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O. Introduction

In this paper we investigate the existence and uniqueness properties of viscosity
solutions of first-order nonlinear partial differential equations ineluding Hamilton-Jacobi
equations.

The notion of viscosity solution for nonlinear first-order partial differential equa­
tions was first introduced in [3] by M. G. Crandall·P. L. Lions. They obtained there
quite general uniqueness results for equations of the Hamilton-Jacobi type

(0.1)

and

(0.2)

H(x, u(x), Du(x)) =0

UI(t, x) +H(t, x, u(t, x), Du(t, x)) =0

in (J

in (0, T) x{J,

together with existence results for model equations, P. L. Lions [13, 14] and P. E.
Souganidis [16] made efforts to generalize the existence results, and G. Barles [1]
finally. obtained general existence theorems. Meanwhile L. C. Evans-H. Ishii [6] intro­
duced a localization technique for (0.1) and obtained also an existence result similar
to but less general than [1].

Those results are mainly concerned with solutions in the space of bounded, uni­
formly continuous functions, and it was first observed by the author [9] that the
main uniqueness theorems are valid for the class of unbounded solutions which are
(roughly speaking) uniformly continuous in the variables x. Later the author [10]
obtained independently of work of G. Barles [1] general existence results for (0.1) and
(0.2) with {J=RN in this class of solutions where the assumptions on H are the same

as those for the uniqueness assertions (this is the ease with the results in [1]). See
also M. G. Crandall-Po L. Lions [4] where similar results are obtained independently.
We should mention here that there is much classical literature related to existence
and uniqueness of generalized solutions for (0.1) or (0.2). See, e.g., A. Douglis [5],
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ku, Tokyo).
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S. N. KrUUtOV [11, 12], W. H. Fleming [7], A. Friedman [8], and P. L. Lions [13].

Our purpose here is to prove uniqueness and existence theorems for (0.1) and (0.2)

in the class of unbounded solutions mentioned above. One of advances here beyond

[9, 10] is the realization of the fact that one does not need to assume a solution of

(0.1) or (0.2) to grow at most linearly as Ixl-oo for its uniqueness. See [10] where

we assumed D=RN to deduce that a uniformly continuous (in :.:) solution grows at

most linearly as 1:.:1_00. The other lies in that we do not require H to be continuous.

In fact, except some uniform continuty assumptions on H in its last variables and :.:

our requirements on H are a monotonicity condition and the integrability in t. We

need, however, to modify the definition of viscosity solution (see Definitions 1.1 and
7.1 bolow).

The plan of this paper is as follows. In § 1 the definition of viscosity solution of
(0.1) and some of its basic properties are provided. We present our comparison results

for (0.1) in § 2. In § 3 we give an estimate of the modulus of continuity of viscosity

solutions of (0.1). In § 4 an existence theorem for (0.1) is proved in the case (J=RN •

In § 5 a rough observation concerning the asymptotic behavior of viscosity solutions of

(0.1) as Ixl-oo is presented. Sections 3, 4, and 6 have a nature of preparations for
§ 6, and we present our main existence result for (0.1) in § 6.

Sections 7, 8, 9, and 10 are concerned with the Cauchy problem for (0.2). The

definition of viscosity solution of (0.2) and some of its properties are presented in § 7.

Section 8 is devoted to prove a comparison result for (0.2). Section 9 contains esti­

mates of the modulus of continuity of viscosity solutions of (0.2) and a result con­

cerning the asymptotic behavior of viscosity solutions of (0.2) as 1:.:1_00. The final

section § 10 is devoted to prove a general existence theorem for (0.2).

We will use the following notations. For x ERN and r~O, B(:l;; r) denotes the closed

ball in RN of radius r and center:.:. For 6>0 and x ERN, <:.:). stands for (1:.:11
+6

2)1/1•

For rE R, r+ denotes max{r,O} and, for a function/.f+ denotes the function: :.:-+-/(:.:)+.

For SeRN , BUC(S) and UC(S) denote the spaces of all bounded, uniformly continuous

functions on S and of all uniformly continuous functions on S, respectively.

1. Viscosity solutions of stationary problems

Let (J be an open subset of RN. In this section we consider the stationary pro'

blem

(1.1) H(:.:, u(:l:),Du(:.:)) =0 in D,

where H: DxRXRN-+-R is a given function u: O-+-R is the unknown, and D denotes
the gradient operator, (8/8:':10"" 8/8:l:N ). The function H is called the Hamiltonian.

Let :':oED, UoER, and PoERN. We define
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(1.2) H+(zo, Uo, Po)={G e C(DXRN)lG(z,p)~H(z, u,p) for all
zeB(zo;cl), ueB(uo;cl), peB(po;cl), and some cl>O}
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and

(1.3) H-(xo, uo, Po)={G e C(DXRN)lG(x, p)~H(z.u, p) for all

xeB(zo;il), ueB(uoicl), peB(poicl), and some cl>O}.

DEFINITION 1.1. Let u e C(D). (i) u is called a viscosity subsolution (resp., super­

solution) of (1.1) if G-(zo, D;(zo))~O (resp., G+(zo, D;(z))~O) holds for any ; ECI(D) ,

Zo e .0 and G- e H-(zo, uo,Po) (resp., G+ e H+(zo, Uo, p)), where uo=u(zo) and Po=D!6(xo),
such that u-; attains a local maximum (resp., minimum) at xo. (ii) u is called a
viscosity solution of (1.1) if it is both a viscosity sub- and supersolution of (1.1).

We mention that, when He C(DXRxRN), this definition coincides with the original
one in M. G. Crandall·P. L. Lions [3) (see also M. G. Crandall-L. C. Evans-P. L. Lions

[2)).

In what follows we use the observation that "local maximum (resp., minimum)"
in the above definition can be replaced by "local strict maximum (resp., minimum)".
Indeed, for u e C(D), ; e CI(D), and Ce CI(D), if u-; attains a local maximum (resp.,

minimum) at Zo e .0 and C attains a local strict maximum (resp., minimum) at xo, then

u-;+C attains a local strict maximum (resp., minimum) at :1:0 and D(16-C)lxo)=D;(xo).

Thus, e.g., if G-(zo, D;(xo))~O for all Xo eD, ; e CI(D), and G- E H-(xo,u(xo),D;(xo))

such that u-; has a local strict maximum at xo, then G-(Xo, D;(xo))~O for all Xo e .0,

;e ClIO), and G-e H-(zo, ulxo) , D9lzo)) such that u-; attains a local maximum at xo.
Viscosity solutions have a nice stability property.

PROPOSITION 1.1. Let H and H." be functions on DXRXRN for all neN. Let

u, u." EC(D) for all 'II, e N. If u" is a 'lJiscostiy subsolution (resp., BUpersolution) of

H.(z, u.", Du..)=0 in D for all "II, EN, u.,,(x)-u(x) uniformly on all compact subsets of

D and H..(z, r, p)-H(x, r, p) uniformly on compact lJubsets of DXRxRN as "11,_00, then

u is a viscosity subsolution (resp., BUpersolution) of (1.1).

Proof. We prove this assertion only for subsolution and omit the proof for super'
solution as the proof for supersolution is similar to that for subsolution.

Let ; e CIID) and assume that u-; has a local strict maximum at Xo E D. Set

uo=u(xo) and Po=D;(xo), and let Ge H-(xo, uo, Po). By definition there exists a il>O
so that

G(z,p)~H(z,u,p)

for all zeB(zo;a), peB(poia), and ueB(Uoicl). We see also that u.,,-; attains a local
maximum near Xo for sufficiently largen, say, at z.. for all n~no EN, where x..-Xo
as 'n-H:lO.
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a..= SUp IH,,(:l:,r,p)-H(:l:,r,p)l,
(·.·,pIEK

and ,8,,=lu(:l:o)-u,,(~,,)/ for n;2no. By assumption a,,-+O and ,8,,-+0 as n-+co. By (1.2)

we have G(:l:, p) -a"sH,,(:l:, 1£, p) for (~, 1£, p) EK. As H,,(:l:, 1£", Du,,) sO in f) in the

viscosity sense, we thus find that G(~.. , D~(:l:"))-a,,sO if n;2no is so large that I~,,-~ol

<J. ,8"<a, and ID~(:l:,,)-Pol <a. Now send n-+co, to obtain G(~o. D~(:l:o))sO and to
finish the proof. Q.E.D.

We now state a few of basic properties of viscosity solutions without proof.

PROPOSITION 1.2. Assume that H is locally bounded on f)xRXRN. If 1£EG(f))

is a visCQsity subsol1£tion (resp., supersolution) of (1.1) and f)' is an open subset of f),

then 1£ is a viscosity subsolution (resp., supeTsolution) of (1.1) in D'.

PROPOSITION 1.S. If 1£ EG(f)) and, for any :l: ED, there eNts an open neighbor­

hood f).cf) suck that 1£ is a viscosity subsolution (resp., supersolutio1~) of (1.1) in f).,

then 1£ is a viscosity subsolution (resp., supersolution) of (1.1) in D.

PROPOSITION 1.4. If u, v E G(f)) are viscosity subsolutions (1·esp., supeTsolutions)

of (1.1), then so is max{u, v} (resp., min{u, v}).

2. A comparison theorem for the stationary problem

Here we are concerned with uniqueness of viscosity solutions of the stationary

problem

(2.1) u(~) +H(~, u(~), Du(~))=0

The next three assumptions will be needed.

in D.

(AI)

(A2)

(AS)

u-+H(:l:,1£,p) is nondecreasing on R for all zEf) and pERN.

limsup{lH(z,u,p)-H(x,u,q)1I Ip-qlsT,p,qEB(O;R), ZEf), UER}=O
riO

for all R>O.

lim sup{lH(z, u, p) -H(1I, 1£, p)1I Ix-yl(l+ Ipl)sr, Z,1I ED, P ERN, U ER}=O.
.10

For a given a>O we denote by rIa) the set of all nondecreasing functions

r EG([O, a)) such that rIO) =0. I denotes the set of all functions 11 EG([O, co) X [0, co))

such that 11(', r) ErIa) for all r~O and a>O and r-+u(s, r) is nondecreasing on [0, co)

for all s~O. For 11 E I, (j will denote the function: 1'-+I1(r, r) on [0, co).

We note that (A2) and (AS) are equivalent to the existence, respectively, of 11 E I

such that

(2.2) IH(x, u, p)-H(x, u, q)/sl1(1p-ql, R)
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for all p, qEB(O;R), :I: EO, 1£ ER, and R>O and of T E r(a), with a>O, such that
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(2.3) IH(:I:, 1£, p) - H(lI, 1£, p) I~T(I:I:-lIl (1 + Iplll

(2.4)

for all :1:,11 EO, 1£ ER, and p ER H satisfying 1:1:-111(1+ Ipll~a.

In the following we agree that we are given C1 EX, a>O, and T Er(a) such that

(2.2) and (2.3) hold without any reference when we assume (A2) and (A3).

By virtue of (AI) there exist the limits

H(:J:, u±O,p)=lim H(:J:, u±s, p)
IlO

for all :J: ED, 1£ E R, and p E R H• Note that H(·,· ±O, .) satisfy (Al)-(A3) again and,

in particular, H(., u±O, .) belong to G(OXRH) for all 1£ E R.

PROPOSITION 2.1. Under the assumptions (All-(A3), UE G(O) is a viscosity 8ub­
solution (resp., supersolution) of (2.1) if and only if

u(:J:ol+H(:J:o, U(:J:o)-O, D9S(:l:o))~O

(resp., 1£(:1:0)+ H(:J:o, 1£(:1:0) +0, D9S(:l:o)) ~O)

for all 9S EGl(O) and :J:o E0 such that u-9S attains a local ma:l:imum at :J:o.

Proof. We will prove this assertion only for subsolution. H-(xo, Uo, Po) denotes

the set defined by (1.3) for the Hamiltonian: (:I:,u,p)-u+H(:I:,u,p).
Assume 1£ EG(O) is a viscosity subsoution of (2.1). Let 9S E Gi(D) and assume that

u-9S has a local maximum at some :J:oE O. Setting uo=u(xo) and Po=D9S(:l:o), we see

from (A1)-(AS) that (x,p)-uo-a+H(:I:,uo-a,p) belongs to H-(:J:o,uo,Po) for any a>o.
Hence, by the definition of viscosity subsolutions of (2.1), we have

u(:l:o)-a+H(:l:o, 1'(:1:0)-6, D9S(:l:o))~O

for all 6>0. Thus, sending 6 ~ 0, we obtain (2.4).

The "if" part of the assertion follows immediately from the observation that if

G E H-(:J:o, 1'0, Po) for some (:1:0,1£0. Po) E 0 XR XRH then G(:l:o, Uo, Po)~Uo + H(xo, 1£0-0, Po).
Q.E.D.

Our comparison result is this

THEOREM 2.1. AS8ume (A1)-(A3). If u,V E UC(D) are, respectively, a subsolution
and a supersolution of (1.1) in the viscosity sense, then

(2.5) sup (u-v)~ max (O, SUD (u-v)).
Q 04

This theorem yields obviously a uniqueness result for a viscosity solution of (2.1)

in the class UC(ii).
As a result of this theorem we have
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COROLLARY 2.1. .Assume (Al)-(A3). If 1£, V e UC(ii), f, g eC(O), u+H(z, 1£, Du)~

f(z) , and v+ H(z, tI, Dv) ~g(z) in D in the viscosity sense, then

(2.6) sup (u-v)~ max (sup (u-v), sup (f-g)+).
D aD D

This comparison result was first obtained by M. G. Crandall·P. L. Lions [3] under
the additional assumption that u,ve BUC(D) and HeC(OXRxRN) and later by H.

Ishii [9] in the case when O=RN and H(z, u, p) is independent of u. See also M. G.
Crandall·P. L. Lions [4].

Proof. We may assume sup (/-g)+<oo. Then we UC(ii) defined by w(z)=u(z)
D

-sup (/-g)+ satisfies w+H(z, w, Dw)~g(z) in D in the viscosity sense. Thus, by virtue
D

of Theorem 2.1, we have w-v~max to, sup (w-v)} on 0 from which follows (2.6).
BD

Q.E.D.

Proolof Theorem 2.1. In order to prove (2.6), we may assume sup (u-v)<oo.
aD

In view of (AI), replacing u by u- sup (u-v) if necessary, we may assume further
BD

that sup (u-v)~O.
BD

Replacing a>O by a smaller one if necessary, we may assume that there exists
an CIl e r(a) such that

lu(z) -u(y)l ~(J)(Iz-YIl and Iv(z) -v(y)l ~(J)(lx-yl)

for all z,ye D with Iz-YI~a. Set

J,,={(z, y) e iixDI Iz-YI<a}.

First we intend to prove that the function u-v is bounded above on D. To see
this, we observe that

U(Z)-V(Z)~U(0)-V(0)+2CIl(a{1+ I:' )
for all z eRN if O=RN and that

u(x) -V(Z)~2CIl(a{1+ ~ dist (z, am)
for all :ll eO if fJ*RN• Thus we have in general

(2.7)

for all (x,1/) E J" and some constant C1>O.

Choose an increasing Cl function." on [0, a) such that .,,(r)=rl for 0~r~a/2 and
lim J}(r) =00. Let «>0, P>O and set
rl"

l1>(x, y)=u(x)-v(y)-1. .,,(lz-1/I)-Plzl l

«
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for (x, tI) € 3.. By virtue of (2.7), ~ attains its global maximum at some point (xo.1/o)

E3•. That is,

(2.8)

In particular. ~(xo.1/o)~ ~(XOI Yo) and hence

(2.9)

Thus, setting ao=a.t /(4w(a.)), we find that if O<a<ao. then IXo-Yol~a./2 for all ~>O.

Fix x* E D. Again (2.8) yields ~(xo. Yo)~~(x*. x*). and so

~lxols~ u(xo) - v(yo) -u(x*) +v(:t*) + 2~lx*ls.

Hence, taking (2.7) into account, we obtain

(2.10)

for all 0<~<1 and some Cll>O independent of ~.

Fix O<a<ao. and set R1=a./a+2Cs and Ca=28(R1)+r(a.)+w(a). We claim that

(2.11) ~(xo. YO)~CI for all 0<~<1.

To see this, we fix 0<~<1, suppose

(2.12)

and will obtain a contradiction. It follows from (2.12) that Xo. Yo E D. Indeed. suppos­
ing Xo € aD or Yo E aD, we have

a contradiction. Since :t-~(x, Yo) has a maximum at Xo E D and u is a viscosity sub·
solution of (2.1), in view of Proposition 2.1 we have

Similarly

Here we used that 7J(r)=r' for 0~r~a/2 and u(xo»v(yo). Subtracting the second
inequality from the first and using (2.2) and (2.3), we have

u(xo) -v(Yo)~2a(Rl)+ H(yo, u(xo) -0,0)-H(:to, u(:to) -0, 0)

~2a(Rl) +r(l:to-Yol) ~28(Rl)+ r(a).

Thus we obtain ~(xo, Yo)~Ca, a contradiction. proving (2.11). It is easy to see from
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(2.11) that U-'II is bounded above by Cs on 0.

Now we repeat an argument similar to the above to complete the proof. Suppose

that (2.5) is false, and choose 0<60<1 so that

(2.13) sup (U-'II) >360.
II

Let a>O, 0<6<60. and choose a point (001. Yl) eJ" so that

(2.14)

This yields in particular

(2.15)

It follows also from (2.14) that

and hence

'l( 1:l:I-Yll)<a{w(lzl-Yll)+e}.

Thus there exists an al>O such that IZI-Yll~af2 and CII(1:1:1-Yll)<eO for all O<a<al

and O<e<eo. The inequalities (2.13) then imply that dist (:1:10 oO»fl and dist (Ylo ofJ»fl

for some fl>O.
Let CECOl(RaN) be a function satisfying

{
C(00I'Yl)=1. O~C~l, suppCCB«(ooloYl);fl),
and IDCI~C4 for some constant C4>0.

For 0<e<af2 choose O<aa<al so that .vIXa(w(a)+e)+2co(.vaa(CII(a)+e))+26<a. Fix

O<e< min {eo. a/2} and O<a<aa. Set

qr(:I:, y)=u(z)-'II(y)-l:. 'l(lz-yl)+eC(z. y)
a

on Ja • According to (2.14) qr attains a global maximum at some point (:l:a. Ya) EJa n
supp C. Notice that OOa, Ya eO. As usual we have

(2.16)

'l(looa-Yal)~a{w(looa-Yal)+e}.

{

I:l;a-Ya~.va(w(a) +6),

: l:l;a-YIII~w(.vr-ar(w'7"(a-')+~6))+6.

Appealing that u and 11 are, respectively. a subsolution and a supersolution of
(2.1) in the viscosity sense. we find that
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U(Xg) -l1(tllb,;;2a(C.£, R(a))+T(IXI-tl. 1(1+ : IXg-tl. I)).
where R(a)=2-v'(m(a)+e)/a+C., and hence

U(X)-l1(X)~qr(x, x)~qr(x., til)

~2a(C.B, R(a))+T(IXI-till (1+ : IXI-til I))+e

for all x EO. In view of (2.16), sending B ~ 0 and a ~ 0 in this order, we obtain
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U(X)-l1(X)~O for all xE 0.

This contradiction to (2.13) proves (2.5). Q.E.D.

3. Modulus of continuity of viscosity solutions

We begin this section by defining an auxiliary function.

LEMMA 3.1. Let a>O and T, To E rCa). Assume that To E CI(O, a]), s-s+sro'(s) is
nondecreasing on (O,a] and ro'(a)=O. Let rl be any uniformly continuous extension

of T to R. Then there exists a unique viscosity solution 16 E C([O, a]) of

(3.1) {
¢(s) -rl(s+sl6'(S))-To(S) =0 in (0, a),
16(0)=0, l6(a)=r(a)+ro(a).

(3.2)

(8.3)

Moreover 16 E r(a) , l6::?:r+ro on [0, a], and 16 is Lipschitz continuous on [e, a] for any

O<e<a. In addition, if r is increasing on [0, a], then 16 E Cl«O, a]), 8-S+8¢'(S) is

nondecreasing on (O,a], and 16'(a)=O.

REMARK 3.1. The proof below shows that 16 does not depend on the extension rl

of r and is determined only by r E rCa).

Proof. The function: (x,u,p)--rl(x+xp)-ro(x) satisfies (AI)-(A8) for J}=(O,a)

and N=1. Thus the uniqueness follows from Theorem 2.1.
To prove the existence of a solution of (3.1), we consider first the case when r is

increasing on (0, a] and show the existence of "a classical solution of

{
l6(s)-r(s+sl6'(s))-ro(s)=O for all O<s~a,

l6(a)=r(a)+ro(a).

We observe that (3.2) for 16 ECI((O, a]l is equivalent to

{
y'(t)+r-l(y(t))=e-l(l+ro'(e-')) for all t::?:b,
y(b)=r(b)

for y(t)=I6(e-I )-ro(e-l ) and b=-)oga. We extend r-I to R so that the extended
function (which we denote again by r-I ) is continuous and increasing on R. The pro­
blem (3.3), with the extended r-t, has a unique solution y ECI([b, 00)).
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This implies that
a=lim y(t) exists.t __

Set f(t)=e-J(l+ro'(e- l )) for t~b. We now claim that r-1{y(t));;;::f(t) for all t;;;::b.

To see this, we suppose that there exists a t 1>b such that r- l (y(t1))<f(t1). Taking
into account that r-1(y(b)) =e-& =f(b), we see that there is a to E [b, t 1) such that

r-I (y(toll=f{tol and r-I(y(tll<f(t) for all to<t::;;t l • From this it follows that y'(t»O

for to<t::;;t1• Hence we obtain y(tol<y(t1l and so f(tol =r-1(y(toll<r-1(y(t1ll<f(ttl. This
contradicts the monotonicity of f, which proves that r-1(y{t));;;::f(tl and, in particular,

y(t»O for all t;;;::b.

Thus y'(t)=f(t)-r-1(y(t))::;;O, and so O<y(t)::;;r(a) for all t;;;::b.

y solves the original problem (3.3). We see also that the limit

Moreover it follows that

0= lim (y(t+1)-y{t))= lim Jl (f(t+s)-r-l (y(t+s))}ds=r-1(a)
t-.. J__ 0

since limf(t) =0. Therefore lim y(t)=O.
J.... l->a>

Set s6(s)=y( - log s)+ro(s) for O<s::;;a and s6(0)=0. Then s6 E 0([0, a])nCl((O, a]) and

s6'(s)-ro'(s)= -"!'y'( - log s)= -..!.{s+sro'(s)-r-l(~(s)-ro(s))
s s

for all O<s::;;a. This shows that s6'(a)-ro'{s)~O, O::;;s+s'{s)::;;a, and ~(s)=r(s+8s6'(sll

+ro(sl for all O<s::;;a. It is now obvious that (3.2) is satisfied for this ~, s-i-s+ss6'(s)
is nondecreasing on (0, a], s6~r+ro on [0, a], and s6'(a)=O.

Before turning to the general ease we look into s6 further. Note first that

(3.4) s::;;s+ss6'(s)::;;a for all o<s::;;a.

Integrating the first inequality in (3.3) over [b,e], with e>b, and sending e-co, we

have

J~r-1(y{tlldt=s6(a)+a.

From this and the fact that y'(t)::;;O for all t>b it follows that if y{cl=r(e) for some
c>b and a>O then a(c-b)::;;¢,{a)+a. This implies that

(3.5)

for all O::;;s<a exp {- (¢'{a) +a)/a} and O<a::;;a.

The proof of existence in the general case is now carried out by approximating
r, reducing to the previous case, and passing to the limit. We can then use (3.4) and
(3.5) to show the compactness of the family of approximate solutions in 0([0, a]).

Q.E.D.

LEMMA 3.2. Let a>O and r E F(al. Let rl be any uniformly continuous extension

of r to R and ~ E r(a) the unique viscosity solution of (3.1) with ro=O. Let hE C(R3N)
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satisfy h(p,-p)=Ofor all PERN. Define A,,={(~.'lI)ERBNII:&-'lII<a} and weUC(J,,)
by w(~,Y)=~U:&-'lII). Thm

(3.6) w-rl(I:&-YI(l+ID.wl))+h(Dw)~O in A"

in the viscosity sen8e, where D= (D•• D.A.

Proof. Let ifJ EGI(A,,) and (~o,Yo) EA". Assume that w-ifJ has a local minimum at
(:&0. Yo). We want to show that

(3.7)

holds.
First we note that w(~o+:&.Yo+aJ)=w(:&o.yo)for all ~ ERN and hence the function:

aJ-'-ifJ(:&o+aJ,lIo+~) attains a local minimum at aJ=O. Hence

(3.8)

This means together with the assumption on h that the last term on the right side of
(3.7) always vanishes. Since ~(O)=rl(O)=O. if aJo=Yo then (3.7) holds.

We consider the case :&o~Yo in what follows. Set e=(aJo-Yo)/laJo-Yol and ro= I:&o-Yol.
Let ~ eRN be orthogonal to e. Then laJo-yo+reI2=roB+rBleIB for all r E R. Recall

that ~ is Lipschitz continuous on [ro/2. a]. Therefore:' ~((r02+rBleIBp/B)=Oat r=O.

On the other hand, r-.(w-ifJ{aJo+ ; e. Yo- ; e) has a local minimum at r=O. Thus.

differentiating this function at r=O. we obtain

From this, using (8.8), we have

(3.9)

for all eE RN which is orthogonal to e.

Now we observe that laJo-yo+rel=lro-rl for all r ER. Hence w(~o+ ; e, Yo- ; e )

=s6(ro+r) for all rER with O~ro+r<a. and so r-.~(ro+r)-ifJ(aJo+ ;e, Yo- ;e) has

a local minimum at r=O.
That is,

or
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if Irl is sufficiently small. Divide the latter by r<O and let r t 0, to get

D.rIJ(xo, yo)·e~O in view of (3.8).

This and (3.9) implies that

(3.19)

Using the definition of viscosity supersolution of (3.1) and the fact that r-9(r)

-rlJ(xo+ ~ (r-ro)e, Yo- ~ (r-ro)e) has a local minimum at r=ro, we have

;(rO)-Tl(ro(l+ ID.rIJ(xo, Yo)I))~O

by virtue of (3.8) and (8.10). As remarked above, this is equivalent to (3.7). Q.E.D.

Our main result here is the following

THEOREM 3.1. Assume (A1)-(A3). Let rer(a) satisfy (2.8) and ue UC(Q) be a

viscosity solution of (2.1). Assume t1l4t lu(x) -U(y)I~1(a) if x, 11 eO and Ix-YI~aand

that lu(x)-U(y)l~1(1x-yn if x,yeO, Ix-YI~a, and either xeao or yeaD. Let

; e r(a) satisfy (3.1) with 10=0. Then,

(8.11)

for all x,ye 0 with Ix-YI~a.

Proof. Set 1I(x, y) =u(x) -u(y) for x, yeO and define J"= {(x, y) e011 Ix-yl<a}

and J"+=((x, y) e J"I u(x)>u(y)}.

If (x,y) eJt,p,qe RN , and Ix-yI(1+lp/)~a, then

H(x, u(x)-O, p)-H(y, u(y)+O, -q)~ -1{1x-yI(1+ Ipl))-l1(jp+ql, Ipl+ Iql).

Define T: [0,(0)_[0,00) and H: J"XRIN_R by

and

Tl(S)= {T(S)
r(a)

for 0~8~a,

for s>a,

By assumption u is a viscosity solution of (2.1) and 80, taking into account the pre.
ceding observation and that 1I~T(a) on J", we find that

(3.12) 11+H(x, 11, Dv)~O in J"+

in the viscosity sense, where D=(D., Dv)'

According to Lemma 8.2, setting w(z,lI)=;{lx-yl) on A", we have

(8.18) w+H(X,lI,Dw)~O in J"
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in the viscosity sense.

By assumption we have vS; w on ,do+ and therefore, by Theorem 2.1, vS;w on ,do+.

Thus we have proved (3.11). Q.E.D.

4. An existence theorem in RN

Our objective in this section is to prove this

THEOREM 4.1. Let D=RN. Assume (A1)-(AS). Then there e:r;iBts a (unique) l1is·
cosity solution of (2.1) belonging to UC(RN).

The uniqueness assertion follows from Theorem 2.1.

We need the following lemmas to prove Theorem 4.1.

LEMMA 4.1. Let (J=RN, and assume (AI)-(AS). Let u e UC(RN) be a viscosity
solution of (2.1). Then

(4.1)

for all x eRN and some constant C5>0 depending only on (f in (2.2), r in (2.3), and
H(O, 0, 0).

LEMMA 4.2. Under the same hypotheses as in Lemma 4.1

(4.2) Iu(:r;)-u(y) IS;C5(1+lx-yl)

holds for all x, y eRN and some constant C6 which depends only on (f in (2.2) and r
in (2.S).

These results are essentially proved in [10]. However, for the reader's convenience,

we reproduce here the proofs.

Proof of Lemma 4.1. We may assume that r is defined on (0,00), (2.3) is satisfied

for all x,y,peRN and ueR, and r(r)S;C7(1+r) for all r~O and some C, >O.

Let A,B>O be numbers to be selected later. Let e>O and set v.(z)=A<x).+B
for xeRN. By virtue of (2.2) and (2.S), we have

11.(X)+H(X,l1.(X). Dv.(x»
~A<x).-r(lx\)+B+H(O, 0, O)-a(A)
~(A-C,)<x).+B+H(O,O,O)-C,-8(A)

for all :r; eRN. Thus, choosing A=C, and B= IH(O, 0, 0>1 +C,+8(C7 ) and sending dO.
we obtain

v(x)+H(:r;,l1, Dv)~O in RN

in the viscosity sense for v(x)=Alxl+B.
By virtue of Theorem 2.1 we now find that
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for all xERN. Similarly we have

(4.4)

for all x ERN. Thus we conclude (4.1). Q.E.D.

Proof of Lemma 4.2. As in the proof of Lemma 4.1 we assume that r is defined

on [0, co), (2.3) is satisfied for all x, y, p € RN and u E R, and r(rk;;;;C7(1+r) for all r~O

and some C7>0.
Set v(x,y)=u(x)-u(y) for x,yERN and J+={(x,y)ERSNlu(x»u(y)}. For any

(x, y) E J+ and p, q ERN, by (2.2) and (2.3) we have

H(x, u(x) -0, p)-H(y, u(y)+O, -q)~ -r(lx-YIl-u(lpll-u(lqll.

Therefore, setting H(x, y, p, q) =-r(lx-yl) -I1(1pl) -O'(Iql) and using that u is a viscosity

solution of (2.1), we have

(4.5) 11(X, y) +H(x, y, D11)::;';O in J+

in the viscosity sense, where D=(D., D,). Notice also that 11(X, y)=O on oJ+.

Let A, B>O be numbers to be chosen later. For any e>O set w.(x, y)=A<x-y).+B

for x,yERN. Then

w.(x, y)+H(x, y, DWI)~(A-C7)<X-y).+B-C7-28(A)

for all x, y € RN. Choose now A=C7 and B=C7+2u(C7), and let e ~ 0, to see that

(4.6) w+H(x,y,Dw)~O in RSN

in the viscosity sense for w(x, y) =Alx- YI+B.

In view of Theorem 2.1, comparing (4.5) and (4.6), we conclude that 11::;';W on RSN,

from which follows (4.2) for C,=C7+2&(C7). Q.E.D.

Proof of Theorem 4.1. As above we may assume a=l. Define H" € C(RNXRXRN)

for nEN by

Then H" satisfies (Al)-(A3). Notice that (2.2) and (2.3) with rand 0' replaced, respec­

tively, by 2r and 20' are satisfied for H=H". It follows also that

(4.7)

and

H,,(:C, u, p)::;';H(x, u, p)
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for all x, p e RN and u E R.

Let u .. E UC(RN) be the unique viscosity solution of u+H..(x, u, Du)=O in RN (see

[10] for its existence). Setting v,,(x)=u,,(x)-1/2"-1 for XERN, in view of (4.7) and

(4.8) we have

(4.9) u..+H(x, u", Du..)~O and v..+H(x, v"' DlI..)~O

in RN in the viscosity sense.

According to Lemma 4.1 {u,,} is bounded on any compact subset of RN. From

Lemma 4.2 there exists a constant Ca>O such that

(4.10) lu,,(x) -u,,(y)I~C8 if Ix-YI~1 and n eN.

Replacing T by a new one if necessary, we may assume 2r(1) ~C8' Recalling that H"
satisfy (2.3) with T replaced by 2r, we conclude by virtue of Theorem 3.1 that

(4.11) IU,,(x)-u,,(y)l ~~(Ix-yl)

for all n e N and some ~ e r(l) if Ix-YI~1.

Therefore {u,,} is an equicontinuous family of functions on RN •

Thus, applying the Ascoli-Arzela theorem to {u,,}, we find a subsequence of {u,,}

(which we denote again by (u,,}) such that u,,(x)-u(x) uniformly on all compact sub­

sets of RN for some uE UC(RN) as u_oo. By Proposition 1.1, (4.9) shows that u is a

viscosity solution of (1.1). The proof is now complete. Q.E.D.

5. Asymptotic behavior of viscosity solutions

We assume D to be unbounded and observe the behavior of a viscosity solution

of (2.1) as Ixl-oo.

Assume (AI) and (A3). For xeD, u e R, and p eRN define H*(x, u, pIeR by

H*(x, u, p)=[H(x, u-O, pI, H(x, U+O, p)). Note that the graph ((u,v)lu eR, 11 e H*(x, u, pH
in R8 is the unique maximal monotone extension of {lu, H(x, u, p))lu ER} for any xED

and peRNo

For any XED we denote by u*(x) the unique solution of

(5.1) u+H*(x, u, 0) 30

(its existence and uniqueness follows from the fact that {(U,lI)1u E R, 'V E H*(:c, u, On is

a maximal monotone graph in R8
). The function u*: D-R is then uniformly con­

tinuous. Indeed, for any x, ye D such that Ix-yl~a and u*(x»u*(y), we have

u*(x) -u*(y)~H(y,u*(y) +0,0) - H(x, u*(x) -0, O)~T(I:c-yl) by (2.3).
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lu*(:c) -U*(lI) IS;r(I:c-yl) if ro,lI EO and 1:C-1I1 S;a.

THEOREM 5.1. Assume (Al)-(A3). Let u e UC(JJ) be a viscosity solution of (2.1)

and u* E UC(O) the unique solution of (5.1) in 0. Then

(5.2) sup lu-u*l<oo.
Q

Proof. There is a uniformly continuous extension of u to OlE{:C ERNI dist (:c, JJ)<o}

for some 8>0. Molifying it, we find a C1 function -a on 0 such that

sup lu-ulS;l and sup IDulS;Co
Q Q

for some Co>O. We may assume that there exists an CI/ EF(a) such that lu(:c)-u(y)l

S;CI/(/:c-yl) for all :c, YEO with 1:C-1I1S;a.

Fix any roo EO satisfying dist (xo, OO»a. The function: ro-+u(:c)-u(ro)-21:c-xoI 2/a2

takes its global maximum at some point ro1 EB(:Co;a). By Proposition 2.1 we have

U(:C1)+n(:ChU(X1)-O, DU(:C1)+ ~8(X1-XO))S;O,

and hence

u(xo)-Cl/(a)+H(xo, u(:Co)-Cl/(a)-O, O)-b(Co+ : )-r(a)s;o

by (AI), (2.2), and (2.3). Thus, setting v(:c)=u(a:)-2w(a)-b(C,+4/a)-r(a), we obtain

(5.3) v(x)+H(x,v(x)-O,O)S;O for all :cE 0.

Since u*(ro)+H(x, U* (:c)+0, 0);:;0 for all :c EO and r-+r+H(:c, r, 0) is increasing for each
:CEO, we see from (5.3) that U*(:C);:;lI(:C) for all xeD.

Similarly we have

U*(X)S;U(X)+2w(a)+b(Co+ : )+r(a)

for all :cE 0. Thus we conclude (5.2). Q.E.D.

REMARK 5.1. The above proof shows that if 11, WE UC(D) are, respectively, visco­
sity sub- and super-solutions of (2.1), then sup (lI-U*)<OO and sup (U*-w) <00.

D ' D

6. An existence theorem on a general open set

Our goal here is to prove the following general existence theorem for (2.1).

THEOREM 6.1. Assume (Al)-(A3) ·and that there exist 'v, W E UC(D) Buch that
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v+H(z,v,Dv):S;;O
w+ B(z, w, Dw);;:::O
v=w em aD
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in the viscosity seme. Then there e:&ists a (uniqu~) viscosity solution u e UO(Ii) of
(2.1) satisfying u=v em aD.

The following observation is needed for the proof of Theorem 6.1.

LEMMA 6.1. Under the above hypotheses there ezist a 'Viscosity subsolutiem v* and

a viscosity supersolutiem w* of (2.1) BUch that v*,w*e UC(li), v*=w*=v on aD, and
sup (w"'-v*)<oo.

Q

Note that w*;;:::v* on 0 by Theorem 2.1.

Proof. Let u"'e UC(ii) be the solution of u(z)+H"'(x,u(a:),O) 30 in O. By virtue

of Remark 5.1 there exists a C10>0 such that v:S;;u"'+C10 and w;;:::u*-C10 on D. Hence

(6.2) on ao.
Extending u* to O,={x e RNI dist (z, D)<a}, with a>o, and molifying it, we find a

Cl function u1* on ii such that sup lu*-u,*I:S;;l and sup IDul*I:s;;C11 for some constant
Q Q

C11 >O. Setting

on Ii

and

on ii,

we see that

functions v·= max {v, VI*} and w·= min {w, WI·}
Q.E.D.

VI*(x)+ B(z, VI*(z) -0, DVI*(z)):S;;O

wl*(z)+H(z, Wl*(Z)+O, Dwl·(z));;:::O

and Vl*:S;;V=W:S;;wl* on ao by (6.2).

In view of Proposition 1.4 the

have the required properties.

in D,
in 0,

Proof of Theorem 6.1. In view of Lemma 6.1 we may assume sup (w-v)<oo.
Q

This together with Theorem 2.1 asserts that v(z):S;; w(a:):s;;v(x)+J for all z e 0 and some

constant J>O.
Set OL=f.mB(O;L)O f.Pr any L>O. For 6>0 and L>O define C••Le BUC(RN) by

{

1 d' -
( )

- 1st (x, OLc
)

Cc.£ Z = 6

. 1 .

if dist(z,O£O)<s,

otherwise.

For each L>O choose a function v£ e BUC(RN) so that 11£=11 on ii£+1' Let 0 eBUC(R)
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be the function defined by OCr)=r for Irl ~J, OCr)=J for r:?J, and OCr) = -J for
r=::;-J.

Now we consider the problem

(6.3)

with e, L>O. It is easily checked that the function

H',L : (:&, U, p)~C ••L!:t)O(B(2:, U, P)+V(:t))-VL(:t)

on RNXRXRN satisfies (Al)-(A3) for D=RN. By Theorem 4.1 we see that (6.3) has
a unique viscosity solution U.,L e UC(RN ) for each B, L>O.

Note that v and ware, respectively, a viscosity subsolution and a viscosity super­

solution of (6.8) in tiLH and also that U',L(:t)=l1L!:t) for all :te rho. Thus

(6.4)

and

(6.5) U••L(:t) =11(:&) for all :t E .oL+1 \ tiL'

By assumption v, we UC(Q) and so we may assume that there exists an co ErCa) such
that 111(:t)-l1(y)l=::;co(l:t-yl) and IW(:t)-w(y)l~co(I:t-yl) for all :z:, yeti with 1:z:-YI~a.

Since l1L=l1 on QL+h B',L satisfies (2.2) and (2.8) for o=iiL+1 and some 7=7. ErIa)

independent of L>O. In order to apply Theorem 3.1 to U••L in iiL+1, we observe from

(6.4) that lu.,Ll:z:)-u•.L!y)l~J+co(a) for all :t,1I EDL+1 with 1:t-1I1 =::;a, and from (6.4)

and (6.5) that IU',L(:Z:)-U',L(1I)I~co(I:t-yl)either if :tEi:h+h yeaiJL+h and l:t-yl::;;;a or
if :l:e aiiL+lo yE iiL+lo and 1:t-YI~a. Replacing 7. by a new one if necessary, we may
assume that 7.(r):?co(r) for O~r::;;;a and T.(a):?J+co(a). Thus, by Theorem 3.1, we
conclude that there exists a tP. ErIa) such that

(6.6) lu.,L!:t) -U.,L(1I)I ~tP.( I:I:-'-yl) for all :t, y e iiL+1 with I:I:-yl ~a.

Inequalities (6.4) and (6.6) together with the Ascoli·Arzela theorem tell that there
exist sequences (L..(e)}c(O, (0) satisfying L ..(a)-+oo and functions u. e UC(ii) for B>O such
that, for each e>O, U•.L(:t)~U.(:t) uniformly on all compact subsets of ii as L=L..(£)-+oo.

Proposition 1.1 ensures that u. is the unique viscosity solution of

(6.7) U+C.(:t)O(H(:t, u, DU)+V(:t))-l1(:I:) =0 in D,

where C. : D~R is given by

() {
.!. dist (:1:,12')

'.:t = e

1

if diat (:1:,12')<B,

otherwise.

We now follow the method employed in [6]. It follows from (6.4) that l1(:t)~U.(:I:)

::;;;w(:I:) for all :l:e!J and a>O. From (6.7) we find that



Hamilton·Jacobi Equations with Discontinuous Hamiltonians 51

1£.+o(H(z, 1£., Du.)+v(z))-v(z) =0 in fJ_.

holds in the viscosity sense, where fJ_. denotes the set {zeDldist(:z:.D'»s}. There­

fore Theorem 2.1 asserts that if O<Jl, I1~S, then

sup 11£1'-1£,,1~ max {O, sup 11£1'-1£,,1}
D_. SD_.

and so

sup l1£p-1£..I~ max{O, sup (w-v)}.
D D\D_.

Thus {1£.}.>o forms a Cauchy net in the supremum norm on D as s lO. Setting 1£(z)

=limu.(z) for zeD, we see that 1£E UC(O), 1£=V on aD. and 1£ solves
°1 0

(6.8) 1£+o(H(z, u, D1£) +v(z)) -v(:z:) =0 in D

in the viscosity sense. Since v(z)~1£(Z)~lI(Z)+J for ZED. we have u(z)-v(x)=O(1£(x)

-v(z)) for all zeD. Observe also that, for s, t ER. s+t~O (resp., s+t~O) if and

only if O(s)+O(t)::;:O (resp., O(s)+O(t)~O). We now conclude from (6.8) that 1£ solves

(2.1) in the viscosity sense. The proof is complete. Q.E.D.

7. Viscosity solutions of the Cauchy problem

In the remaining part of this paper we will discuss existence and uniqueness of

viscosity solution of the CaUChy problem for the Hamilton·Jacobi equation

(7.1) 1£1 +H(t, z.1£, D1£)=O in (O,T)xD,

where O<T<co and H: (O,T)xDxRXRN--+R are given. Dis an open subset of RN,1£

is the unknown. and 1£1 and Du denote. respectively. au/at and (au/ax.... '. au/a:tN)'

We denote by Qr the set (0, T)xfJ and by apQr the parabolic boundary of Qr.

(0. T) XaDU {O} XD.
For any open QcQr. (to,zo)eQ, and (1£o,Po)€RXRN+I we let

H+(to•zoo 1£0' Po) = {(G, b)IG € C(QXRN). b € £1(0. T),

G(t, :t, p)+b(t)~H(t.:t, 1£, p) for all (x, 1£, p) € B((xo, 1£0, Po): a),

a. n. t EB(to: a). and some a>O}

and

H-(to•zo, 1£0, p)={(G, b)lG € C(QXRN), b € £1(0, T).

G(t,z,p)+b(t)::;:H(t,:Z:,u,p) for all (z.1£,p)e B((:Z:o,1£o,Po);Il).

a.a. teB(to:/l), nndsome a>O}.

DEFINITION 7.1. Let Q be an open subset of Qr. (i) 1£e C(Q) is called a 'Viscosity

subsolution (reap., BUpersolution) of (7.1) in Q if s6.(to, :to)+G(to, zo, Ds6(to, xo))~O (resp.,
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¢~(to, Xo)+G(to• Xo. D¢(to, :1:0));;::0) holds for any ¢ e Cl(Q), (to, xo) eQ. and (G, b) eH-(to, xo,
Uo, Po) (resp.• (G, b) e H+(to, uo, uo, Po)), where uo=u(to, xo) and Po=D¢(to, xo). such that

(t, x)-I-u(t, x)+ J:b(s)ds-¢(t, x) attains a local maximum (resp., minimum) at (to, xo).

(ii) ue C(Q) is called a viscosity solution of (7.1) in Q if it is both a viscosity sub­
solution and supersolution of (7.1) in Q.

It is easy to see that this definition of viscosity sub-, super- and solution coincides
with that in M. G. Crandall-Po L. Lions [3] when He C(QTXRXRN). We mention
also that (7.1) has a special form of (1.1) and so we have two concepts of "viscosity
solution" of (7.1) and that a viscosity subsolution (resp., supersolution, solution) of (7.1)
in Q in the sense of Definition 7.1 is a respective one in the sense of Definition 1.1.

The converse is true if (t, x, p)-I-H(t, x, u, p) is continuous for all u e R. Henceforth we
focus our attention on viscosity sub·, super-, and solutions of (7.1) in the sense of
Definition 7.1.

An explanation of the above definition might be in order. Let he £1(0. T) and

consider the ODE u'(t)+h(t)=O in (0, T), a simple case of (7.1). Decomposing h as
h=g+b, where g e C(O, T) and be L1(O, T), we see that an absolutely continuous func­
tion u solves u'(t)+h(t) =0 a.e. in (0, T) if and only if u e C(O, T) and 11 defined by

1I(t)=u(t)+r:b(S)dS is a viscosity solution of v'(t)+g(t) in (0, T) in the sense of [3].

We will need a generalization of Definition 7.1. Indeed we will treat the equation

of the form

(7.2) t9(t, x, U, U 1+H(t. x, u, Du)) =0

DEFINITION 7.2. Let QCQT be open. (i) ue C(Q) is called a viscosity subsolution

(resp., supersolution) of (7.2) in Q if 8(to, Xo, Uo, ¢1(tO' xo)+G(to, Xo, Po))~O (resp.• 8(to• Xo,

Uo, ¢1(tO' xo)+G(to, Xo, Po))~O) is satisfied for any ¢ eCl(Q), (to, xo) e Q, and (G, b) e H-(to,

Xo,uo, Po) (resp., (G,b) e H+(to, xo,uo, Po)), where uo=u(to,xo) and Po=D¢(to,xo), such

that (t, x)-I-u(t, x)+ r>(S)ds-¢(t, x) has a local maximum (resp., minimum) at (to, xo).

(ii) ue C(Q) is called a viscosity solution of (7.2) in Q if it is both a sub- and super­

solution of (7.2).

We present here. a stability result.

PROPOSITION 7.1. Let Hand H .. be functions on QTXRXRN for all neN. Let

QCQT and u .. e C(Q) be viscosity subsolutions (resp., supersolutions) of u~+H..(t, x, u,

Du)=O in Q for all n eN. Assume that H ..-H-I-O in Ll(O, T;C(K)) 'for any compact

KcDXRXRN and u ..(t,x)-I-u(t,x) uniformly on any compact subset of Q for some

ue C(Q) as 11,-1-00. Then u is a viscosity subsolution (resp., supersolution) of (7.1)

in Q.
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Proof. We will prove only the "subsolution" part and omit the proof of the
"supersolution" part since their proofs are similar.

Let ~ E Cl(Q), (to, 000) E Q, and (G, b) E H-(to, 000' uo, Po), where uo=u(to, 000) and Po=

D~(to, 000). Assume that (t, oo)-u(t, 00)+ J: b(s)ds -~(t, 00) has a local strict maximum at

(to, 000),

By definition we have

G(t, 00, p)+b(t)::;:H(t, 00, 1", p)

for all (00,1", p) E B((ooo, uo, Po);d), a. a. t eB(to;d), and some d>O. Therefore, setting

b,,(t) = sup IH,,(t,oo,1",p)-H(t,oo,1",p)1
(s.",p) EB(.O'''O'Po); ~)

for O<t<T, we have

(7.3) G(t, x, p) -b,,(t) +b(t) ::;:H..(t, 00, 1", p)

for all (oo,1",p)eB(xo,uo.po);a), a.a. tEB(o;o), and '11,EN.

Since U,,-U in C(Q) and b,,-O in Li(O, T), we see that (t, oo)-u.. (t, ooY+ J: (b(s)

-b,,(s))ds-~(t, x) have local maximums near at (to, xo), say, at (t.. ,oo,,) for sufficiently
large '11,. We may assume that (t", oo..)-(to, xo) as '11,-00. Thus, in view of (7.3) and
that UtI are viscosity subsolutions of u,+H,,(t,oo.u,Du)=O in Q, we obtain

~I(t", 00,,) +G(t". X.. , D~(t", x,,))::;:O

. for sufficiently large '11,. Sending '11,-00, we conclude that ~,(to,ooo)+G(to, 000, D~(to, 000))

sO. Q.E.D.

REMARK 7.1. Let 8 E C(Qr x RX R). Then the above result remains true if we
change (7.1) for (7.2) and the equation u,+H,,(t, x, u. Du)=O for 8(t, X,1', u,+H,,(t, 00, u,
Du))=O in the statement.

Propositions 1.2, 1.3, and 1.4 are valid for the viscosity solutions which we are

now concerned with. Proposition 1.2 remains true even if the assumption that H is
locally bounded on QTXRXRN is replaced by the condition that, for any compact

ICCDXRXRN, t-sup IH(t,',',')\ is bounded by an integrable function on (0, T).
K

Finally we remark that if QcQr is an open set and UE Ct(Q) satisfies

ul(t, 00)+ H(t, 00, u(t, 00), Du(t, 00)) sO

(resp., UI(t,:I:)+H(t, :1:, u(t, 00), Du(t, 00» ~O)

for all (t, 00) E Qn((0, T) \ Z) X D, where· Z is a null subset of (0, T) I then u is a viscosity
subsolution (resp., supersolution) of (7.1) in Q.



54 Hitoshi ISHlI

8. A comparison theorem for the Cauchy problem

For a>O we let r'1'{a) denote the set of all functions T: (O, T)x [0, a]-+[O, co) such

that r{t, . ) E r(a) for all t E (0, T) and r(', s) EL1(O, T) for all s E[0, a]. IT denotes the
set of all functions u: (0, T)x[O, co) x[0, co)-+[O,co) such that u{t, " .) E X for all O<t<T

and u(', s, r) E £1(0, T) for all s, r;';:::O. We will denote by athe function: (t, r)-+u(t, r, r)

on (0, T)x[O, co) for any uE IT'
Henceforth we make the following assumptions on H.

(A4)

(A5)

(A6)

(A7)

t-+H(t, x, u, p) is integrable on (0, T) for any (x, u, p) EDx RX RN •

{
There is a v E R such that u-+H(t, x, u, p)-vu is nondecreasing on R for all
(x, p) E fJxRN and a. a. t E (0, T).

{

For some u EXT the inequality
IH(t, x, u, p)-H(t, x, u, q)l ~u(t,lp-ql,R)

holds for all (X,U)EDXR, p,qEB{O;R), R>O, and a. a. tE(O,T).

{

For some a>O and r Er'1'(a) the inequality
IH(t, x, u,p)-H(t, y, u,p)l~r(t,lx-y/(l+lpDl

holds for all UER, PERN, x,yED with Ix-yl(l+lpll~a, and a. a. tE(O,T).

Let QCQT and introduce

UC..(Q)={uE C(Q)I lim sup {Iu(t, x)-u(t,Yfll (t,x), (t, y) E QT, Ix-YI~r}=O}.
rIO

Our intention in this section is to prove the next theorem,

THEOREM: 8.1. Assume (A4) , (A5) with v=O, (A6) , and (A7). Let v,vE UC..(QT)

be, respectively, a viscosity subsolution and a viscosity supersolution of (7.1). Then

(8.1)

More generally we have

sup (u-v)~ sup (u-v)+.
0'1' ~pOT

COROLLARY 8.1. Under tke assumptions (A4)-(A7), if f, g E BUC(QT) and v, v E

UC..(Q'1') satisfy, respectively,

(8.2)

and

(8.3)

in tke viscosity sense, then

(8A)

wkere v is a constant for which (A5) holds.
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Q.E.D.

Proof. Let &I E R be a number for which (A5) holds. The function H~ : (t,:I:, U, p)

-H(t,:I:,u,p)-&IU on QrXRXRN satisfies (A4), (A5) with &1=0, (A6), and (A7). And
so does the function H~: (t,:I:,u,p)-e~IH~(t,:I:,e-~lu,e-~lp) on QrXRXRN.

The functions U~: (t, :I:)-e~lu(t,:I:) and v~: (t, :I:)-e~lv(t,:I:) solve, respectively, UI~

+H~(t,:I:,u~, Du~)s;.e~lf and v,~+H~(t,:I:,v~, Dv~)s;.e·'g in Qr in the viscosity sense.

Moreover w~: (t, :I:)-u~(t, :I:)_J' e~' sup (f-g)+(s, ·)ela satisfies W,~+H~(t,:I:, w~, Dw)s;.e~lg
o Q

in Qr in the viscosity sense.

Thus we conclude by virtue of Theorem 8.1 that

sup (w~-1J~)s;.sup (w~-1J~)+o
Or speir

whence we obtain (8.4).

We need the following observations.

LEMMA 8.1. Under the aBsumptions (A4)-(A7), for any compact KcOxRN and

u ER, t-H(t, " u, .) belongs to LI(O, T;C(K)).

Proof. For any 6>0 let p, ECo(R) be a standard molifier. Extend H, a in (AG),

and r in (A7) for ts;.O and t~T by setting them to be zero for ts;.O and t~T, and

define H., a., T. by H.(.,:I:, 14., p)=p.*H(·,:I:, U, p) for (:1:,14., p) eOXRX RN, a.(·, s, r)=

p.*a(·,s,r) for s,r~O, and r.(·,r)=p.*r(·,r) for Os;.rs;.a.

It follows from (A4) that t-+H.(t,:I:, U, p) is continuous on [0, T]. From (A6) and

(A7) we have

(8.5) IH.(t,:I:, U, p)-H.(t,:I:, u, q)1 s;.a.(t, Ip-ql, R)

for all (t,:I:, u) E Qr x R, p, q E B(O;R), and R>O and

(8.6) IH.(t,:I:, u, p)-H.(t, y, u, p)ls;.r.(t, I:I:-yl(l+ Ipill

for all (t,u,p)E(O,T)XRXRN and :I:,YEO with 1:I:-yl(l+lpl)s;.a.

Note that r.Err(a) and a.EXr. Hence, setting f.(r)= sup T.(t,r) and 8.(r,s)
o<l<r

= sup a.(t, r, B), we see that f. E r(a) and ii. E X for all 8>0. Using (8.5) and (8.6),
o<l<r

we have

IH.(t,:I:, u. p)-H.(s, y, 14., q)ls;.IH.(t,:&, u, p)-H.(s,:&, 14., p)\

+8.( Ip-ql, R)+ f.(I:&-yl(l+R))

for all O<t,s<T, UER, p,qeB(O;R), and:&,yEOwith 1:&-yl(l+R)s;.a. Thus H.(·",

U, ')E UC(QrxB(O;R)) for all 14.ER and R>O.

Now let K be any compact subset of Dx RN and fix 14. ER. Choose an R>O so

that Ipl s;.R for all (:&, p) EK. For any 1,1>0 select a finite set ((:&" P,)}i'=l' where m

depends on 1,1, such that
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Assume 7}(l+R)~a. If O<t<T, (X,P)EK, (y,q)EK,lx-YI~7},and Ip-ql~7J, then

IH,(t, x, u, p)-H,(t, y, u, q)l~u.(t,7}, R)+r,(t, 7}(l+R)).

Thus we have

..
IH.(t, x, u, p)-Ha(t,:l:, u, p)l~ J. IH.(t, x" u, Pol-Halt, Xi, u, Pi) I

1:1

+UI(t, 7}, R)+ua(t, '}, R)+r.(t, 7}(l+R))+r,(t, '}(l+R))

for any s, 0>0, O<t<T, and (:c, p) E K, and so

(8.7) J~ s'F IH.(t, " u, .) - Ha(t, " u, ·)ldt

~ EJ2' IH.(t, Xi, u, Pi) - Ha(t, :l:it U, Pi)ldt
'~1 0

+2J~ (u(t, 7}, R)+r(t, '}(l+R)))dt

Recall that H,(·,·, u, .) E C([O, T]xK) and so H(.,·, u, .) E £1(0, T;C(K)) for all

s>O. Notice that

J~(u(t'1J,R)+r(t,7}(I+R)))dt-O as 1J~0

and H'(',:I:,u,p)-H(',:I:,u,p) in Ll(O,T) for all (X,P)EOXRN as s~O. Thus we find
from (8.7) that {H. (" ., U, ·)Is>O} is a Cauchy net in £1(0, T; C(K)) as 8 ~ O. Since

£1(0, T; C(K)) is complete, we now conclude that H(·,·, u, .) ELl(O, T; C(K)) and
H,(·, " u, . )-H(·, " U, .) in Ll(O, T; C(K)) as s ~ O. Q.E.D.

LEMMA 8.2. Assume H satisfies (A4), (A5) with 11=0, (A6), and (A7). Let u,v E C(Qr)

be, respectively, a viscosity 8ubsolution and a viscosity supersolution of (7.1). Let Q

be an open subset of (0, T)X.QB and ti: (0, T)XOBXRBN_R satisfy the condition that

for any (to, :1:0, Yo, Po, qo) EQx RBN there exists a iJ>O such that

(8.8) ti(t,:I:, y, p, q)~H(t,:I:,u(to, xo)-8,p)-H(t, y,v(to, yo)+8, -q)

for all (:I:,y,p,q)eB((:l:o,Yo,po,qo);8) and a. a. tEB(to;8). Then w: (t,:I:,y)-u(t,w)

-v(t, y) solves

(8.9) wl+ti(t,w,y,Dw)~O in Q

in the viscosity sense, where D denote8 the 2N·dimensional gradient operator, (D.., D'I)'

Proof. Let ~eC1(Q), (to,:l:o.yo)eQ, GeC((O,T)x.QBxRBN), be£1(O,T), and 0>0.

Let us write Xo=(wo,1/o), Po=D..~(to,:l:o), qo=D'I~(to,wo), and Po=(Po,qo). Assume that
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G(t,~, y)+b(t)~H(t,~, y, P, q)
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holds for all (~,y,p,q)eB«Xo,po);a) and a. a. teB(to;a), that (t,~,y)--.w(t,:I:,y)

+ J: b(s)ds-16(t,:I:, y) attains a local strict maximum at (to, Xo), and that (8.8) holds for

all (~, y, P, q) e B«Xo, Po) ;a) and a. a. t e B(to;a).
Define H.: Q'I'XRXRN--.R for all 6>0 as in the proof of Lemma 8.1 and set

G.(t,~,p)=H.(t,~,u(to, ~o)-a, p) for all (t,:I:. p) e Q'I'X RN and 6>0. In view of Lemma
8.1, setting

b.(t)= sup /G.(t,~, p)-H(t,:I:, u(to•~o)-a, p)!
(.,pl EBll.o,po);'1

for t e (0, T), we find that b.--.O in £1(0, T) as 6 ~ O.

If 8>0 and a>O are sufficiently small, then (t, s,~, y)--.u(t, ~)-v(s,y)- J:b.(r)dr

+1:(b(r)-b.(r))dr-16(t,:I:, y)_(t-S)I/a attains a local maximum at a point (tlo Slo ~Io Yl)

near at (to, to, ~o, Yo). We may assume that (t lo Slo ~1o Yl)--.(to, to, :1:0, Yo) as a ~ 0 and e ~ 0

in this order.

Note that G.(t,:I:,p)-b.(t):::;;H(t,:I:,u(to,:l:o)-a,p) for all O<t<T and all (:I:,p)e

B((:l:o, Po) ;a). Hence

(8.10)

for sufficiently small 6>0 and a>O, where PI =D.9(t lo :l:1o Yl), as u is a viscosity sub­
solution of (7.1). Next we observe from (8.8) that

H(s, y, v(to, Yo)+a, q)~G.(S,:l:1opl)+b.(s)-G(S,:l:1o Y, Ph -q)-b(s)

for all (y,q)eB«yo, -qo):a/2) and a. a. SEB(to:a) if 6>0 and a>O are small enough.

2(8.11) --(SI-tt)+G,(SIo:l:1o PI)-G(Sh:l:1o Yh Ph ql)~O
a

for sufficiently small 6>0 and a>O, where ql =DIIs6(t lo :l:h 111).

Subtracting (8.11) from (8.10), we obtain

for sufficiently small a>O and 6>0. Taking into account that Sl-tl--'O as a ~ 0, we

have

16,(to, :1:0, yo)+G(to, :1:0' Yo, D16(to, :1:0, Yo))~O

by sending a +0 and e+0 in this order. The proof is now complete. Q.E.D.

REMARK 8.1. Let ge C(QT XR2
) and Fe C((O, T)xQ1XR). Assume that (9(·,·, ·,r)!

r E R} is equicontinuous on QT XR, that
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F(t,:&, V, u-v)~8(t,:&, u, r)-8(t, V, V, r)

for all O<t<T,:&, ve 0, and u, V, r eH, and that r-+8(t,:&, u, r) is nondecreasing on R

for every O<t<T,:I: eO, and u e R. Then, under the same assumptions and notations
as in the Lemma 8.2 except that we now assume u and V to be a viscosity subsolution
and a viscosity supersolution of (7.2), respectively, we have the conclusion: w satisfies

(8.12) min (F(t,:I:, V, w), w,-H(t,:&, V, Dw)}s;O in Q

in the viscosity sense.
We can prove this assertion in the same way as above. The new observation

needed here is that if 8(t,:&, u, r)-8(t, V, v, B)S;O and r>B, then the monotonicity of
r-+8(t,:&, u, r) implies that F(t,:&, V, u-v)S;O.

Proof of Theorem 8.1.

sup (u-v)+=O.
SpOT

We suppose

(8.13)

As in the proof of Theorem 2;1 we may assume that

sup (u-v»O,
QT

and will obtain a contradiction.
The first step is to prove that sup(u-v)<c:o. Set w(t,:&,y)=u(t,:I:)-v(t,V) for

QT

(t,:I:, V) e [0, T) x QI, and define
A...7'= {(t, :&, V) 10:s;;ts;T, :&, VeQ, I:&-vi S;a}

and

.d~,r={(t,:&, v)lO<t<T,:&, ve 0, I:&-vi <a, w(t,:&, V»O}.

By Lemma 8.2, (A6) , and (A7), we find that w satisfies

(8.14) w,-a(t, ID.wl}-a(t, ID~wl}-T(t,1:I:-vl}S;O in .d;.7'

in the viscosity sense.
Choose an increasing function 7J e Cl([O, al) such that l1(r)=rl for 0~rS;aI2 and

lim 7J(r)=c:o. Let a>O, 13>0, 6>0, and be Ll(O, T). Write
rt ..

1 J' 6(l)(t, :&, V) =w(t,:&, V) --7J(I:&-vl)- 131:&18 - b(8)d8--
T

-
a o-t

for any (t,:&, V) e A...T • As in the proof of Theorem 2.1, we see that

w(t,:I:, V) S;Cn(l+1:&1}

for all (t, z, V) e .d...7' and some constant Cn>O. Therefore (l) attains a global maximum

at some point (to, :&0, Yo) e .d...r.
The same techniques as in the proof of Theorem 2.1 show that there exists an
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«0>0 such that
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(8.15)

for all 0<<<<<<0 and p>O and that

(8.16)

for all «>0, O<P<l, and some constant C1S>0.
Assume below that 0<<<<<<0 and O<P<l. Replacing a>O by a smaller one if

necessary. we may assume that there is an CIl e rIa) such that

lu(t, z) -u(t, 71)1 $CIl(lz-yl) and Iv(t, z)-v(t, Y)I$CIl(lz-YlI

if IZ-1/I$a. Set Rt=a/«+Cn • and define be V(O, T) by

b(t)=28(t. Rt)+r(t, a) for t e (0, T).

If <l>(to, :1:0. Yo)$CIl(a). then

(8.17) s~f (u-v- T~t )S:<l>(to, Zo, yo)+Ctl +J~b(s)dBS:CIl(a)+C12+ J~ b(s)ds.

Consider next the ease when <l>(to• 2:0. Yo) >CIl(a). Then w(to•2:0. Yo) >CIl(a) and so
neither to=O. :1:0 E oD nor 1/0 e aD. Noting that

-b(t)$ -8(t, Ipl) - B(t, Iql) -r(t, 12:-1/1)

for all (t.:I:, 71, p, q) e A".TXB(O;Rt) xB(O;Rt) and that

ID{~(IZ-YIl+PI:l:IS)1 =I=(2:-y)+2Pzl <Rt

and

at (2:, 1/) = (zOo Yo). in view of (8.14) we have

(T~t)S $0, a contradiction..

This contradiction means that the ease we are now considering does not occur and
hence (8.17) is always valid.

Because of the arbitrariness of 6>0 we conclude from (8.17) that

(8.18)

where C18=CIl(a)+Cn + J~ (B(t, R 1)+r(t, a))dt.

We begin the next and final step by defining A".T={(t,2:.y)lO<t<T,z,YED,/z-YI
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<a} and H: do.TXRNXRN_R by

H(t,:I:, y,:I:, p, q)= -min (u(t,lp+ql, Ipl + Iql)+r(t,I:I:-YI(l+ Ipl)), CIS+ C1J(a)}.

Here and later we may assume r(t,a)~C18+CIJ(a) for all tE (0, T). Notice that
sup W~C1S+CIJ(a). In view of Lemma 8.2 we find that w satisfies
40 ,T

(8.19) w,+H(t,:I:, Y, Dw)~O in d~,T

(8.20)

in the viscosity sense.
Let bE Ll(O, T) be chosen later. By (8.13), there is an 60>0 such that

sup (U(t, :I:)-lI(t, :I:)_JTb(8)ds--
T

6 )~3eo
(l,s)eOT o-t

provided 0<S<60 and IIbllLlto.Tl :::;;;60. We assume below that IIbllLlto.TI ~6. Choose a
point (th :l:1>Yl) Edo•T for each a>O and O<p, 6<60 so that

(8.21) sup (W(t,ro,Y)-.!.1}(I:I:-Y)I-J' b(B)ds--
S-)-p

(I.s.'le40 ,T a 0 T-t

1 J'1 6<w(th :l:1> Yl) --l/(I:1:1-Yll)- b(B)ds--
T
--

a 0 -t1

(8.21)

This yields, as in the proof of Theorem 2.1,

and also w(t, 1:1:1> Yl» So. Thus we see that there are al>O and 8>0 such that t1>Il,
dist (:1:10 of))> 8, and dist (Y1o of))>c7 if O<a<al'

Let ~ ECo(RSN+1) be a function satisfying ~(th:l:1o Yl)=l, O:::;;;~~l, supp ~CB((t1>:l:l> Yl);

Il), and ID~I:::;;;C, for some constant C,>O. Set

1 J' 6lJf(t,:v, y)=w(t, ro, Y)--I](I:1:-yl)+PC(t,:v. y)- b(8)ds--
T

-
a o-t

for (t,:I:. y) Edo•T • O<a<al. and O<P. 6<60. According to (8.21), vr attains a global
maximum at some point (ta• :Vs. Ys) Edo,T n supp ~. Note that (ta• :vs, Ys) Edo•T•

The techniques used in the proof of Theorem 2.1 show again that we may assume
I:l:s-YILI :::;;;aj2 and that

{

1:l:Il-Yzl~";a(CIJ(a)+p)

~ l:vs - Ysl s:::;;; C1J(";a-'("-CIJ""'(a""')+.,-op=)) + P.

Taking into account that

and
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IDg (; 71(1x-Y)I- fJi;(t, x, Y))I~2.v(w(a)+ fJ)/a+fJC.

for (t, x, 1/) =(tz, Xz, Ya), we set R(a)=4.v(w(a)+60)/a+2soC••

We may assume without loss of generality that r~r(t,r) and r~u(t, r, 8) are con­
cave, respectively, on [0, a] and [0,00) for all O<t<T and 8~0. Then we have

Ir(t, r) -r(t, 8)1 ~r(t, Ir-81)

for all O<t<T and O~r, 8~a and

100(t, r, R)-O'(t, B, R)I ~0'(t,lr-8I, R)

for all O<t<T and r, B, R~O.

By an argument similar to the proof of Lemma 8.1, we thus find that t~r(t,·)

and t~O'(t, " R) belong to £1(0, T; C([O, a])) and £1(0, T; C([O, L])) for any L, R>O, res­
pectively. Extending rand 0' for t~O and t~ T by setting zero and molifying them
with respect to the variable t, we define rpE C([O, T] x [0, a]) and 0'p( " " R) E C([O, T]

x[O,oo)) for all p>O and R~O such that

{

[2' sup Irp(t,r)-r(t,r)ldt~O,
Jo OS;rS;.. .

(8.23)
[2' sup IUp(t,r,R)-O'(t,r,R)ldt~O
Jo OS;rS;£

for all L, R~O as p~O.

Setting

bp(t)= sUP Irp(t,r)-r(t,r)l+ sup 100p(t,r,R(a))-0'(t,r,R(a))l,
OS;r~.. Os;rs;.oC.

we have

(8.24) H(t, X,lI, p, q)~ -O'p(t,lp+ql, R(a))-rp(t,lx-vl(l+ Ipl))-bp(t)

if p>O, (t,x,V, p,q) E d...2'XRtN,lpl+lql~R(a),lp+ql~aoC., and IX-lIl(l+lpD~a. Assume
p>O to be so small that IIbll £1 (0.2'1 ~60' and take bp for b in the definition of lJr.
According to (8.19), (8.22), (8.23), and (8.24), we obtain

(T~ tl)Z fJi;,(t h XlJ VI) -O'p(th fJC., R(a)) -rp(tlJ w(a, fJ)) ~O,

where w(a, fJ)=.va(w(a)+fJ)+ w(.va(w(a) +fJ)) +fJ, if w(a, fJ)<a. Let fJ ~ 0 and a ~ 0 in
this order, to get 6/TZ~O, a contradiction. Q.E.D.

REMARK 8.2. The above proof together with Remark 8.1 shows the following:
Let 9 E C(Q2' X Rt) and we r(a), with a>O. Assume that {9(·,·,·, r)lr E R} is equiconti­
nuous on Q2'XR, r~9(t,x,u,r) is nondecreasing on R for all (t,x,u)eQ2'XR, and

u-'V-Ql(lx-vl)~9(t,:I:,U, r)-9(t, Y,lI, r) holds for all O<t<T,:I:, ye D with Ix-YI~a,
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r ER, and u,ve R with u:2:v. Assume (A4), (A5) with 11=0, (A6), and (A7). Let 11"

ve UC.,(Qr) be a viscosity subsolution and a viscosity supersolution of (7.2). Then

(8.25) sup (u-v)~ sup (u-v)+.
Or spOr

9. Some properties of solutions of the Cauchy problem

We are first concerned with the continuity of solutions of the Cauchy problem
(7.1).

(9.1)

LEMMA 9.1. Let a>O, Toer(a), and Terr(a). Assume that Toe CI((O, a]), s-s+
STo'(S) is nondecreasing on (O,a], and To'(a)=O. Suppose that S-T(t,s) is concave for

all O<t<T. Define TI: (0, T)XR-R by TI(t,S)=T(t,S) for (t,S) e (0, T)x[O,al=O for

(t, s) e (0, T( X (-co, 0), and =T(t, a) for (t, s) E (0, T) x (a, co). Then there exists a unique

viscosity solution tP E C([O, T] X[0, a]) of

{

tP,(t, s) -Tl(t, s+stP.(t, s)) =0 in (0, T) x (0, a),

tP(t,O)=O, tP(t, a) = To(a)+ J>(t",a)dt' for O<t<T,

tP(O, S)=To(S) for O<s<a.

In addition, tP e r r(a), t-tP(t, s) is nondecreasing on [0, T] for aU s e [0, a], and s-;(t, B)

is Lipsckitz continuous on [e, a] for all O<e<a and t E[0, T].

Proof. By the above concavity assumption, ITI(t,r)-TI(t,s)l~TI(t,lr-sll for all
O<t<T and r,sER, and so the function: (t,x,u,P)--Tl(t,~+~p) on (0, T)x(O,a)xR1

satisfies (A4)-(A7). Lemma 8.1 thus implies that t-Tl(t,·) belongs to LI(O, T;

C([-R,R])) for all R>O. We extend Tl to be zero for t:;;;O and t~T, molify the
extended Tl with respect to the variable t, denote the resulting function by TI" with
e>O, and put

b.(t)=suoITl.(t,r)-Tl(t,r)l for O<t<T.
rEB

(O<s<a),
(9.2)

Notice that b.(t)-O in Ll(O, T) as s ~ O.
For any fixed n eN we define ;"J E rIa) nCI((O, a]) for ;=0,1, ... ,n by setting

tP"o=To, h=T/n, and solving

J tP:J(B) -kTl{~k, S+B~"J(B))-tP"J-l(8) =0

1tP J(a) =kTl.(3k, a)+tP j-l(a)

for ;=1,2, ••. ,n. By virtue of Lemma 3.1 the problem (9.2) has a unique solution
for each ;=1, ... ,n.

In view of (8.4) we have
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By (3.5) we have

{J"i(S) :s;; {J"i-I(s)+ kr10(jk, fJ)

for all O:S;;s::;;a exp {- ({J"i(a) +a)/fJ}, O<fJ::;;a, and j=l, • ", n. From this we obtain

(9.4)

for all 0::;;s::;;a exp {- ({J,,"(a) +a)/fJ} , O<fJs.a, and k=l,· •• , n. From the second in­
equality in (9.2) we get

(9.5)

Now define {J" € C([O, T] X [0, a.]) for n € N by setting

~"(t,s) t-(~-l)kl6"i(s)+ jk;:t {J"i-l(S)

if (j-1)ks.t s.jh for some j E {1, •• " n}. We see from the first equality in (9.2) that

0::;;I6"i(8)-{J"i-l(s)::;;hrlo(jk, a) for all O::;;ss.a, j=l, ••• , n, and n EN. Hence

[1/11]
(9.6) Os.{J"(t, s) -{J"(t', 8)::;;h >: Tlo(jh, a)

i~[i1XJ+3

+ (h([t'/h]+ 1) -t')Tlo([t'/h]+1, a)+(t-k[t/k])Tlo([t/k]+1, a)

for all O::;;t'<t::;;T, O::;;s::;;a, and n € N, where [$] denotes the integral part of $ € R.

Thus we conclude from (9.3), (9.4), (9.5), and (9.6) that {{J"lne N} is uniformly bounded
and equicontinuous on [0, T] X [0, a].

Applying the Ascoli-Arzela theorem, we find a subsequence of {16"} (which we
denote again by (16"}) and a {Ja E C([O, T] x [0, a) for each 8>0 such that {J"(t, s)_{Ja(t, 8)

uniformly on [0, T]x[O,a] as n-co. In view of (9.3), (9.4), (9.5), and (9.6) we have

(9.7)

for all O<r, ss.a.

(9.8)

for all Os.ts.T,

(9.9) 16"(t. 8) =To(8) +J: Tu(t', fJ)dt'

for all Os.t::;;T. Os.ss.a exp {- (16°(t, a)+a)/fJ} , and O<fJ::;;a; and

(6.10) Os.{J"(t, s) -16°(t', 8)S.J:Tu(r. a)dr
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for all O~?:<t~T and O~s~a.

We want to show that tPs is a viscosity solution of

(9.11) in (0, T) x (0, a).

To this end, let ¢ e Cl((O, T) x (0, a)) and assume that tP'-¢ attains a local strict maximum
at (to, so) e (0, T) x (0, a). Assuming that n. is sufficiently large, tP"-¢ has a local

maximum at some point (t h 81l near at (to, 80)' He~e we may assume that (t h 81)­

(to, 80) as n.-oo. Choose je {1," ',n} so that (j-1)k~tl~jk. where k=T/n. Then we
have

O~ lim .!.{(tP"(th 81) -¢(th 81))- (tP"(t l -lJ. 81) -¢(tl -lJ, 81))}
~Io lJ

= ~ (tP"j(81)-tP"j-l(81))-¢,(th 81),

and tP".(th 81)=¢.(th 8tl. Hence, using (9.2),

¢,(th 81)-71.(jh, 81+81¢.(th81))~0.

Letting n.-oo, we have

¢,(to. 80)-71.(tO' 8o+8o¢.(to, 80))~0.

Similarly we find that if ¢ e Cl((O; T) x (0, a)) anp tP"- ¢ has a localstrict minimum
at some (to, 80) e (0, T) x (9, a) ~hen .

¢,(to, 80)-71.(to. So + So¢.(to, SO))~O.

Thus, in view that 71' e C(RXR), we conclude that tP" is a viscosity solution of
(9.11) in the sense of Definition 7.1.

It follows from (9.7), (9.8), (9.9), and (9.10) that {tP"le>O} is equicontinuous on
[O,Tlx[O,a]. Sending 6~0 along a sequence, we find a function tPeC([O,Tlx(O,a])

as its limit which satisfies (9.1) in the viscosity sense according to Proposition 7.1.
It is clear that tP e r :r(a), t-(t,8) is nondecreasing on [0, Tl for all 8 e [0, a], and 8-+tP(t, 8)

is Lipsehitz continuous on [e, a] for all O<&<a' and t e [0, Tl. Q.E.D.

REMARK 9.1. For any 70 e r(a) there exists a 70 e ria) n0 1((0, a]) such that 8­

S+870'(8) is nondecreasing on (0,0.], 70' (a) =0, and 70::2:70 on [0, a]. Indeed, selecting
an increasing 1'0::2:70 on [0, a] if necessary and, in view of Lemma 3.1, solving the
problem ¢'(s)-ro(S+8¢'(B))=0 for O<s<a, ¢(O)=O, and ¢(a)=70(a), we find a fuction
¢ e rIa) having the required properties:

LEMMA 9.2. Let a>O, and let 70 e r(a) and 7 Er :r(a) satisfy the same ~s'Umptions

as in. Lemma 9.1. Define 71 as in. Lemma 9.1. and. AQ.:r by

AQ •r = {(t,:I;, y) IO<t< T,:I;; y E RH, Ix-yI<a}.
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Let ;eC([O.T]x[O.a]) be the 'Viscosity solution of (9.1). Let h: (0. TlxRSN_R be such

that hIt. P. -p)=O for all O<t<T and p ERN and t-h(t. ' •• ) belongs to Ll(O. Tj C(K))
for aU compact KcRsN. Then wE UC(Jo,r) defined by w(t.:l:.y)=;(t.I:l:-YI) solves

(9.12)

in the viscosity sense. where D=(D•• Dr)'

Proof. Let t/J E Cl(40 ,r). bE Ll(O. T). G E C(4o.r x RSN). 6>0. and (to. :1:0. y~) e40 .1"

Suppose that

(t.:I:. y) - w(t. z. y)+ J: b(s)ds-t/J(t. z. y)

has a local minimum at (to. z~. 110) and

(9.13) G(t. z. 11. P. q)+b(t)~ -rl(1z-y!(1+\pl»+h(t. P. q)

holds for all (:I:.Y.P.q) EB(zo. 110. Dt/J(to.:l:o.Yo»;Cl) and a. a. teB(to;Cl).
We intend to prove that

(9.14)

(9.15) Po+qo=O

by the same reasoning as in the proof of Lemma 3.2.
We consider first the case :l:o=Yo. Then w(to• :1:0. Yo)=;(t. 0)=0 for all O:S:t:S:T and

and hence

t - J: b(t")dt"-tjJ(t.:I:o. Yo)

has a local minimum at t=to. Therefore

J' b(t")dt"~t/J(t. :1:0. Yo)-t/J(to•Zo. 110)
'0

and so

if t is sufficiently close to to. Thus. for any 8>0. there is a sequence (t"R}C(to-Cl. to)

converging to to such that

b(t"R) -t/J,(r... :1:0•Yo):S:8 for all n EN.

Combine this. (9.13) with t=t"... :1:=:1:0• y=Yo. P=Po. and q=qo. and (9.15). to obtain

for all n EN. Sending n-oo and then 8 ~ 0. we conclude (9.14).
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Now we turn to the case :Co1=yo. Set e=(:Co-Yol/l:Co-Yol and so=l:Co-Yol. As in

the proof of Lemma 3.2, we have

(9.16) po·e=lpol.

As observed in the proof of Lemma 3.2,

for all O~t~T

and r€ R with Iso+rl:s;;a. Therefore

r' (S-so S-so)(t, s) ---+ 16(t, s)+J'0 b(t')dt'-¢ t, xo+-
2
-e,Yo--

2
-e

attains a local minimum at (to, so). On the other hand, defining ge0((0, T) x (0, a) X R)
by

(
B-So S-So )g(t,s,r)=G t,:Co+-

2
-e,Yo--

2
-e,re, -re ,

we have

g(t, s, r)+b(t)~-Tl(t, s(1+r))

for all (s,r) € B((so, IPol); 0) and a. a. t e B(to; 0) by (9.13) and (9.16). Thus, using

(9.16), we obtain

¢t(to, Xo, Yo)+g(to,Bo,IPoll~O

as 16 is a viscosity supersolution of (9.1). Noting that

by (9.16) and (9.15), we conclude (9.14). Q.E.D.

THEOREM 9.1. Assume (A4)-(A7). Let UE UO,,(Qr) be a 'ViBcosity solution. of (7.1)
and To er(a), where a>O is the number in (A7), satisfy the conditions that
lu(t,oo)-u(t,y)I:S;;To(a) if O~t:S;;T,x,ye.Q, and 1:c-YI:s;;a and that lu(t,:c)-u(t,Y)1
:S;;To(l:c-YI) if :c,YED, O:s;;t:S;;T, and either OOEaO, yeaO or t=O. Then there e:llists
an lOer(a) such that

(9.17) lu(t, :c)-u(t, oo)l:S;;lO(lx-YIl

for aU x, Y e.Q with 1:c-I:S;;a and O:s;;t:s;;T.

Proof. Let d...r={(t,oo,y)e(O,T)xOSlloo-YI<a} and dt,r={(t,oo,y)ed•.rlu(t,:c)

>u(t, Yll. Set v(t,:c, y)=u(t, oo)-u(t, y) on J...r .

By using a change of the unknowns we may assume that (A5) is valid for SI=O.

We may assume also that To e 0 1((0, a]), S~S+sTo'(S) is nondecreasing on [0, a], To'(a)=O,
T(t,a)~To(a) for all O<t<T, and 8~T(t,8) is concave on [O,a] for all O<t<T. We

. may assume for 0' e Xr in (A6) that B~O'(t,s, 1') is concave on [0, ex» for all O<t<T



Hamilton·Jacobi Equations with Discontinuous Hamiltonians 67

and r~O and the inequality u(t, 8, R)~u(t,S, r)+2u(t,R-r, r) is satisfied for all O<t<T,

s~O, and O~r~R. (Indeed, the function

u(t,s,r)= sup {IH(t,ro,u,p)-H(t,ro,u,q)1 I xeD, ueR, p,qeB(O; r), Ip-ql~s}

on (0, T) X [0, co) X[0, co) satisfies the above two conditions after modification on a set

of measure zero in (0, T).

Define 71: (0, T)XR-+R as in Lemma 9.1 and H: 40 •r XR'N-+R by

il(t, ro, y, p, q)= -71(t,lro-YI(1+lpl))-u(t,lp+ql,lpl+lql).

Then H satisfies (A4)-(A7) for Qr=40 •r .

In view of (A5)-(A7) and Lemma 8.2, we find that

v,+H(t,ro,y,Dv)$:O in 4:,r

in the viscosity sense, where D=(D., Du)' Thus V+ solves

(9.18)

in the viscosity sense.

Now let rp be the viscosity solution of (9.1) and set wIt, x, y)=rp(t,lro-yl) for
(t, It, y) e J•.r. By Lemma 9.2 we see that

wl+H(t,lt,y,DIO)~O in 40 •r

in the viscosity sense.

According to Theorem 8.1 we conclude that v+(t, x, y)$:w(t, x, y) on J•.r . Thus,

setting Ol(r)= max rp(t, r) for O$:r$:a, we have (9.17).
O,s;I,s;T

REMARK 9.2. The function Ol constructed above depends only on 70 e F(a) and

7e rr(a).

REMARK 9.3. The above method applies to prove the following with the help of

Remark 8.1. Let Be C(QrxRi). Assume the same hypotheses as in Theorem 9.1 except

that u is a solution of (7.1). Assume instead that u is a viscosity solution of (7.2)

and that {8(', " " r) Ire R} is equicontinuous on Qrx R, r-+8(t, ro, U, r) is nondecreasing

onR for all (t,:J:,u)eQrXR, andv-w-701l:J:-yl)$:8(t,:J:,v,r)-9(t,y,w,r) holds for all

O<t<T, :c,yeD with Ix-YI$:a, reR, and v,weR with v~w. Then (9.17) holds for

the same Ole r(a) as in Theorem 9.1.

Now we study the continuity in t of viscosity solutions of (7.1).

THEOREM 9.2. Assume (A4)-(A7). Let ue UC.(Qr) be a 'Viscosity solution of (7.1).
Let a>O and Ole r(a) be BUch that lu(t,:J:)-u(t,y)I$:Ol(l:c-yl) for all O$:t$:T and
:t,yeD with 1:c-YI$:a. Let L>O. Let M>O be larger than sup (Iu(t,:J:)IIO$:t$:T,
lteDnB(O; L+1)} and l,er(T) satisfy lu(t,lt)-u(s,lt)l$:p(lt-sl) for all O$:t, s$:T
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and :l:E B(O; L+l)naD. Let lE L1(O. T) satisfy max (H(t, 0, M,O), -H(t, 0, -M,O)}sl(t)

for a. a. O<t<T. Then there e:l:ists a jlE r(T) depending only on L,M,w,p,l,(1 in
(AG), and r in (A7) BUch that

(9.19) lu(t, :1:)-1£(8,:1:) I::;;jl(l t-BI)

(9.20)

holds for alL Ost, B::;;T and :l:EDnB(O;L).

Proof. For any e>O choose a standard molification kernel P. E CoO>(RN) so that

supp p.cB(O;e) and

for any e>O and some Cu>O.

We can extend 1£ to [0, T)xD" where D,={:l:ERNldist(:I:,D)<a}, in such a way

that J>O depends only on and the resulting function a. satisfies Ia.(t, x)-ii(t, y) I::;;
w(ix-yl) for all O::;;t::;;T, x,yE .0 with Ix-YI::;;a/2. and some iilE r(a/2), where w depends

only on w.

Fix O<a<min [a/2, a} and OSsST. Define 1£•.• E O'"(D) by the convolution 1£•.•=
P••a.(s, .). It is easily vertified that 11£•.• (:I:)-1£(B.:I:)lsw(e) and ID1£•.•(:I:)ISCuiii(e)/e for

all :I: ED.
Select a CI function ¢ on RN so that ¢(:I:)=O for all :l:EB(O; L), ¢(:I:)=M for all

:l:ERN and some C15>O. We now define v•.• E UC.([t,TJxO) by

v•.•(t, :1:) =1£•.• (:1:)+ iii(e)+¢(x)+ p(t-B)

+I: {l(t')+r(t', L+l)+8(r, Cuw(elle+C,~))dt'

It is not hard to check that v•.,~1£ on the parabolic boundary of (B, T)x(DnB(O; L+l))

and that V•.' is a viscosity supersolution of (7.1) in (B, T) X (.0 nB(O; L+1)). Thus we

conclude that 1£Sv•., on [s, T]x(DnB(O; L+l)). We have therefore

1£(t, X)S1£(B, :I:)+2W(e)+p(t-s) +1: (l(t')+r(t', L+l)+8(t', Cuw(e)/e+Cl~))dt'

for all OSB<tsT, xEnnB(O; L), and O<a<min{a/2,iJ}.

Similarly we have

1£(t, x) ~1£(B, x) -2iil(e) - p(t-B) + J: (l(t') +r(t', L+1)+8(r, Cuiii(e)/e+CuHdt'

for all OSB<tsT, :c E ii nB(O; L), and O<e< min (a/2, 131. These two inequalities
together imply the existence of jl E F(T) for which (9.18) holds. Q.E.D.

REMARK 9.4. The following assertion can be proved by the same method as above
with the aid of Remark 8.2. Let 8 E C(QrXR1) and wE F(a), with a>O. Assume that
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{8( " " " r) IrE R} is equicontinuous on QT X R, r-+8(t, x, u, r) is nondecreasing on R for
all (t, x, u) EQTXR, and U-'II-lii(\X-y I) S;;9(t, x, u, r)-8(t, y, 'II, r) holds for all u, 'II ER

with u;Z;'II, x, YE D with Ix-YIS;;a, OS;;tS;;T, and rE R. In addition to these assumptions
we assume the hypotheses of Theorem 9.2 where u is now understood to be a viscosity
solutions of (7.2) and that 8(t,x,u(t,x),J);Z;0 and 8(t,x,u(t,x), -J)S;;O for all O<t<T

and XE DnB(O;L+l). Then there exists a (lE r(T) depending only on J,L,M,(JJ, P.

l, a in (AG), and r in (A7) such that

(9.21) lu(t. x)-u(s, x) lS;;p(l t-sl)

holds for all Os;;t, sS;;T and XE DnB(O;L).

Next we turn our attention to the asymptotic behavior of viscosity solutions of
(7.1) as Ixl-+oo.

H*(t, x, u, p)=[H(t, x, tt-O, p), H(t, x, u+O, p))

for (t. x, u, p) EQT X RX RH. Consider the Cauchy problem

a. e. in (0, T),(9.22) {
Ut(t, x)+H*(t, x, u(t, x), 0) ;,°
u(O, ro)=uo(ro),

where the variables ro are regarded as parameters and Uo is assumed to belong to
UC(O). It is not hard to see by standard approximation techniques that the problem
(9.22) has a unique absolutely continuous solution tt*(t, x) defined on [0, T] for each
XE 0.

From (9.22), in view of (A5) and (A7), we have

:t Iu*(t, ro)-u*(t, y) 1+lllu*(t, x)-u*(t, y) lS;;r(t,lx-yl)

for all re, yE D with Ix-y\s;;a and a. a. O<t<T. Thus

eutlu*(t, re)-u*(t, y) 1s;;luo(ro)-uo(y) 1+r: eU'r(s, lre-yl)cle

for all OS;;tS;;T and re, yE D with \re-yls;;a. This means that u* E UC.([O, T]xD).

LEMMA 9.8. The function U*E UC.([O,T]XO) clefined as a solution of (9.22) is a

'Viscosity solution of

(9.28) Ut(t, x)+H(t, x, u(t, x), 0) =0 in QT.

Proof. Let ~ ECl(QT) , (to, roo) EQT' bE LI(O, T), and GE C(QT X RN) be such that

t/J : (t, re) -I- u*(t, re) + J: b(s)ds-s6(t, re)

has a local maximum at (to,xo) and that b(t)+G(t,ro,p)S;;H(t,re,r,O) for all (re,r,p)

EB((xo,u(to,reo), Ds6(to,xo)); 0), a. a. tEB(to; a), and some 0>0.
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Since t-tP(t. xo) is absolutely continuous on [0. T] and attains a local maximum at

to. we see that [to-e. toW {tj(D,(t. xo)~O} has positive measure for any 6>0. This

implies that there exists a sequences {t.} clOt to] such that t.-to• as n-oo• tP,(t•• xo) =

U*,(t•• xo)+b(t.) -,p,(t•• xo)~O. u*,(t., xo)+H(t•• Xo. u*(t., xo) -0, 0) ~O. and

b(t.)+G(t•• x. p)~H(t., x, T, 0)

for all (x. r. p) € B((xo•u*(to•xo), D;(to. xo); ill. Thus

tPl(t•• xo)+G(t•• Xo. D,p(to•xo))~O

for sufficiently large n eN. Sending n-oo. we conclude that u* is a viscosity subsolu­

tion of (9.23). Similarly we find that u* is also a viscosity supersolution of (9.23).

Q.E.D.
Our result on the asymptotic behavior is this

THEOREM 9.3. Assume (A4)-(A7). Let u.u*e UC.(Qr) be a vicosity solution of

(7.1) and the viscosity solution of (9.23) with the initial data uo=u(O•. ). Then

(9.24) sup lu-u*1 <00.
°T

Proof. Without any loss of generality we may assume the constant II in (A5) to

be zero and that lu(t.x)-u(t,Yll~Q/Ux-ylland lu*(t.x)-u*(t,y)l~Q/Ux-yllhold for

some OlE r(a) if Ix-yl~a.

Set v(t. x. y) =u(t, x) -u*(t, y) on J:.r• where J:.r denotes the set

{(t, x, y) e (0. T) X (J' Ilx-y\<a, u(t, x»u*(t. V)).

By the same method as in the proof of Lemma 8.2 we see that

(9.25) vl-r(t,lx-yll-8(t,ID.vll~0 in J:,T

in the viscosity sense.

Set A=24QJ(a/2)/a. We claim that

(9.26) v(t, x. x) ~Q/(a)+ J: (r(s. a)+ 8(s. A))da

for all (t. x) E Qr such that dist (:t. ( 0
) >a.

To this end we suppose that (9.26) is false. Taking into account that v(O. x. x)=O

for all x EO. we can then choose a point (to. xo) E QT and an 6>0 such that dist (xo, OO»a

and

J
' at - v(t, Xo. xo) -QJ(a) - (r(s. a) +8(s. Alida - -T--
o -t

attains a positive maximum at t=to. Note that u(t.x)~u(t.xo)+Q/(a/2) and u*(t.x)~

u*(t. :l:o)+Q/(a/2) for all O~t~T and x e aB(xo; a/2) and that v(t. X. Y)~Q/(a) if 1:I:-YI~a.

We let«=1201(a/2)/a' and deduce that
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Q.E.D.

(t, x, y) --H(t, x,lI)-cu(a)- J:(T(S, a)+8(s,A)}ds- T~t -a(lx-xell+ly-xol' )

has a positive maximum at some point (tltxltYI)E(O,T)xB(:l:o; a/2)1. In particular

lI(tl,:l:1t 111)>0 and so (tit x" YI) E Atl'.
Since v is a viscosity subsolution of (9.25) and ID~(al:l:-:l:oI2)1<Afor X=X1J we find

thatllJ(T-tl)I~O, a contradiction. From this we conclude (9.26) and hence

u(t, 00) -u*(t,:I:) ~3Ctl(a)+ ~: (T(S, a)+8(s, Allds

for all (t, x) E QT' Similarly we have

u*(t, x)-u(t, X)~3cu(a)+~:{r(s, a)+8(s, A)}ds

for all (t, x) EQT' Thus we finished the proof.

REMARK 9.5. A remark analogous to Remark 5.1 is valid for Theorem 9.3.

10. An existence result for the Cauchy problem

We will prove the following theorem in this section.

THEOREM 10.1. Assume (A4)-(A7) and that there exist a viscosity subsoluticm

lIE UC.(Q,,) and a viscosity supersolution 10E UC~(Q,,) of (7.1) such thet lI=Won [0, T]x aD

and 11(0, •)~w(O, .) on D. Let Uo E UC(O) satisfy 11(0, •)~uo~w(O, .) on D. Then there

exists a unique viscosity solution u E UC~(QT) of (7.1) such that U=lI on [0, T)x aD and

u(O, ·)=uo on D.

An easy consequence of this result is the following.

CoROLLARY 10.1. Let D=RN and assume (A4)-(A7). Then for any UoE UC(RN)

there exists a (unique) viscosity solution UE UC.(QT) of (7.1) satisfying u(O, ·)=uo on
RN•

Proo/. In view of Theorem 10.1 it is enough to prove the existence of a visco·

sity subsolution and a viscosity supersolution of (7.1) which take, respectively, smaller

and larger values than Uo on RN for t=O.

We may assume that s-r(t,s) is defined on [0,(0) for any O<t<T and T(t,S)~

re(t)(l+s) is satisfied for all O<t<T, S~O, and some To ELI(O, T). We can choose a

constant CIO>O such that

IUe(x)I~Cle(l+I:l:I)) for all :l:E RN.

Set
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g(t)= J: (IH(t', 0, 0, 0)1 +8{t',1( T))+To(t'))dt'+ C10,

v(t,x)= -f(t)(x)-g(t) and w(t,x)=f(t)(x)+g{t)

for all O~t~ T and x e RH. It is easy to check that v, w e UC.{Qr), v and ware,
respectively, viscosity sub· and supersolutions of (7.1), and v(O, x)~uo(x)~w(O, x) for
all xe RH. Q.E.D.

For the proof of Theorem 10.1 we need the next lemma.

LEMMA 10.1. Under the assumptions of Theorem 10.1 there e:ciBt a viscosity sub­
solution v* e UC.(Qr) and a viscosity supersolution w* e UC.(Qr) of (7.1) such that v*

=w*=von (0, T)X80, v*(O, ,)~uo~w*(O,·) on 0, and

(10.1)

Proof. By making a change of the unknown we may assume the constant 11 in
(A6) to be zero.

Fix O<e~a and let p. be a standard molification kernel on RH with supp p.cB{O;e).

Set C.= sUi \Dp.l. Let u* be the solution of (9.22). We may assume that
B

lu*(t, x)-u*{t, '11)\ ~w(lx-yl), Iv(t, x)-v(t, '11)\ ~w(lx-yl),

and Iw(t, x)-w(t, till ~w(l:z:-yl)

for all x,veO with I:z:-vl~a, O~t~T, and some wer(a). Define U"=p.*u* in [O,T]

XO_., where O_.={:z:eOldist(:Z:,oe)<e}, and note that

lu"(t, :Z:)-U"(t, v)\ ~w(l:z:-vl)

for all O~t~T and :z:,veo with 1:Z:-lIl~a,

sup lu*-u"l~w(e), and sup IDu"I~C.w(e)/e.
Qr Qr

From the first two and (9.16) we have

u*(t, V)-u*(s, 11)~ - r:H(t', v, U"(t', :z:)-2w(e)-O, O)dt'

and

u*(t, y)-u*(s, y)~ - 1:H(t', 'II, U"(t', :z;)+2w(e)+O, O)dt'

for all O~s<t~T and :c, 'liE D with l:c-vl~a. Multiplying these by p.{x-v) and
integrating with respect to 'II, by using (A7) we get

U"(t, x) -U"(s, x)~ - J: (H(t',:Z;, U"(t', x)-2w(e)-O, 0) -r(t', e))dt'

and
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U·(t, ~)-U'(8, X)~ - J: (H(-r, x, u'(-r, ~)+2w(e)+O, O)+r(-r, e)}d-r

for all OS8<ts T and ~ E f)_.. These imply that t~u·(t,~) is absolutely continuous on
[0, T] for each ~ e f)_. and hence that

u',(t, x)+H(t,~,u·(t, ~)-2w(e)-O,O)-r(t, e)sO

and

U',(t, x)+H(t,~,U"(t, x)+2w(s)+O, O)+r(t, s)~O

hold for a. a. Osts T and each ~ E f)_.. Thus, setting

v"(t,~)=u·(t,~)-2w(e) - J: (r(-r, e)+u(-r, CaCIJ(e)/e))d-r-l

and

w·(t, ~)=u·(t,~)+2CIJ(e)+I: (r(-r, e)+8(-r, C.CIJ(e)/s))d-r+ 1

for (t,~) e [0, T]Xf)_., we see that

v",(t, ~)+H(t, ~,v·(t, ~)-O, p)sO

and
W·,(t, ~)+H(t,~, W"(t, x)+O, p)~O

hold for a. a. Osts T, all P E B(O; C.(e)/s) and each fixed x E f)_•.

We now follow the method of proof of Lemma 9.2 and conclude that

v,·+H(t,~,v·,Dv·)sO in (0, T)xf.L.,

and
w,·+H(t,x,w",Dw·)~O in (0, T)xf)_.

in the viscosity sense. Define

v*(t, ~)= { v(t,~) for (t, x) E [0, T] X (0 \ f)_.) ,
max {v·(t, x), v(t, x)} for (t,~) E [0, T]xf)_.

and

w*(t,X)={ w(t,x) for (t,x)E[O,T]xO\l.L.),
min (w·(t, x), w(t, x)} for (t,~) E [0, TlXf)-•.

Then in view of Remark 9.5 v* and w* have the required properties. Q.E.D.

Proof of Theorem 10.1. By changing the unknown if necessary we may assume

u=l in (A5). We can rewrite (7.1) in the form

(10.2) u+u,+H(t,~,u,Du)=O in Qr,

where H satisfies (A4), (A5) with 11=0, (AG), and (A7).

By virtue of Lemma 10.1 we may assume that
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sup (w-v)sJ for some J>O.
Or

By virtue of Theorem 8.1 we have

(10.3)

Let L, R, «, ft, and s be positive numbers. Let .o,,=DOB(O;L)O and define Ca."

eBUC(RN) and 'lP eBUC([O, 00)) by setting

if dist (x, DL')s«,

otherwise,

and
for OstsT-P,

for T-ftstsT,

for t~T.

Here and later we assume « and p to be small enough and L to be large enough.
Let (J e C(R) be the function defined by

o(r)={ ~
-1

for r~l,

for Irls1,
for rs-1,

and set (JM(r)=MO(r/M) for all reR and M>O. Define H a : QrXRXRN-R by

Ha(t, x, U, p)=H(t,:I:, (Ja(u), (JB(P))

and then Ha.• : QrXRXRN-R by extending Ha for tsO and t~T and molifying the
resulting function with respect to the variable t as in the same way as the proof of
Lemma 8.2. Note that Ha satisfies (A4)-(A7) with the same tI, u, and r as those for
H and that

sup (IHa.• (t, x, u, p)-Ha.•(s, Y, u, qllIO<t, s< T, x, ye .01.,
p,qe RN, It-sl+lx-YI+lp-qlsr,ue R}-O

as r~O. Finally we restrict v to [O,T]XOLH and then extend the result to [O,oo]XRN

so that the resulting function VI. belongs to BUC([O, 00) X RN).

Now we treat the apporoximate problem

(10.4) U+~a.p.z.(t, x)OJ(u.+ HB•• (t, x, u, Du) +v(t, a:))-VL(t, x) =0
in (O,oo)XRN,

where ea.Jl.L denotes the function: (t,x)-1}Jl(t)Ca.L(X), with the initial data

(10.5) u(O, :c)= Ca.z.(x)uo{:C) + (1-Ca.L(X))1IL{O, x)

for all :c eRN.
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We want to apply Theorem 6.1 in order to find a unique viscosity solution of this
problem. The function

(xo, x, 1£, Po, p)-ea.lI.dxo, x)8/(Po+HB•• (xo, x, 1£, p)+lI(Xo, X))-lIL(XO' x)

satisfies (A1)-(AS) for 0= (0,00) XRN. We let Uo.a.£ denote the function on RN defined

by the right side of (10.5). Let tir..1 = {x e RNI dist (x, DL)<I} and choose an increasing
sequence (Mal of positive numbers such that

IHB••(t.:t, U. p)+,v(t, :t)I~Ma

for all O~t~T, xeD£, UER. PERN. and neN and

for all t~O, :t e iJ£.h and n eN. Choose a function (; E C(RN) such that 0~C~1 on
RN, C=l on lh and suPPCC.15L •1• Then thefunctionsiJ,11>eUC([O,oo)XRN) defined by

iJ(t,X)=C(:t){Uo.a.£(:t)- inf {; +Matlne N}}+(1-C(X))lIL (t.X)

and

are, respectively, a viscosity subsolution and a viscosity supersolution of (10.4) by

Proposition 1.4. Moreover il(O. :t)=w(O, X)=uo.a.dx) for all x ERN. We thus conclude
from Theorem 6.1 that the problem (10.4) and (10.5) has a unique viscosity solution

in UC([O,oo)XRN) which we denote by Ua.£.,.B•••

Note that HB•• satisfies (A4)-(A7) with 11=0, (1=(1., and r=r., where (I. and r.
are defined as in the proof of Lemma 8.1. A review of the proof of Lemma 9.1,

Theorem 9.1 and 9.2 shows that the conclusions in Remarks 9.3 and 9.4 are valid for

the collection {HB.• ls>O}. Thus the family {ua.£.II.B•• ls>O} is equicontinuous on
[O.oo)XRN and

IUa.£,II,B•• (t. x)-Ua.£.II.B,.(S,y)l ~(lJa,£,II.Il(lx-YI +It-aD

holds for all (t, x), (s,Y) E[0.00) XRN with Ix-YI+It-sl~a and some (lJa.£.'.R Er(a).

while it is obvious that the family is uniformly bounded on [0.00) XRN. Therefore

Ua.£".B,.(t, :t)-Ua,£.II.Il(t, x)

uniformly on [0.00) XRN for some Ua.£.II.B e BUC([O. 00) XRN ) as e.j. 0 along a suitable
sequence and, by virtue of Remark 7.1. Ua.£.,.B is a viscosity solution of
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Using Remarks 9.3 and 9.4 once again we see that {U...I..Il.BIR> 0, O<fJ< Tj2} is

equicontinuous on [0, T]XRN and moreover

IU",I..Il,B(t, 2:) -U...L.p.B(S, y)l~w..,dl2:-YI+ It-s!)

for all 2:, YERN, t, sE[O, T] with 12:-YI+lt-sl~T and some w...LEr(T). It is ob­

viously uniformly bounded on [0, T]XRN• Thus

U",L.p,B(t, 2:)-+UII.L(t, :1:)

uniformly on [O,T]XRN for some U...LEBUC([O,T]XRN) as fJ~O and R-+= along a

sequence. U ...1. now solves

(10.7) in (0, T)XRN

in the viscosity sense.

It is easily checked that v and ware, respectively, a subsolution and a super·

solution of (10.7) in (0, T) X DL +1 in the viscosity sense by (10.3). By Remark 8.2 it

follows that v(t, :I:)~u..,dt, :I:)~w(t,:t) for all (t,:t) E[0, T]X.oL+1' Applying Remarks 9.3

and 9.4 once more, we see that {u...L1L>M} is equicontinuous on [0, T]xDu for each
M>O and IUa.L(t,:I:)-ua,dt,y)l~w..(I:1:-YIl for all O~t~T,:I:, yEiiL with Ix-ylS:l and

some w.. Er(l). Clearly (ua,L1L>Ml is uniformly bounded on [0, T]xiiu for each M>O,

and then we find a viscosity solution u.. E UC.(Qr) of

(10.8) in Qr.

Since v and ware a subsolution and a supersolution of (10.8) in the viscosity

sense, respectively, by Remark 8.2 we have

v(t, :I:)S:u..(t, 2:)S:w(t,:I:)

Thus, from (10.8), we obtain

sup Iu..-upi s: sup (w-v)
(0.2') XQ_~ (0.1') x (D\Q_~)

for all O<a, fJ<J by Remark 8.2, where f}-~={2:EDldist(2:,no»J} as usual. This

implies that U..-+U uniformly on Qr for some U E UC.(Qr) as a ~ O. And U solves (10.9)

u+O/(ul+H(t,2:,u,Du)+v(t,:I:))-v(t,2:)=O in Qr in the viscosity sense. Clearly vS:u

=::;:w in Qr. Hence u=v=w on [0, T]xan and O=::;:u-v=::;:J in Qr. From the latter

and (10.9) we see that U solves (10.2) in the viscosity sense. Finally notice that

u(O, ·)=Uo. . Q.E.D.
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