(F,U)) for the set of all BJ solutions
(resp., BJ supersolutions and BJ subsolutions) v € LSC(U, RU{o0}) of F(x, Du,u) =
0in U. For instance, Spy(0; + H) = Spy(0: + H, M x (0,T")) denotes the set of all BJ
solutions of (1.1). Similarly, we write S(F') = S(F,U) (resp., ST(F) = S*(F,U) and
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ST (F) =S8 (F,U)) for the set of all viscosity solutions u € LSC(U, R) (resp., viscosity
supersolutions u € LSC(U,R U {oco}) and viscosity subsolutions v € USC(U,R U
{—o0}) of F(z, Du,u) =0 in U in the Crandall-Lions sense.

The remark after the introduction of BJ solutions above, can be stated as Sg;(F) =
ST(=F).

Another simple remark here is that for any continuous function u, we have u €
S™(F)if and only if —u € Sg;(F©), where F© is given by F©(z, p,u) = F(z, —p, —u).

After this introduction, we establish a comparison principle for BJ sub and super-
solutions of (1.1) in Section 2, an existence result for the Cauchy problem for (1.1)
is proved in Section 3, and a representation formula for BJ solutions of (1.1), based
on the idea of value functions of optimal control associated with (1.1) is presented
in Section 4. In Section 5, we introduce the notion of fundamental solutions to (1.1)
as well as their basic properties. In Section 6, we investigate the long-time behav-
ior of solutions of (1.1), which is applied in Section 7 to classification of solutions
to the corresponding stationary problem together with several suggestive examples.
The appendix presents a proof of a classical existence result of Lipschitz continuous
solutions to the Cauchy problem for (1.1).

2. COMPARISON PRINCIPLE

In this work, it is of major importance to establish the comparison principle for BJ
solutions of (1.1).

Theorem 2.1. Assume (H1)—-(H4). Let v,w € LSC(M x [0,T),RU{occ}) be, respec-

tively, BJ sub and supersolutions of
(2.1) u + H(x, Dyu,u) =0 in M x (0,7T).
Assume that
> T
(2.2) w(x,0) > htrgolilfv(x,t) for all x € M.

Then, v < w on M x [0,T).

A stronger inequality than (2.2) implies a stronger conclusion in the above theorem,
as stated in the following corollary.

Corollary 2.2. Under the hypotheses of Theorem 2.1, but with (2.2) replaced by the

condition that for some constant C' > 0,

w(z,0) > C +liminfo(z,t) for all z € M,
t—0+
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we have v(x,t) + Ce ™™ < w(x,t) for all (z,t) € M x [0,T). Similarly, if (2.2) is
replaced by the condition that for some constant C' > 0,

w(x,0) 4+ C > liminfo(z,t) for all x € M,
t—0+
then we have v(z,t) < w(z,t) + CeMt for all (z,t) € M x [0,T).
Proof. Set z(x,t) = v(z,t) + Ce " and compute in a slightly informal fashion that
2+ H(x, Dyz,2) < v — ACe™ + H(x, Dyv,v) + ACe™ <0,

to find that z is a BJ subsolution of (2.1). It is then easily seen by Theorem 2.1 that
z <win M x(0,T). Instead, if we set 2(z,t) = w(z,t)+Ce™, then we find that 2 is a
BJ supersolution of (2.1) and conclude by Theorem 2.1 that v < w in M x [0, 7). O

The next two lemmas constitute the primary part of the proof of Theorem 2.1.

Lemma 2.3. In addition to the hypotheses of Theorem 2.1, assume that v is Lipschitz
continuous on M x [0,T). Then v <w on M x [0,T).

It is a classical observation in the literature that the Lipschitz property of a viscosity
subsolution or supersolution simplifies the formulation and proof of the comparison
theorem.

We remark that, under the hypotheses of Lemma 2.3, condition (2.2) is equivalent
to the inequality v(z,0) < w(x,0) for all x € M.

Proof. Thanks to the Lipschitz regularity of v, the function v is a viscosity subsolution
of (2.1) in the Crandall-Lions sense, which is a classical observation due to [2] (see
also [13, Theorem 2.3]). By the standard change of the unknown functions (i.e., by

considering the new unknowns v(x,t)e” AV and w(z, t)e” A1)

, We may assume
that w +— H(z,p,u) — u is nondecreasing,.

To the contrary to the conclusion, we suppose that sup,.n) (v—w) >0, and we
will obtain a contradiction. We can choose S € (0,77 so that sup,. (o) (v — w) > 0.

Let € > 0 and consider the function
€

u(mat)zv(l',t)—m on M x [O,S]
Note that, since —w is bounded from above on M x [0,5], if ¢ > 0 is sufficiently
small, then
1
max(u(z, §) — w(z, 5)) = max(v(z, 5) — w(z, 5)) - - <0.

By assumption, we have

max(u(x,0) —w(z,0)) < — < 0.

zeM S =+ 62
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Choosing a point (zg,ty) € M x [0,.S) such that
(v —w)(xo,to) > 0,

we observe that for sufficiently small ¢ > 0.

(u — w)(x0, to) = (v — w)(x0, to) — m > 0.

Hence, fixing £ > 0 small enough, we find that

max (u—w) >0 and max (u—w) < 0.
Mx[0,5] A(Mx[0,5))

Note also that

u + H(x, Dyu,u) = vy — c +H<x,D$v,v—;>

(S+¢e2—1)2 S+e?—t
<wv+ H(xz,Dyv,v) <0 in M x (0,5).
Fix a maximum point (#,7) € M x (0,5) of the function v —w on M x [0, S]. We
choose a chart (U, ¢) such that & € U. We identify U with ¢(U), so that £ € U C R™.

Consider the function
Dy : (2,t,y,5) = u(z,t) —w(y,s) —alz —y|* —alt —5)? — |z — 2> — (t — 1)
on U x [0,5] x U x [0,S]. We fix a compact neighborhood B C U x [0, 5] of (&, ).

Let (Za,ta,Yas Sa) € B X B be a maximum point of ®, on the set B x B. It is a
standard observation that as a — oo,

(:'B()U tOé? ya7 SOC) — (j7 f? i‘? E) a‘nd w(ya7 SOL) — w(’fi:? i\)

Assuming « large enough, we may assume that z,,y, are in the interior of B. By
the viscosity properties of v and w, we find that

20(ty — 54) + 2(te — 1) + H (24, 20(20 — Ya) + 2(24 — ), u(24, ta)) < 0,

2a(ty — Sa) + H(Yas 20(0 — Yo ), W(Yas Sa)) = 0
The Lipschitz continuity of « implies that the collections {a(z4—ya)} and {a(to—s4)}
are bounded in R” and R, respectively. We may choose a sequence {a;} C (0, 00) so
that, as 7 — oo,

A

20j(Ta, — Yo,) = D and 20;(te, — 54,) = .
Sending 7 — oo, we get )
q+ H(z,p,u(z,t)) <0,
q+ H(&,p,w(z,t)) >0,
and, subtracting one from the other and recalling that u — H(z,p,u) — u is nonde-
creasing,

A
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This is a contradiction, which proves that v < w on M x [0,7T). O

Lemma 2.4. Assume (H1)-(H4). Let v € LSC(M x [0,T),RU{occ}) be a BJ subso-
lution of uy + H(x, Dyu,u) =0 in M x (0,7T), and assume that v is bounded from
below on M x [0,T). Let Cy,Cy > 0 be constants such that

H(z,p,0) > —=Cy forall (x,p) € T"M and v>—-Cy on M x|[0,T).
Fixy € M. If liminf, o, v(y,t) < oo, then
(2.3) oy, t) <eM lim inf v(y, ) + (CoA™ 4+ 2C))(eM = 1) for all t € (0,T),
Furthermore, for any s € (0,T), if v(y,s) < oo, then
(2.4) v(y,t) < v(y, s)et=) 4 (CoA™ +2C1) (A9 — 1) for all t € (s,T).

We remark that if v € LSC(M x [0,T),RU {occ0}), then u is bounded from below
on M x [0,S] forany 0 < S < T.

Proof. We first show that (2.3) is valid. We set Cy = Cy + 2AC, and compute in an

informal way that

0 2 Ut + H(CL’,DQ:U’U> Z U + H(ZE,p, 0) - A|U| Z Uy — C(0 - A(U + 201)7
and deduce that v is a subsolution of
(2.5) v —Av—Cy=0 in M x (0,7).

Set ¢ = liminf; o4 v(y, t). Suppose, to the contrary to (2.3), that thereis 7 € (0,7")
such that
v(y, 7) > ce™ + CoA (e —1).
Note that if we define the function vy on [0,77) by
T
vo(t) = c if ¢ 0',
v(y,t) otherwise
then vy € LSC([0,T),RU {oc}). Choose € > § > 0 so small that
vo(T) > € +vp(0)e™ + (Cy +e)A (M —1) and  AS <e.
For any a € R, set
Ya(t) = ae™ + (Cy 4+ ) A7 (M — 1),
and note that
W (t) — Apy(t) — Co =¢  for all t > 0.

Fix a function y € C*(]0,c0), R) such that

x(0)=0, X ({#)>0 forallt>0, and x(t)=¢ forallt>7/2,
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and for any k£ € N, set

Yelt) = X(kt) amd  furlt) = balt) +xult) for ¢ > 0.
Observe that for all t > 0,
(2.6) Jor®) = Afar(t) = Co = e+ x4 (t) — Axp(t) > e — Ad > 0.

Consider the function fy := ¥, with a := v(0). Since vy(0) = ¢ = liminf; o1 vo(t),
we may choose s € (0,7) such that wvy(s) < vg(0)e*® + 8. If k € N is so large that
ks > 7/2, then xx(s) = J, and hence,

fr(s) = vo(O)eAs + (Cy + 6)(€As — 1)+ 0 > vy(s).
Fix such £ € N and note that

min (vo — fi)(t) < (vo — fi)(s) <0,

t€[0,7]

and, by the choice of 7, ¢, ¢,
(vo — fx)(0) =0, (vo — fi)(1) > 0.

It is clear that the function

¢ :a— min (vg — for)(?)
te(0,7]

is monotone decreasing, continuous, and satisfies

lim ®(a) = —oco and lim ®(a) = co.
a—00 a——00

These observations show that there is a unique a < v(0) such that

i - a t - 07
tlell[éI,Tl](UO f ,k)( ) -
while

min (vy — for)(t) > min(vo — fi)(t) = 0.
Thus, there is ¢y € (0,7) such that ¢ — vg(t) — for(t) takes a minimum 0 at ¢ = .

Since for(t) = vo(t) = v(y,t) at t = tg, by (2.6) we have
(2.7) far(to) = Av(y, to) — Ca = [, 1 (to) — Afar(to) — Cy > 0.

Let a,k be as above and set f = f,; for simplicity of notation. Fix o > 0 so that
o < tp < 7, and consider the function

U (2,t) = v(x,t) — f(t) + (t — to)* + ad(z,y)?

on the set M X [0, 7], where @ > 0 is a constant to be sent to co. Let (z4,t,) be a
minimum point of ¥,. It is easily seen that (z4,%.) — (y,to) and v(z4,ts) — v(y, to)
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as o — 0o. Thus, if «v is large enough, (z,,t,) is an interior point of M x [0, 7] and
hence, by (2.5),

fl(ta) = 2(ta —to) — Av(zq,ta) — Co < 0.
Sending ov — oo yields
Jar(to) = Av(y, tg) — Cy <0,
which contradicts (2.7) and completes the proof of (2.3).
Now, we prove (2.4). Fix any s € (0,7) such that v(y,s) € R, and set
n(t) = v(y, s)e* =) 4 CLA™ (A9 — 1) for t € [0,7).
If liminf, 04 v(y,t) < n(0), then we find by (2.3) that for all £ € [0,T),
v(y, £) <n(0)e™ + CoAT (e = 1) = v(y, 5)e™ 7 + CATH T - 1),

which shows that (2.4) holds.
Next, consider the case liminf, o4 v(y,t) > n(0). As before, define vy € LSC([0,T"), RU
{oo}) by
t-50+
v(y,t) if t > 0.
Notice that the value vy(0) can be +o0.
To the contrary to (2.4), we suppose that for some 7 € (s,7),

liminfo(y,t) ift=0,
vo(t) = {

vo(T) > n(7),
and will get a contradiction. Note that
vo(0) >n(0),  wo(7r) >n(7), and wo(s) = n(s).
We choose ¢ > 0 so that
vo(T) > n(7) + eCoA~H (A=) — 1),
and, for a € R, define the smooth function g, on [0,7") by
Ga(t) = a9 4 (Cy + ) A1 (A9 — 1),

Observe that if a = vy(s), then g,(t) = n(t) + cCoA~ (A=) — 1) for all t € [0,T)
and

(2.8) v0(0) > 9a(0),  v0(7) > ga(7), and  vo(s) = gals),
which implies

in(vy — g,) < 0.
I[I(Jl,lTI]l(vo ga) <
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Note also that, as a — —o0, ming -(vo — g,) goes monotonically and continuously to
+00. Consequently, there is a < vy(s) such that

i — Ga :()7
pigtn a0

while, by (2.8), (vo — ga)(t) > 0 for ¢t = 0,7. Hence, there is t, € (0,7) such that
t— v(y,t) — gu(t) takes a local minimum at ¢ = ¢y, with value 0. As in the proof of
(2.3) above, (2.5) and the above observation yield

9a(to) = Aga(to) — C2 = gy(to) — Av(y,to) — C2 <0,
while the function g, satisfies
g, (t) — Aga(t) = Cy =€ forallt > 0.
This contradiction completes the proof. O

The following lemma is a standard observation about BJ subsolutions.

Lemma 2.5. Let u,v € Sg;(F,U), where (F,U) is either (H,M) or (0y + H, M x
(0,7)). Then, min{u,v} € Sg;(F,U). If v,w € Sp;y(F,U) instead, then min{v,w} €
Spi(F,U).

Proof. Let ¢ € C1(U,R) and z € U be a minimum point of the function min{u, v} —1b.
Observe that if min{u,v} = u at z, then u — v takes a minimum at z, and otherwise
v — 1 takes a minimum at z. If u,v € Sg;(F,U) (resp., u,v € Sgy(F,U)), we find
that F(z, Di(z), min{u,v}(z)) < 0 (resp., F(z, Dy (2), min{u,v}(z)) = 0), which
completes the proof. O

The following proof of Theorem 2.1 has a strong similarity to that of [14, Theorem
4.1] (see also [12, Theorem 1]).

Proof of Theorem 2.1. We need only to prove that v < w on M x (0,5) for all 0 <
S < T'. Thus, we may assume in this proof that 7" < co and v is bounded from below
on M x [0,7T).

We first observe that we may assume that v is a bounded function on M x [0, 7).
Choosing C' > 0 so large that

H(z,0,0) < CAe AT,
and setting z(z,t) = Ce 2M for (x,t) € M x [0,T), we compute
21+ H(x,Dyz,2) < —2Az+ H(2,0,0) + A2 <0 on M x [0,7),

to find that z is a subsolution of (2.1). Thanks to Lemma 2.5, the function min{v, z}
is a BJ subsolution of (2.1), which is bounded on M x [0, 7). It is obvious that (2.2)
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is valid with min{v, z} in place of v. To conclude that v < w on M x [0,T"), we only
need to show that min{v, z} < w on M x [0,T) for all C' large enough. Thus, we may
assume by replacing v by min{v, z}, with C sufficiently large, if necessary that v is
bounded on M x [0,T).

Next, we regularize v by the inf-convolution in the variable . We define the function
vo on M x [0,T) by

t—0+

(2.0 liminfo(z,t) for t=0,
vo(x,t) =
’ v(x,t) for ¢t >0,

let ¢ > 0, and set
oAt
2e

Fix a constant Cy > 0 such that H(z,p,0) > —Cj for all (z,p) € T*M and
lv(z,t)| < Cy for all (z,t) € M x [0,T). Using (2.3) in Lemma 2.4, we obtain

vee,t) = inf (vo(w,5) +

(t — s)2> for (z,t) € M x [0,T).

(2.9) vo(,t) < vo(w,0) + Co(1 + A)(eM — 1) < wy(x,0) + Cit,
where C} = Coe*TA(1 + A).
We set
Ti(e) = 2¢C1e™ and  Ty(e) = T — 24/e(Cy + 1)eAT,
assume that € > 0 is sufficiently small so that 7)(e) < T»(¢), and prove that
—At

2e

2.10) v.(x,t) = mi ( :
(2.10) wv.(z,t) Sg(lég) vo(z,s) +

(t— 5)2) for all (z,t) € M x [Ty(¢), To()],

that is, the minimum above is attained at some s € [0, 7).
We first prove that
—At

2e

To see this, we fix any (x,t) € M x [0,Tz(g)]. If s € (0,T) is chosen so that v.(z,t) +
1> vo(x, s) + e M(t — 5)?/(2¢), then

(2.11) v (x,t) = min) (Uo(x, s) + e (t— 3)2> for all (z,t) € M x [0, T»(¢)],

s€[0,T

e—At

Co+1>v(x,t)+1>—-Co+ 5 (t — s5)?,
€

and, consequently,

it —s] <24/e(Co+3)erT and s < Th(e) +24/e(Co + 3)erT < T.

Applying this estimate to any minimizing sequence {sy }reny C (0,7) of the minimiza-
tion problem in the definition of v.(z,t), we find that (2.11) holds. Also, applying the



12 HITOSHI ISHII, KAIZHI WANG, LIN WANG, AND JUN YAN

estimates above to the minimizer s in (2.11), we find that for all (z,t) € M x [0, T5(¢)],

(2.12) ve(z,t) > inf {vo(x,s) 0<s<T, |s—tl <2ye(Cy+ 1)6AT} .

To complete the proof of (2.10), we fix (x,t) € M x [T1(¢),T>(¢)] and note by (2.9)
and (2.11) that

(2.13) ve(x,t) < wo(x,t) < wvo(z,0) + Cht.

Hence, if s = 0 were a minimizer of (2.11), then, by the choice of T}(¢), we would

have
At

2e

vo(z,0) + Cit > ve(x,t) = vo(x,0) + c
Ti(e)e ™
2e
which is a contradiction. This together with (2.11) assures that (2.10) is valid.

By (2.13) and (2.2), we have for all z € M,

> vg(z,0) + t =vo(x,0) + Cht,

(2.14) ve(z, T1(e)) < wo(x,0) + C1T1(e) < w(z,0) + C1T1(e).

By the definition of v., the family of the functions ¢ +— v.(x,t), with z € M, is
equi-Lipschitz continuous on [0, 7).
Now, we claim that v, satisfies, in the BJ sense,

Ver + H(x, Dyve,v) <0 in M x (Ty(g), Ty(e)).

To check this, let ¢ € CY(M x (Ti(¢),Tz(¢)),R) and assume that v. — ¢ takes a
minimum at (z,£) € M x (T1(¢), Ty(¢)) and for some § € (0,7,

—Af

R e
2e

A A

Ve(Z,t) = vo(z, 8) + (t — ).

Then, the function
—At

% (t - 3)2 - ¢(x’t)

(l‘,t, S) = U()(CC,S) + ‘

takes a (local) minimum at (,#, 5). This implies that

—Af

(Deo(i 1), (i - 9)) € D7w(2,3).

e—At R A e—At

¢u(2,8) = —(t - 8) -

€ 2e

(t— )2
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Since v is a BJ subsolution of u; + H(x, Dyu,u) = 0 in M x (0,7, we have

—At
02 (= 8) + H(&, D,o(2 1), w(#,9))
efAf R ) ) efAz‘f R )
:d)t(I?t)—’_A % (t—S) +H<$,Dm¢($,t),7}5(l’7t)— % (t—S) )
R —AL . . A e A
>¢t(£7t)+A c (t_§)2+H(‘%qu¢(i7t>7U€(i’7t))_ % ( _‘§)2

= (1) + H(&, Dog(2,1),v:(2, 1)),
which assures that v. is a BJ subsolution of uy+H (2, Dyu,u) = 0in M x (T1(¢g), Tz(¢)).
Recalling that the functions ¢t — v.(z,t), with x € M, are equi-Lipschitz continuous
on [T1(g), Ty(e)], we choose a constant C'(¢) > 0 as a Lipschitz bound of the functions

above, we find that v, is a BJ subsolution of
—C(e)+ H(z,Dyu,u) <0 in M x (Ti(e), Ta(¢)).

Thus, since v, is a bounded function, we deduce that v, € Lip(M x [T7(¢), T2(¢)], R).

Noting that the functions (x,t) — v.(x,t + Ti(¢)) — C1T1(g)e™ is a subsolution of
u+ H(x, Dyu,u) = 0in M x (0, Tx(e) — T (¢)) and recalling (2.14), we invoke Lemma
2.3, to obtain

w(x,t) > vz, t + Ti(e)) — C1Ti(e)e™  for all (x,t) € M x [0, Ty(e) — Ti(e)).
Combine this with (2.12), to get for all (x,t) € M x [0,T3(e) — T1(¢)),
w(z,t) + C Ty (e)eM > v.(x, t + Ty(e))

> inf{vo(:x,s) s € [0,7), |s—t| < Ti(e) +2¢/(Co + 1)eAT},
which yields, in view of the lower semicontinuity of ¢ — vg(x,t), that for all (z,t) €

M x [0,7T),

< < liminf < liminf T < .
v(x,t) <wlz,t) < [071%131;1_”1)0(3:,5) < limin ve(z,t +T1(e)) < w(zx,t)

This completes the proof. ([l

3. EXISTENCE OF BJ SOLUTIONS

We consider the Cauchy problem

ut + H(z, Dyu,u) =0 in M x [0, 00),

3.1
(3.1) u(z,0) = ¢(z) for x € M,

where

(3.2) ¢ € LSC(M, R U {oo}).
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In view of Theorem 2.1, we understand the initial condition in (3.1) as

¢(z) = liminfu(z,t) for all z € M.

t—0+

We call a function u € LSC(M x [0,00),RU {oco}) a BJ solution of (3.1) if u is a BJ
solution of u; + H(x, Dyu,u) =0 in M x (0,00) and

(3.3) o(z) = u(z,0) = liminfu(z,t) for all x € M.

t—o00

Theorem 3.1. Assume (H1)-(H4) and (3.2). Then there exists a BJ solution of
(3.1).

This theorem and Theorem 2.1 assure that for each ¢ € LSC(M,R U {oc}), there
exists a unique BJ solution v of (3.1). In what follows we write S; = SH for the map
¢+ u(-,t) for all t > 0. It follows from Theorem 2.1 and Lemma 2.4 that for every
5,6 >0, 5,08 = Spis.

Proof. We fix a constant Cy > 0 so that
H(z,p,0) > —Cy forall (x,p) e T"M and ¢ >—-Cy on M.
Select a sequence {¢y }renC C'(M,R) such that for all z € M,
—Co < () < gpqa(x) and Jim or(z) = ¢().

It is well-known (see Theorem A.l in the appendix) that for each k € N there is a
Crandall-Lions viscosity solution uy € Lip(M x [0,00),R) of (3.1), with ¢, in place
of ¢, which is aslo a BJ solultion of

(3.4) u + H(x, Dyu,u) =0 in M x (0, 00).
Note that if we set v(x,t) = —Cpe for (z,t) € M x [0,00), then v is a subsolution
of (3.4).

By the classical comparison theorem (or Theorem 2.1 above), we find that for all
keN,

—Coe™ < ug(z,t) < upgy(z,t) for all (z,t) € M x [0,00).

We define a function u., on M x [0, 00) by

= lim wuy(z,1).
k—o0

It is obvious that u., € LSC(M x [0,00), R U {o0}).
We claim that us, is a BJ solution of (3.1). By the standard stability property

Uso (T, 1)

of viscosity solutions, we find that u., is a BJ solution of u; + H(z, Dyu,u) = 0 in
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M x (0,00). Indeed, as we see below, uy, is the so-called lower relaxed limit of {uy}.
It is clear that for any (x,t) € M x (0,7T),
(3.5) Uoo (2, 1) > supinf{ug(y, s) : dly,z) +[s —t[ <j~', k> j}.

jeN
On the other hand, for any a < us(z,t), by the continuity of the u;, we may choose
[,m € N such that

a<w(y,s) if dly,z)+|s—t| <m™,

which implies that for j := max{l,m},
a<ug(y,s) if k>j dly,z)+]s—t|<ji ™t
This combined with (3.5) shows that for all (z,t) € M x (0,7),
(3.6) Uso (T, 1) = slelginf{uk(y, s) s d(y,x)+|s—t|<ji ™t k>l
J
where the formula on the right hand side is the lower relaxed limit of {uy}. The
identity above can be stated as

(3.7) —Uso(T,t) = jiggsup{—uk(y, s) s d(y,x)+|s—t|<ji ™t k>,

where the formula on the right hand side is the upper relaxed limit of {—uy}. Noting
that —u, € S(—(0 + H)°, M x (0,T7)) € S ((0: + H)®°, M x (0,7)), we find by
[7, Lemma 6.1], for instance, that —u., € S ((0; + H)®, M x (0,T)), which implies
that ue € Sp;(0r + H, M x (0,7)). It is straightforward from (3.6) and [7, Remark
6.2] to find that u. € ST(9; + H, M x (0,T)). These inclusions together prove that
U 1s a BJ solution of (3.4).

It remains to check (3.3). Fix any x € M. Note first that

Uoo(x,0) = lim ug(x,0) = lim ¢p(x) = ¢(z).

k—o00 k—o0
For any k£ € N, we have
1852 Uso (T, 1) > t—1>%}|— ug(z,t) = or(),
and hence,

o(z) < hg(grlf Uso (T, 1).
Now, (2.3) assures that for all 0 < T < oo and (z,t) € M x [0,7),
up(z,t) < up(w,0)e + Co(A™! +2)e (e — 1) for all k € N,

which implies
oo (1) < B2)e™ + Co(A™! +2)eM (e = 1),
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and moreover,

liminf uo(x,t) < ¢() = uno(x,0) for all z € M.
t—0+

Thus, we find that (3.3) holds and u, is a BJ solution of (3.1). O

Corollary 3.2. Under the hypotheses of Theorem 3.1, there exists a unique BJ so-
lution of (3.1).

Proof. The existence and uniqueness assertions follow from Theorems 3.1 and 2.1,
respectively. O

4. VALUE FUNCTION REPRESENTATION

We give a value function representation or the Hopf-Lax-Oleink formula for the
solution of (3.1).
Let L denote the Lagrangian associated with H, that is,
L(z,§,u) = sup ((p,&) — H(z,p,u)) for (z,&,u) € TM x R.
peTF M
Note that L is lower semicontinuous on T'M x R, and that (z,&,u) is coercive and,
furthermore, has a superlinear growth in £. To see the superlinear growth, let A > 0

be any constant and observe that

(4.1) L(z,6,u) >  max  ((p,&) — C(A,z,u)) > Al§| — C(A, z,u),

- PET; M, [p|=A
where C(A, z,u) := maxpers m, |pj=a H (2, p, u).
Let u € LSC(M x [0,00),RU{+00}). Note that for each T' > 0, u is bounded from
below on M x [0,T] by a constant. For (z,t) € M x (0,00), let C(x,t,u) denote the
set of all v € AC([0,t], M) such that (t) = x and

(4.2) AﬂM%%%%@HWW@Jm$<w-

Theorem 4.1. Assume (H1)-(H4). Let ¢ € LSC(M,R U {o0}) and let u be the BJ
solution of (3.1). Fizx (z,t) € M x (0,00) so that u(x,t) < oo. Then
t
43 uet= wmin [ L)L) + 6 0),
veC(z,tu) Jo

and the minimum above is attained.

It is convenient to convert our Hamilton-Jacobi equation to the one whose La-
grangian L(z,&,t,u) is increasing in u. Let u be as in Theorem 4.1 and for A € R,
set

v(x,t) = eMu(x,t),
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and calculate in a slightly informal way that
vy = eM(uy + M) = —eMH (2, Dyu,u) + v = —eMH(x, e Dy, e M) + Mo,
to find that in the viscosity sense,
vy —{—[:7(33, D,v,t,v) =0 in M x (0,00),
where H is given by
ﬁ(x,p,t, u) = eMH(z, e Mp, e Mu) — \u for (z,p,t,u) € T*M x R?
The Lagrangian z(:zz, &,t,u) corresponding to H is defined as
z(x,g,t,u) := sup (p,§) — ﬁ(m,p,t,u)

peTy M

= ML(z, & e Mu) + M for (x,&,t,u) € TM x R%

Note that if A > A, then u — Z(x,f,t,u) is nondecreasing on R. Henceforth, we

fix
A=A+1.
As in the proof of Theorem 3.1, we select a sequence {¢} C C'(M,R) such that for
all x € M,
Pr(r) < dppa(w) and  lim dy(z) = ¢(x).
Let uy be the solution of (3.1), with ¢, in place of ¢. Note that wu, € Lip(M x
[0,00),R), ur, < ugyq on M for all k € N, and
u(z,t) = kh_)rgouk(x,t) for all (z,t) € M x [0, 00).

Set vi(x,t) = eMuy(x,t) for (x,t) € M x [0,00). We recall that for every k € N,
t
4.4 vp(x,t) = min L(v(s),¥(s),s,v s),s))ds + 0)),
40wt = i I 4606 9)ds + i 0)
and the minimum above is achieved at some v € AC([0,t], M) satisfying v(t) = =.

Note that, in the above formula,

t~
[ 206 nla(5).5)ds
(4.5) 0 .
= [ ML) (6),9) + A (s),9)ds.

0

Lemma 4.2. Assume (H1)-(H4). Let (z,t) € M x (0,00) and v € AC([0,¢], M) be
such that y(t) = x. Let u € LSC(M x [0,t], RU{4+00}). Then, v € C(x,t,u) if and
only if

(4.6) / ML(1(3),4(), u(1(5), ) + Ml (s), )]ds < oo.
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Notice that if u > —C} for some Cy > 0, then
L(y, & u) > L(y, &, —Co) — Mu + Co),
and
M [L(y, &,u) + Mu] > e™[L(x, &, —Cp) + M(—Cp)] > —C
for all (y,£) € TM and some constant C' > 0. Hence, the condition (4.6) makes sense.
Proof. We fix a constant Cy > 0 so that for all (y,s) € M x [0,¢] and & € T, M,
u(y,s) > —Cy and L(y,&,0) > —Cy,
which, in particular, yield
u(y, s)] <2Co +uly,s) and |L(y,&,0)] < 2Co + L(y, €, 0).
Assume first that v € C(z,t,u). Note that for any (y,&,u) € TM x R,
L(y, &, u) + Au < Ly, £, 0) + Alul + du < [L(y, £, 0)] + 2AJul,

and hence,

/0 ML(1(5),4(5), ulr(s), 8)) + Mu((s), 8)]ds
< / (1LY (5),4(5).0)] + 2\ u((5), 8)))ds

< / (IL(v(5), 4(5), 0)] + 2Alu(y(s), 5)])ds.

This shows that (4.6) holds.
Next, assume that (4.6) is satisfied. Note that for any (y,&{,u) € TM x R, if
u > —Cy, then

<2Co(1+X) + L(y, &, u) + Au.

Hence, we have

/O (L (1), 3(5), 0)] + [u(x(s), )])ds < / (L ((s).4(5), )] + luly(s), s)[]ds

< /0 eM[L(v(s),7(s), u(y(s), 8)) + Mu(7(s), s)]ds + 2Co(1 + A)A (e — 1),

which shows that v € C(x,t,u). The proof is complete. O
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Proof of Theorem 4.1. By formula (4.4), we have

v(z,t) > vp(z,t) = min /0 E(’y(s),ﬁ(s),s,vk(v(s),s))ds + ¢r(7(0)).

V(0)==
We select a minimizer v, € AC([0,t], M), with v, (t) = z, for each k € N in the above,

to obtain

v(z, 1) 2/0 L(we(s), 4n(s), 5, vr(e(5), 5)))ds + Gx(1(0))

> [ Zu(s) ) .0 (5), s + 6504(0) ik >

where we have used the fact that u +— z(y, €, s,u) is nondecreasing. Since £
L(y, &, s,u) has a superlinear growth (see (4.1)), we may select a subsequence of {v;},
which will be denoted again by the same symbol, such that for some v € AC(]0,t], M),
as k — oo,

v — 7 in C([0,¢], M) and # —+ weakly in L'([0,t],TM).
It follows that for any 7 € N,
t ~
o) 2 [ T 36 5:0,00(5),9)ds + 6,0(0)
0
Furthermore, by the monotone convergence theorem,
t
(4.7 oat) 2 [ E(s) ()5 o (5),9)ds + 9, 0).
0

As noted in (4.5), we have

/0Z(W(S),’7(8)»870(7(8)78))%:/0 M [L(y(s),4(s), u(y(s), 5)) + Au(y(s), s))ds,

and hence, (4.7) assures together with Lemma 4.2 that v € C(x, ¢, u).
On the other hand, from (4.4), we have for any n € C(z,t, u),

vk (2, 1) S/O L(n(s).7(s). 5, ve(n(s), 5))ds + ¢(n(0)

gliwwmmwm@ﬁwﬁwmw,
and moreover,
U@ﬂﬁAEW%M$WM@ﬁWH¢WW~

Thus, we have

@8 o) = min [ E00).0(06). 5 000(5).9)ds + 6(0(0)

neC(z,t,u
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We now deduce from (4.8) that (4.3) is valid.
Fix any n € C(x,t,u). We may assume that ¢(n(0)) < co. Indeed, otherwise, it is
obvious that

u(z, ) < / L(n(s). i(s), u(n(s), 5))ds + o(5(0)).

Note that n € C(n(7), 7, u) for all 7 € (0,¢] and that u(n(s),s) < oo for a.e. s € [0,1].
By (4.8), which is valid for general (z,t), we have for a.e. 7 € (0,1,

run(r),7) = oln(r),7) < "E(n(s), i(s), 5, o(n(s), 5))ds + Hn(0))
- / " Ls),ils)uln(s), ) + Man(s), s)lds + Gn(0).

Setting
77 = e ([ L.l ula(). ) + Naa(s). )ds + 9(0(0))).

and using the above, we compute that for a.e. 7 € (0,1),

f'(7) = =Af(7) + Ln(7),0(7), u(n(7), 7)) + Au(n(7),7) < Ln(7), n(7), u(n(7), 7)),

and moreover,

u(z,t) < f(t) /OL ,s))ds + £(0)
= [ L0069, () ) + 600 0).

Hence, we find that

wat) < inf [ L0615, un(s), 9)ds -+ 6(n(0).

neC(xz,t,u)
Now, let v € C(x,t,u) be a minimizer for the right hand side of (4.8). We claim
that for a.e. 7 € (0,1),

(4.9) v(y(7),7) = /OT L(v(s),7(s), 5,v(7(s), 5))ds + ¢(7(0)).
Once this is proved, setting
f(r)=e™" (/OT e[L(v(s),7(5), u(v(s), 5)) + Au((s), s)]ds + ¢('y(0))> ,

we argue as above, to find that for a.e. 7 € (0,1),

f1(m) = L(v(7), 4(7), u(y(7), 7))
and

ule.t) = f(t) = / Lix(s),3(), u(1(s), 5))ds + 6(1(0)),
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which shows that (4.3) is valid and there exists a minimizer of the minimization in
(4.3).

It remains to prove that (4.9) holds. As before, from (4.8) we find that for a.e.
T € (0,1),

v(y(7),7) < /OT L((s),4(s), 5,0(1(5), 5))ds + 6(+(0)).

We only need to show that the above inequalities are in fact equalities. To see this,
we suppose to the contrary that for some 7 € (0,1),

(4.10) mwma<£3mwﬁ@swwwm@+mwm

By (4.8), there is a curve n € C(y(7), 7, u) such that

o) = [ D). (s) 000, ) + D0 )
We define a curve ¢ € AC([0,t], M) by setting

Cs) = {n(s) for s € [0, 7],

v(s) for s € (7,1,
and note that ¢ € C(z,t,u). Observe by (4.8) and (4.10) that

vmwséimmawww@ﬁwﬁvmw

=/EW®W@mMW%W%+[¢W%M$MM@JWH¢WW
E(1(8),4(5), 5, 0(1(5). 8))ds + v(1(r), )

L(7(s),7(s), 8,0(7(s), 5))ds + ¢(7(0))

=
=
L
=
L
»
<
=
=
\‘CIJ
S~—
S—
Y
[Va)
_|_
B‘

which is a contradiction. This shows that (4.9) holds. O

5. FUNDAMENTAL SOLULTIONS

Given ¢ € LSC(M,R U {o0}), if u = u(x,t) is the BJ solution of (3.1), then we
write u(z, t, ¢) := u(x,t) for notational clarity. Let (y,c) € M x (RU{oo}) and define
¢ € LSC(M,RU {c0}) by

(5.1) %sz{c o=y

oo  otherwise.
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We set h(z,t,y,c) = u(x,t, ¢,.) for (x,t) € M x|[0,T). Notice that h(x,t,y, c0) = .
We call this function h(x,t,y, c¢) on M x[0,T), with parameter (y,c) € M x (RU{oco}),
a fundamental solution to u;, + H(x, Dyu,u) =0 in M x (0,7).

Lemma 5.1. Assume (H1)-(H4).
(i) For any (z,t,y) € M x [0,T) x M, the function ¢ — h(z,t,y,c) is nonde-

creasing on R and Lipschitz continuous on R, with Lipschitz bound e.
(ii) The function h is lower semicontinuous on M x [0,T) x M x (RU {oco}).
(iii) For any ¢ € LSC(M,RU{o0}), the function (z,t,y) — h(z,t,y, ¢(y)) is lower
semicontinuous on M x [0,T) x M.
(iv) For any ¢ € LSC(M,RU{o0}), the function (x,t) — inf,cp h(x,t,y, ¢(y)) is

lower semicontinuous on M x [0,T).

Before going into the proof of the above lemma, we recall that, by definition, a
neighborhood of 0o € (—o0,00] = RU {00} is a subset of (—oo, o0] containing a set
of the form (a, 00| = (a,00) U {oo}, with a € R.

Proof. We begin with assertion (i). Let (z,t,y) € M x [0,T) x M and ¢1,¢co € R.
Let ¢y, and ¢, ., be the functions defined by (5.1), with ¢ = ¢4, ¢z, respectively. If
c1 < cg, then ¢y ., < ¢y, on M, and Theorem 2.1 yields h(x,t,y,c1) > h(x,t,y,c2)
for all (z,t,y) € M x[0,T) x M. This assures the desired monotonicity of h(z,t,y, c)
in c. Setting v(z,t) = h(x,t,y,c1) + |c1 — ca|eM, we note that v is a BJ supersolution
of uy+ H(x, Dyu,u) = 0in M x (0,7T) and that h(z,0,y,c2) < v(z,0) for all z € M,
and conclude by Theorem 2.1 that h(z,t,y,c2) < h(x,t,y,c1) + |c1 — coleM for all
(x,t,y) € M x [0,T) x M. This shows that ¢ — h(z,t,y,c) is Lipschitz continuous
with Lipschitz bound e for any (x,t,y) € M x [0,T) x M.

To check (ii), let (zo,to, yo,c0) € M x [0,T) x M x (RU {oc0}) and a € R be such
that h(xo, to, Yo, co) > a. By assertion (i), there is b < ¢q such that h(xg, to, yo,b) > a.
In view of the proof of Theorem 3.1, choosing a sequence {¢y, ey C C'(M,R) such
that

Ok < ¢Pyop on M and kh_)rglo ok(z) = dyop(x) forall z € M,
we have
]Cli_{ilou(x,t,gbk) = h(z,t,90,b) forall (z,t) € M x[0,7T).
Fix k € N so that

u(zo, to, or) > a.
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By the continuity of (x,t) — u(z,t, ¢x) and ¢, we may select neighborhoods V' and
W of (z,t9) and (yo, ¢o), respectively, so that

u(z,t, o) >a forall (z,t) eV and ¢p <¢,. on M forall (y,c) e W,
which imply, together with Theorem 2.1, that
h(z,t,y,c) > u(x,t, ¢r) >a forall (z,t,y,c) eV xW.

This assures that (ii) is valid.

To prove assertion (iii), we fix ¢ € LSC(M,RU{o0}). Let (xg,to,y0) € M x[0,T) X
M and a € R be such that h(zo, to, Yo, #(yo) > a. By assertion (ii), we can choose a
neighborhood V' of (xg, to, Yo, #(yo)) such that

h(z,t,y,c) >a forall (x,t,y,c)€V.

In view of the monotonicity of ¢ — h(x,t,y,c), we may assume that V =W x (b, 00|
for some neighborhood W of (xg, to, yo). By the semicontinuity of ¢, we can choose a
neighborhood U of yg so that ¢(y) > b for all y € U. Then, we have

h(z,t,y,6(y)) >a forall (z,t,y) e WN (M x[0,T) x U),

which shows the lower semicontinuity of (x,t,y) — h(z,t,y, ¢(y)), proving (iii).

Now, we prove (iv). Fix any ¢ € LSC(M,R U {occ}). We note that for any (x,t) €
M x]0,T), the function y — h(x,t,y, ¢(y)) is lower semicontinuous on M by assertion
(iii), M is compact, and therefore, it attains a minimum at some point in M. Let
(wo,to) € M x [0,T) and a € R be such that minyens h(zo, to,y, (y)) > a. Noting
that

h(x07t07y7¢(y)) >a for all ye M;

in view of assertion (iii), for each y € M we can choose neighborhoods U, and V,, of

(x0,t0) and y, respectively, such that
h(z,t,z,¢(z)) >a forall (z,t,2) € U, x V.

Since M is compact, we may select a finite number of y; € M, with i = 1,...,J, so
that M = J_, V,,. Then, we set U = ._, Uy,, to find that

h(z,t,z,¢(z)) > a forall (z,t,2) € U x M.
This shows that for the neighborhood U of (zy, 1) and all (z,t) € U,
inh(z,t
min (2,8, 9y, 9(y)) > a,

which proves assertion (iv). O
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Theorem 5.2. Assume (H1)-(H4). Let ¢ € LSC(M,RU{occ}) and let u € LSC(M x
0,7),RU{oo}) be the (unique) BJ solution of (3.1). Then,

u(z,t) = gélj&l h(z,t,y,¢(y)) for all (x,t) € M x [0,T).

Proof. Set
v(x,t) = minh(z,t,y,¢(y)) for (z,t) € M x [0,T).

yeM
Lemma 5.1, (iv) assures that v € LSC(M x [0,T),RU {oo}). It is a standard obser-
vation that v is a BJ solution of u; + H(z, Dyu,u) = 0 in M x (0,7"). Indeed, let
Y € C*(Mx(0,T),R) and assume that v—1 takes a minimum at (zg,ty) € M x(0,T).
Choose yy € M so that

v(zo, to) = h(xo, %0, Yo, ?(Y0)),

and note that (z,t) — h(x,t,y0, ¢(yo)) — ¥(z,t) takes a minimum at (xg,ty), which
yields, since h is a fundamental solution,

0 = (20, to) + H(zo, Dt (20, to), h(z0, to, Yo, (%))
= Yy(x0,t0) + H(x0, Dptb(x0,t0), v(x0, to)).
Hence, v is a BJ solution of w; + H(z, Dyu,u) = 0 in M x (0,7T).

For each fixed y € M, we have ¢(x) < ¢y 4, (x) for all x € M, and moreover,
by Theorem 2.1, u(z,t) < h(z,t,y,¢(y)) for all (z,t) € M x [0,T). Since y € M is
arbitrary, we find that u(z,t) < v(z,t) for all (z,t) € M x [0,T). For fixed y € M, if
o(y) < 0o, then, by the definition of fundamental solutions (see also (3.3)),

¢(y) = liminf h(y, t,y, ¢(y)),
which implies

u(y, 0) = ¢(y) = liminfu(y, ).

Thus, we have

w(z,0) > liminfv(z,t) for all x € M.
t—0+

Applying Theorem 2.1, we find that u(z,t) > v(z,t) for all (x,t) € M x [0,T). Thus,
we have u =v on M x [0,7T). O

In our generality, the fundamental solution h(z,t,y, ¢) may take value 400 at some
point (z,t) € M x (0,00). A simple example is as follows. Consider the case where
M =T" and H(z,p,u) = |p|. In this case we have

c if d(z,y) <t,
+00  otherwise.

h(z,t,y,c) = {
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Under hypotheses (H1) and (H2), there are constants Cy > 0 and R > 0 such that
for all (z,p) € T*M,

H(z,0,0) <Cy and H(x,p,0)>Cy+1 if |p|> R.
Moreover, if (H3) holds, then for all (z,p) € T*M,
H(w,p,0) 2 glp| + Co if [p| > R.

It is now obvious that if (H1)—(H4) hold, then there exist constants § > 0 and C; > 0
such that

(5.2) H(z,p,u) > d|p| — Cy — Alu| for all (z,p,u) € T*M x R.
Proposition 5.3. Assume (H1)~(H4). Let y € M. There exist constants § > 0 and
C > 0 such that for all (x,t) € M x [0, 00),
(5.3) h(x,t,y,0) > —C(M — 1),
(5.4) h(w,t,y,0) <O =1) if d(z,y) < ét,
Proof. To check (5.3), fix a constant Cy > 0 so that

H(z,0,0) < Cy forallz e M,

set
v(z,t) = —A"'Co(eM — 1) for (z,t) € M x [0, 00),
and note that v is a subsolution of u; + H(z, Dyu,u) = 0 in M x (0,00). Since
v e C(M x[0,00),R) and v(z,0) = 0 < h(z,0,y,0) for all x € M, Theorem 2.1
yields that
h(z,t,y,0) > v(z,t) = —A'Co(e™ — 1) for all (x,t) € M x [0, 00).
To show (5.4), fix constants 6 > 0 and C; > 0 so that (5.2) holds and define

w € LSC(M x [0,00),RU{o0}) by

ATIC (M — 1) if <

wiz.t) { Ci(e ) i d(a:,'y) < ot,

+00 otherwise.

We show that w is a BJ supersolution of

(5.5) u + H(x, Dyu,u) =0 in M x (0, 00).

To do this, we note that the function u(x) := d(x,y) is a solution of the eikonal
equation

|Du(z)| =1 in M\ {y}.
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This is a standard observation, and skip the proof here. From this remark, we find
that the function u(z,t) := d(z,y) — dt is a solution of

(5.6) u; 4+ 0| Dyul =0 in (M \ {y}) x (0,00).
Now, we fix § € C*(R,R) such that
O(r)=0 for <0, O(r)>0 for r>0, and #(r)>0 for r€R,
define 2% € C(M x [0,0),R) for every k € N by
2F(x,t) = kO(d(z,y) — dt),

and observe that for any k € N, 2* is a solution of (5.6). Moreover, by sending
k — oo, we find that the function z € LSC(M x [0,00), RU {oo}) given by

i <
dot) = {0 if d(z,y) < dt,

400 otherwise,

is a solution (in the BJ sense) of (5.6). Noting that the set Z := {(z,t) € M x [0, 00) :
d(x,y) < ot} is a neighborhood of {y} x (0, 00) and z vanishes on Z, we easily deduce

that z is a solution of
ur + 0| Dyul =0 in M x (0,00).

It is now easy to check that the function w(z,t) = z(z,t) + A~1(e’ — 1) is a solution
of

ur + 0| Dyu| —Cy — Alu| =0 in M x (0, 00),
which assures, together with (5.2), that w is a supersolution of (5.5). Since w(z,0) =
2(x,0) = h(x,0,y,0) for all z € M, we conclude by Theorem 2.1 that h(z,t,y,0) <
w(x,t) for all (z,t) € M x [0, 00), which yields (5.4). O

6. LONG-TIME BEHAVIOR OF SOLUTIONS
We are concerned with the long-time behavior of the solution u = wu(z,t) of problem
(6.1) u + H(x, Dyu,u) =0 in M x (0, 00).

Theorem 6.1. Assume (H1)-(H4). Let u € LSC(M x (0,00),R U {o0}) be a BJ
solution of (6.1). Set

(6.2) v(x) = lirgl+ inf{u(y,t) : d(y,x) <r, t>r'} for z€ M.
r—

Assume that v(z) € R for some z € M. Then, v € Lip(M) and v is a viscosity
solution of H(x, Dv,v) =0 in M.
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We remark, as noted in the proof of Lemma 2.3, that, once the Lipschitz continuity
of v is known, v is a BJ solution of H(z, Dv,v) = 0 in M if and only if it is a viscosity
solution, in the Crandall-Lions sense, of H(x, Dv,v) =0 in M.

Notice that the definition of v above is the so-called lower relaxed limit of u(x,t)
as t — oo. In particular, v is lower semicontinuous on M.

An immediate consequence of the theorem above is the following.

Corollary 6.2. Assume (H1)~(H4). Letv € Sgy(H, M) Ifv(z) € R for some z € M,
then v € Lip(M,R).

Notice that, thanks to the above corollary, if v € Sgj(H, M) and v(x) # +o0o, then
v € Lip(M,R) and, consequently, v € S(H, M).

Proof. Set u(z,t) = v(x) for (x,t) € M x (0,00) and note that u € Sgy(9; — H, M x
(0,00)). For these functions v and v, the relation (6.2) holds and, hence, Theorem
6.1 assures that v € Lip(M, R). O

Proof of Theorem 6.1. We first show that v(z) € R for all z € M. For this, we set
v :=infy; v < 0o and pick a sequence (yx,tx) € M x (0,00) such that limy_, tx = 00
and limg_,o0 w(yk, tx) = 7. According to Proposition 5.3, there exist constants & >
0, C > 0 such that for all z,y € M, t > 0,

h(x,t,y,0) < C(M—1) if d(z,y) < dt.
We fix T' > 0 so that 67T is larger than or equal to the diameter of M, that is,
d(xz,y) < 0T for all x,y € M.
Hence, we have
(6.3) h(z,T,y,0) < C(e T —1) forall z,y € M.
By Theorem 5.2, we have
(6.4) u(z,t, + 1) = (Sru(-, tr))(x) < h(x, T, yx, u(yg, tr)) for all z € M.

Now, we suppose that v = —oo. We may assume without loss of generality that
u(yg, t) < —k for all £ € N. Combining this with (6.4), Lemma 5.1, Corollary 2.2,
and (6.3), we obtain for all z € M and k € N,

u(z, ty +T) < bz, T, yp, —k) < —ke ™ + h(z,T,y,0) < —ke ™ + C(M —1).

This shows that v(x) = —oo for all x € M, which contradicts that v(z) € R. Hence,
we find that v € R.
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We choose a constant Cy > 0 so that u(yg,tx) < Cp for all £ € N. We argue

similarly to the above by using (6.4), Lemma 5.1, Corollary 2.2, and (6.3), to obtain
forall z € M and k € N,

w(z, ty +T) < hz, Ty, Co) < Coe + C (A — 1),
which implies
(6.5) v(z) < Coe” + C(eM —1) forall 2 € M.

Thus, we conclude that v(z) € R.

As a basic property of the lower half-limit, recalling the definition of v and noting
that the functions (x,t) — u(x,t + s), with s > 0, are BJ solutions of (6.1), we find
that v is a viscosity supersolution, in the Crandall-Lions sense, both of the Hamilton-
Jacobi equations dyu+ H (z, Dyu,u) = 0 and —0yu — H(z, Dyu,u) = 0 in M x (0, 00),
which means that v is a BJ solution of H(x, Du,u) =0 in M.

Since v € LSC(M,R), it follows that v is bounded from below on M, which,
together with (6.5), assures that v is bounded on M. Let C; > 0 be a constant
such that |v(z)| < Cy for all z € M. If we set w = —v € USC(M,R), then w is a
viscosity subsolution, in the Crandall-Lions sense, of H(x, —Du, —u) = 0 in M. Since
H(x,p,u) > H(z,p,0)—AC] as far as |u| < C4, the Hamiltonian (x, p) — H(z,p,0)—
ACY is coercive and v is a subsolution, in the Crandall-Lions sense, of H(x, —Du,0) —
ACy =0 in M, a standard regularity result assures that v € Lip(M, R).

The proof is now complete. O

Given a Hamiltonian H € C(T*M x R,R), we set
H®(z,p,u) = H(x, —p, —u).

Note that (H®)® = H and that if H satisfies (H1)—(H4), then so does H®.
Under the hypotheses (H1)—(H4), we write S; and Sy for the operators S and
SHZ | respectively.

Remark 6.3. By [19, Proposition 2.8|, for any ¢ € C(M,R), there hold
Sip =T, ¢, S;¢=-T,"(—9),

where T, and T," denote the backward and forward Lax-Olenik semigroup associated
with H, respectively. By using T7°, new progress on viscosity solutions of contact
Hamilton-Jacobi equations was achieved ([17,20,21]). We also refer the reader to
23] for existence and long time behavior of viscosity solutions of contact Hamilton-
Jacobi equation where no monotonicity assumptions is imposed. Besides, by using
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the Herglotz variational principle ([4]), some kinds of representation formulae for the
viscosity solution of (6.1) on the Cauchy problem were provided in [11].

We establish the following theorems.

Theorem 6.4. Assume (H1)—(H4). For anyuy € S(H), the functiont — Sy (—ug)(z)
is nondecreasing on [0,00) for any x € M, and the limit
vo(z) == tllglo Si(—up)(z)

exists for any x € M, and vg € S(H®). The convergence above is uniform on M.

In view of the theorem above, under the hypotheses (H1)-(H4), we may introduce
the operators T, : S(H®) — S(H), TS : S(H) — S(H®) by
Toov(z) = Jim Si(—v)(x) forz € M and v € S(H®),
—00
TSu(z) = tlim SP(—u)(z) for z € M and u € S(H).
— 00

The monotonicity of Sy(—v)(x) and S (—u)(z) in t yields
Tov > —v on M forall v € S(H®),
(6.6) {Tgu > —u on M forall u e S(H).
Also, the comparison principle implies
v, v € S(H), vy <vg = Toovy > Toovo,
6.7 {U/l,UQ €ES(H), uy Suy = Touy > T us.

Let Z(T,) and Z(T) denote the images of T, and T, respectively, that is,
I(Ty) ={Twv : ve S(H®)} and Z(TI) ={T3u : ve S(H)}.

Theorem 6.5. Assume (H1)—(H4).

(1) S(H) # 0 if and only if S(H®) # 0.
(2) For any u € Z(Ty) and v € Z(TS

)
TwoTSu=u and T oTwv=r.

(3) Letu € I(Ty) and ¢ € LSC(M,R). Assume that there exist a finite number of
V1,0 € S(H®) such that Towov; =w foralli=1,... k, and min;(—v;) <
é<uonM. Then

tlim Sip =u  uniformly on M.
—00

For the proof of the theorems above, we need some lemmas. In the following
lemmas, we always assume (H1)—(H4).
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Lemma 6.6. Let ug € S(H) and x € M. There exists a curve v : (—00,0] - M
such that v(0) = x, v € AC(|—,0], M) for every T > 0, and, for all t > 0,
0

uo(7(0)) ZUO(W(—t))Jr/ L(v(s),7(s), uo(7(s)))ds.

—t
The lemma above is a classical observation and follows from Theorem 4.1.

Outline of proof. Since uy € Spy(0; + H), by Theorem 4.1, there exists {7V }ken C
AC([-1,0], M) such that

uo(7,(0)) = /_1 L(vk(s), Yk(s), uo(vk(8))ds + uo(yx(—1)) for all k€N,

7 (0) =z, and 41(0) =% (—1) forall k € N.
Define v : (—00,0] — M by

71(8) for s € (—1,0],
Yo(s+1) for s e (—2,-1],
(s) = 3 _
v3(s+2) for s e (—=3,-2],
It is easily checked that v has all the required properties in Lemma 6.6. 0

Lemma 6.7. Let up € S(H) and set vo = —ug. Then, vy € Sg;(H®) and
:rcréiﬁ(stvo(x) —vo(x)) =0 forallt>O0.
Proof. We set v(z,t) = Syvg(x) for (z,t) € M x [0, 00).
Since uy € Lip(M,R)NS™(H), we have
vo € Spy(H") C Sp;(0, + H®),
and, by Theorem 2.1,
(6.8) vo(z) <w(z,t) forall (z,t) € M x [0, 00).

Fix any z, and, in view of Lemma 6.6, choose a curve ~, with 7(0) = x, such that

for all t > 0,
0

7€ AC([=,0], M) and  ug(v(0)) = uo(y(—1)) +/ L(v(s),7(s), uo(v(s)))ds.

—t

Set n(s) := v(—s), to find that for all ¢ > 0,

wo(n(0)) = uo(n(8)) + / L((s), —i(s), uo(n(s)))ds,
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which reads

wo(1(t)) = wo(n(0)) + / L(n(s), —ii(s), ~voln(s)))ds.

By Theorem 4.1, we have

oo = int (wn(eo) + | L(E(s), —€(9), o€l

£(t)=x

In particular,

o(n(0), ) < vo(n(0)) + / L ((s), —i(s), —o(n(s), 8))) ds.

Since u — L(x,&, —u) is Lipschitz continuous in R, with A as a Lipschitz bound, and,
by (6.8), v(n(s),s) > ve(n(s)) for all s > 0, we have

L(n(s), =i(s), =v(n(s),s)) < Ln(s), =1 (s), =vo(n(s))) + Av(n(s), 5) = vo(n(s))-

Thus, for all ¢t > 0,

w(1(),8) < wo(n(t)) + / Aw(n(s), ) — vo(n(s)))ds,
which implies that
v(n(t),t) —ve(n(t)) <0 forall £ > 0.

We conclude that

mi]\r}(v(x,t) —vp(x)) =0 forallt>0. O
TE

Lemma 6.8. For any ¢ € Sg;(H), the function t — Sip(x) is nondecreasing on
[0, 00) for every x € M.

Proof. Fix any ¢ € Sg;(H) and set u(x,t) = Sip(x) for (z,t) € M x [0, 00).
By Theorem 2.1, we have

o(z) <wu(z,t) for all (x,t) € M x [0,00).
For any 6 > 0,
o(z) <wu(z,0) forallz e M,
and hence, again by the comparison priciple,

u(z,t) < (Siu(-,9))(x) =u(z,6+1t) forall (z,t) € M x [0,00).

This shows that the function ¢ — S;¢(z) is nondecreasing on [0,00) for any z €
M. U
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Proof of Theorem 6.4. Fix any uy € S(H) and set ¢ = —ug. Set
vo(x) == rl—i>r(])ﬂ+ inf{SPo(y) : d(y,z) <r, t>r~'} forxe M.
By Lemma 6.7, we have ¢ € Sg;(H®) and
grﬁrélj&(Stegb(x) —¢(x)) =0 forallt>0,
which implies that, since M is compact,

vo(2) < oo for some z € M.

Theorem 6.1, with H replaced by H, ensures that vy € Lip(M,R) and vy € S(H®).

By Lemma 6.8, with H® in place of H, the function t — S ¢(x) is nondecreasing
on [0,00) for any # € M. Hence, S2¢ < S2,,¢ on M for all 7,¢ > 0, which shows
that S°¢ < vo on M for all 7 > 0. On the other hand, by the definition of vy, we
have lim; o, SP¢(z) > vo(x) for all x € M. Thus, we find that

lim S¢(x) = vg(x) for all x € M.
T—00
The convergence above is uniform in x € M by the Dini theorem. ([l

Proof of Theorem 6.5. We first treat (1). It is an immediate consequence of Theorem
6.4 that S(H) # () implies S(H®) # (. The converse implication also follows from
Theorem 6.4, with H replaced by H®.

We next consider (2). Fix any u € Z(T,) and choose vy € S(H®) such that
Toovo = u. Set v := TQu. It follows from (6.6) that vo +u > 0 and u+ v > 0 on M.
Hence, by the comparison principle, we find that S;(—u) < vy and S;(—v) < u on
M for all ¢ > 0, which implies that Tu < vy and Toov < w on M. From the first of
these inequalities, together with (6.7), we obtain Th, 0 T2u > Thovg = u on M, which,
combined with the latter of the inequalities above, yields u > Tov = T 0 Tu >
Twvo = uw on M. This shows that T, o TOu = u on M. Replacing H by H® and
noting that (H®)®, we also conclude that T o Toov = v on M for all v € Z(T3).

Now, we treat (3). First of all, we show that for all (x,t) € M x [0, 00),

(6.9) 12‘211@ Si(—v;)(x) = St(glz‘igk(_vi))(x)'

Indeed, by Lemma 2.5, we have

(x,t) — min Si(—v;)(z) € Spy(0: + H, M x (0,00)).

1<i<k

Moreover, it is easily checked that

(x,t) —~ 11;1};1]{ Si(—v;)(z) € LSC(M % [0,00), RU {oc0}),
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and for all z € M,

Zglsnk(—vz)(x) = llggf llélilélk Si(—v;) ().

Thus, by the definition of the operator S;, we conclude that (6.9) holds.
By the choice of v;, we have
tliglo Si(—v;) = u uniformly on M for alli € {1,... k},
which assures together with (6.9) that
(6.10) tlgilo Si( mgl (—v;))(z) = u(z) uniformly on M.

1<i<k
Since minj<;<x(—v;) < ¢ < won M and u € Sgy(H), we deduce by the comparison

principle that for all ¢ > 0,
Si(min (—v;)) < Spp < Spju=wu  on M,

1<i<k

which, combined with (6.10), yields

tlim St = u uniformly on M. 0
— 00

7. CLASSIFICATION OF THE SOLUTIONS OF H =0

For v € S(H®), we define the set D, by
D, :={weS(H) : TSw = v}.
The sets D,, with v € Z(T), classifies S(H) as follows.

Theorem 7.1. Assume (H1)—(H4). Then:
(1) #Z(Tw) = #Z(TS2), where #A denotes the cardinality of set A.
2 SH)= || Do= || Dyre.

veL(TR) u€Z(Too)
(3) w > wu for all u € I(Tw) and w € Dye,,.

Proof. By (2) of Theorem 6.5, TS is a bijection of Z(T,) to Z(T3), with the inverse
map To,. Hence, # Z(T) = #I(T), which proves (1).

Since TS : S(H) — Z(TS) is a surjection, if we introduce the binary relation ~
on S(H) by

U ~ Uy <> TO@oul = Tqu,

then this relation is clearly an equivalence relation on S(H) and the sets D,, with
v € Z(TY), constitute all the equivalence classes in this relation. Consequently,

SH)= || D

vEL(TR)
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Since Tw, @ Z(TS) — Z(Ty) is bijective, we have
SH)= || Do= || Drew
veZ(TY) u€Z(Teo)

which proves assertion (2).

To check (3), let u € Z(T) and w € Dye,. By (6.6), we have TQw +w > 0 on
M and, hence, w = Syw > Si(=T2w) = Si(=T2u) on M for all ¢ > 0, which implies
that w > T, 0 T2u = u on M. O

In the following remark, we discuss examples of Hamilton-Jacobi equations, with
emphasis on the cardinality of the set of solutions. We refer to, e.g., [16] for some

examples similar to ours.

Remark 7.2. (1) Under the assumptions (H1)-(H4) and that S(H) # 0, if H =
H(x,p,u) is strictly monotone in u, then #Z(T,) = 1. More precisely,
(i) if H is strictly increasing in u, then
#1(T) = #S(H) = 1;
(ii) if H is strictly decreasing in u, then
BI(T) = 1 < 4 S(H).
Concerning (ii) above, consider two examples. The first example is about the equation
(see [9, Proposition 10])
1
(7.1) —u+§|Du|2+cosx—1:O in T.
For (7.1), we have # S(H) = 1. The other one concerns the equation (see [19, Example
1.1)
1 9 )
(7.2) —u+ §|Du| =0 inT.

For (7.2), the solutions u are given by

u(z) = min Sd(z,y)"
with K being nonempty compact subsets of T. Since the totality of compact subsets of
T is an infinite set, we have # S(H) = co. Moreover, one can choose a Hamiltonian
H so that #7(T) < #S(H) < oo. The following equation is taken from [22,

Proposition 1.14]:

1
(7.3) —u + 5|Du|2 +Du-V(r)=0 inT,
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where V : T — R is a smooth function which has exactly two zeros zi, xs with
V'(x1) >0, V'(x9) < 0. For (7.3), we have

#S(H) = 2.

(2) If H is non-monotone in u, then it may happen that # Z(T.,) > 1. For example,
consider the equation

1
fu) + §|Du|2 =0 inT,

where f is a smooth function satisfying f(u) = f(—u), f > 0on (=1,1) and f(u) =
u+ 1 for u € (—oo, —1]. In this case, the solutions u are given by either u(z) = —1,
or

1
=1 in = 2
u(z) = 1+min >d(z,y)",
where K ranges over all compact subsets of T, and we have
#I(Ty) =2, #S(H)=o0.

The Hamiltonian H associated with (7.3) is self-adjoint in the sense that H® = H.
(3) If H is independent of v and S(H) # (), then

#I(Tw) =#S(H) = 0.

Moreover, the structure of S(H) can be described in terms of static classes in the
Aubry set (see [8, Theorem 0.2]).
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APPENDIX A. A CLASSICAL EXISTENCE RESULT
We give here a proof of the following classical existence theorem for a viscosity

solution of (3.1).

Theorem A.1l. Assume (H1)-(H4) and that ¢ € C'(M,R). Then there erists a
unique viscosity solution u € Lip(M x [0,T),R) of (3.1).
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We begin with a lemma concerning the Cauchy problem for
(A.1) wy + H(z, Dyu,u) +v|Dyul* =0 in M x (0,7),

where v and 7" are constants such that 0 <~ < oo and 0 < T < 0.

Lemma A.2. Assume that H is a bounded and uniformly continuous function on
T*M xR and satisfies (H3) and (H4). Let v € USC(M x[0,T),R) and w € LSC(M x
[0,T),R) be a viscosity subsolution and supersolution, respectively, of (A.1). Assume
that v, w are locally bounded on M x [0,T) and that v(z,0) < w(zx,0) for all z € M.
Then v < w on M x [0,T).

The proof below is similar to but simpler than that for Theorem 2.1.
Proof. We may assume without loss of generality that 7" < co. If we set
o(x,t) = e Mu(z,t) and w(x,t) = e Mw(z,t) for (z,t) € M x [0,T),
then v and w are a viscosity subsolution and supersolution, respectively, of
w + H(z, Dyu, t,u) + ~ve™| Dyul? = 0,
where H € C(T*M x [0,T) x R, R) is given by
ﬁ](x,p, t,u) == Au+ e MH(z,eMDyu, eMu).

We denote by H the function (z,p,t,u) — e MH(z,eMp, eMu) on T*M x [0,T) x
R. Note that for any (z,p,t) € T*M x [0,T), the function u ﬁ(m,p,t,u) is
nondecreasing on R and the function u — H (z,p,t,u) is Lipschitz continuous with
Lipschitz bound A.

We need only to show that o <@ on M x [0,7), and by contradiction, we suppose
that sups o) (v —w) > 0. For ease of notation, we henceforth write v and w for 9
and w, respectively.

For € > 0, set
€

T —t+¢e?
Note that, as € — 0+, sup ;2,1 v°(2,t) = —00 and v*(z,t) — v(x,t) uniformly
on M x [0,5] for all 0 < S < T, and that v°(z,0) < w(z,0) for all z € M. We
may fix € > 0 small enough so that v. — w takes a positive maximum at some point

v (z,t) = v(z,t) — for (z,t) € M x [0T).

(xo,t9) € M x (0,T). It is easily seen that v° is a viscosity subsolution of

up + I/-j(x, Dyu,t,u) + ve™| Dyul? + m =0 in M x (0,7).
Setting § = ¢/(2(T + £2)?), we see immediately that v° is a viscosity subsolution of

(A.2) w4+ H(z, Dyu, t,u) +~ve™|Dyul> +20 =0 in M x (0,7T).
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We fix a local coordinates in an open neighborhood V' of the point xg so that we
may regard V' as an open subset of R and 7*V =V x R™. We introduce a (bump)
function p € C*(V x (0,T),R) such that

{ (p —w)(xo,to) > 0,

(A.3)
(p—w)(x,t) <=1 forall (z,t) eV x(0,T)\ B,

where B is a bounded open subset of R"*! whose closure B is included in V x (0, 7).
For n € (0,1), we set

vz, t) = (1 —n)v*(z,t) + np(x,t) for (z,t) € V x (0,7),
and note by (A.3) that the function
v, 1) —w(z,t) = (1= n)(v° —w)(z,t) +nlp —w)(z,1)
takes a positive maximum at some point (z,,t,) € B and
(Ad) vz, t) —w(z,t) < v5"(xy, t,) —w(x,,t,)—n forall (z,t) eV x(0,T)\B.
Taking into account the convexity of p — H (z,p,u) + ve™|p|? and the Lipschitz
property of H, we compute in a slightly formal way that
v+ ﬁ(@ Dov®" t,v5) 4 yeM| Dyv= )2
< (1 —n)(v + Av° + H(z, Dyv°, t, 05" + ve™| Do ?)
+n(pr+ Ap + H(x, Dypp, t,v°") + 7€M D, pl)
< (1=0)(0f + A" + H(x, Dot t,0%) + e Dot + A% + [p]))
+1(pe + H(w, Dap, p) + 7| Dapl* + A([°] + |p]))-

Hence, thanks to (A.2), we may choose n € (0,1) small enough so that v*7 is a
viscosity subsolution of

up + ﬁ(a:,Dxu,t,u) +veM|Dyul* 4+ (1 —n)0 =0 inV x (0,7T).
Consider the function
1
Uam(‘r7t> - w(ya S) - 5 (Oé|l‘ - y|2 + 062(t - S>2)

on B x B, where a > 1, and pick a maximum point (, t, 7, §) of this function. It is

a standard observation that, as a — oo,
(A.5) ald — P> +a?(t — 5)* =0,

and that for any limiting point (Z,¢,7, 5,0, w), as a — 00, of the family

{(@,1,9,8,07"(2, ), w(g, )},
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we have

(A.6) (z,t) = (y,5) and 0—w= mgx(vg’" —w).

Fix such a limiting point (z,¢,9, 5,0, w) and a sequence {a;};en such that, as j — oo,
the sequence of the points

with o = a;, converges to (z,t,7, S, v, w). Because of (A.6), we find that (z,t) € B
and v > w, and we may assume by passing a subsequence of {«;} if necessary that
(2,1), (§,8) € B, v®™"(&,t) > w(g,8). By the viscosity properties of v*" and w, we
get for a = ay,
om0 Aol =) 1 D) 3ot — D+ (1) <0

| + H(g, @ = 9),5,w(j,3)) +7e|a@ - §))* = 0.

~ A ) ~

H(i7a(j - g)atavam(jat)) > H(I%,Oé([i‘ - g))ataw(j7£))

(A.8)

Observe that

> ﬁ(ga Oé<:% - g)a §a ’LU(Z), é)) - ‘eAtA - €A§‘ ‘HQ): 6A5a<£‘ - g)v €A£w<g7 §))‘
—w(le™ — e™|(ald — gl + [w(@, ) —w(lz —3l),
where w denotes the modulus of continuity of the function H, and moreover that
M — M) < AeMT|E — 8] < AeMTalf — §,
ot —glli = 3| < a(lz = g* + |t = 5") < alz = §* + % = 3%,
[ = 3lo?lz — g* < o*(j& — g[* + [T — 5).
Combine these observations with (A.4), we find that if o = «; is large enough, we
have

ﬁ(ia Oé(.i‘ - g)? 7?7 UJ(]J, ‘§>) - ﬁ(@a Oé(j; - g)a §7 w(gv §))
+y(eM = eM)a(d - > > —(1 - n)d.
This contradicts (A.8), which completes the proof. O
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Proof of Theorem A.1. We may assume that T" < oo. Choose a constant C; > 0 so
that

|H(z, Do(z), ¢(x))| + |Dé(x)]* < Oy for all z € M.
Define the functions f* € C'(M x [0,T),R) by

fH(x,t) = ¢(z) + CLATH M — 1) and f~(z,t) = p(z) — CLAT (M = 1).

Choose a constant Cy > 0 so that —Cy < f~ < f* < Cy on M x [0,T). We define
the new Hamiltonians H, Hy, H ¢ as follows. Set

H(z,p,u) = H (z,p, max{—C%, min{Cs, u}}) for (z,p,u) € T"M x R,
f[k(aj,p, u) = min{k, f[(a:,p, w)}y  for (x,p,u) € T"M xR, k€N,
Hy(z,p,u) = Hy(z,p,u) + £|p|>  for (z,p,u) € T"M xR, k € N,

It is easily seen that the functions f[(x,p, u), f]k(m,p, u), ?[k(x,p, u) are Lipschitz
continuous in wu, with A as a Lipschitz bound, that for any f € CY(M x (0,7T),R),
if [f] < Cy on T*M x (0,T), then H(x, Dy f(x,t), f(x,t)) = H(x, Dof(,t), f(x,1))
for all (z,t) € M x (0,T), and that |Hg(z, Do(x), ¢(z))| < |H(z, Dp(x),d(x))| and
|Hy(z, Dé(x), ¢(x))| < Cy for all z € M and k € N,

Compute that

ft+ + H(l’, D$f+7f+) Z CleAt + ﬁk<ana€¢7 ¢) - Cl<6At - 1) Z 07

to see that for any k € N, f* is a classical supersolution of
(A.9) w4+ Hy(z, Dyu,u) =0 in M x (0,7).
Similarly, we find that for any & € N, f~ is a classical subsolution of (A.9). Moreover,
note that f~(x,0) = fT(x,0) = ¢(z) for all x € M and f~ < f* on M x [0,T).
The Perron method yields a Crandall-Lions viscosity solution of (A.9). That is, the
formula

uF(z,t) = sup{f(z,t) : f€ 87(875—1—]?.’;{;), fF<f<ft onMx(0,T)}

gives a solution of (A.9) such that f~ < u* < f*on M x(0,T). Since f=(z,0) = ¢(x)
for all z € M, we may extend the domain of u* to M x [0,7T) so that

k .
= = 1 for all M.
u®(z,0) = ¢(z) MX(O,T)Blgl,s)—%m,O) u(y,s) forall x €

We note that, thanks to (H2), f]k(x,p, u) = k if |p| is sufficiently large and, hence, the
function H, r is bounded and uniformly continuous on 7*M x R. Since the upper and
lower semicontinuous envelopes (uy)* and (uy ). are respectively a viscosity subsolution
and supersolution of (A.9), we find by Lemma A.2 that (u;)* < (ug). on M x [0,7T),
which implies that uy € C(M x [0,T),R).
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We now show that the family {u*}rey is equi-Lipschitz continuous on M x (0, 7).
For this, we show first that the functions ]le, with k£ € N, are coercive uniformly in
k. That is, for any R > 0 there exists ) > 0, chosen independently of k, such that
for any k£ € N,

(A.10) Hi(z,pu) >R if |p| > Q.
Indeed, when R > 0 is fixed, by (H2) we may choose @) > R so that f[(x,p, u) > R
if |p| > Q. Using the inequality
R <k+ 1R
we find that if |p| > @, then
Hy(w,p,u) > min{k + 1Q* H(z,p,u)} > R.
Hence, (A.10) is valid.
Fix h > 0 sufficiently small. Since u* > f~ on M x [0,T), we find that
ub(z,h) > ¢(x) — CLAT (M — 1) > ¢(z) — C1e*Th for all = € M.

Setting v(z,t) = u*(x,t) — C1he® T+ for (x,t) € M x [0,T), we easily observe that
v is a viscosity subsolution of (A.9). We apply Lemma A.2, to obtain the inequality
v(z,t) <wu(z,h+1t) for all (z,t) € M x [0,T — h), which shows that

lim inf ut(@,t+ ) - ut(2,1) > (T,

h—0+ h
This assures that for any (z,t) € M x (0,T) and (p,q) € DY uk(x,t), ¢ > —C1e*T
and

gl + Hy(w, p, u¥(2,1)) < q + Hi(w,p,ul(2,1)) + 21

Thus, u” is a viscosity subsolution of
lue| + f[k(x,Dxu,u) —2C1e* =0 in M x (0,7),

which, together with (A.10), ensures that for some constant C3 > 0, independent of
k,

luf| + |Dyu®| < C3 in M x (0,T) in the viscosity sense.
This shows (see [5, Theorem 1.14], [15, Proposition 1.14]) that {u*}ren is equi-
Lipschitz continuous on M x [0,T). Recalling that f~ < u* < f* on M x [0,T)
for all ¥ € N, we find by the Ascoli-Arzela theorem that the family {u*}pen has a
subsequence, converging to some u in C(M x [0,T),R). Since {Hy}ren converges to
H in C(T*M x R,R), we find that u is a viscosity solution of u; + PN[(QJ, Dyu,u) =0
in M x (0,7). It is obvious that |u|] < Cy on M x [0,7"), which implies that u is a
viscosity solution of u; + H(z, Dyu,u) = 0 in M x (0,7, u is Lipschitz continuous
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on M x [0,7), and u(x,0) = ¢(x) for all z € M. Thus, u is a Lipschitz continuous
solution of (3.1). The uniqueness assertion of the current theorem is a well-known
result and we do not repeat the standard proof here. The uniqueness is also a con-
sequence of Theorem 2.1. It follows as well from Lemma A.2, once the Hamiltonian
H is replaced by a bounded and uniformly continuous function, which can be done

based on the Lipschitz continuity of given solutions. U
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