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0. Introduction

In this paper we investigate the existence and uniqueness properties of viscosity
solutions of first-order nonlinear partial differential equations including Hamilton-Jacobi
equations.

The notion of viscosity solution for nonlinear first-order partial differential equa-
tions was first introduced in [3] by M. G. Crandall-P. L, Lions. They obtained there
quite general uniqueness results for equations of the Hamilton-Jacobi type

(0.1) H{z, u(z), Dulx))=0 in 2
and
(0.2) w,(t, 2) + H(t, z, u(t, ), Dult, )} =0 in (0,T)x 8,

together with existence results for model equations, P. L. Lions [18, 14} and P. E.
Souganidis [16] made efforts to generalize the existence results, and G. Barles [1]
finally obtained general existence theorems. Meanwhile L. C. Evans-H. Ishii [6] intro-
duced a localization technique for (0.1) and obtained also an existence result similar
to but less general than [11.

Those results are mainly concerned with solutions in the space of bounded, uni-
formly continuous functions, and it was first observed by the author [9] that the
main uniqueness theorems are valid for the class of unbounded solutions which are
(roughly speaking) uniformly continuous in the variables z. Later the author [10]
obtained independently of work of G. Barles {1] general existence results for (0.1) and
(0.2) with 2=R¥ in this class of solutions where the assumptions on H are the same
as those for the uniqueness assertions (this is the case with the results in [1]). See
also M. G. Crandall-P. L. Lions [4] where similar results are obtained independently.
We should mention here that there is much classical literature related to existence
and uniqueness of generalized solutions for (0.1) or (0.2). See, e.g., A. Douglis [5],
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S. N. Krufkov [11, 12], W. H. Fleming [7], A. Friedman [8], and P. L. Lions [13].

Our purpose here is to prove uniqueness and existence theorems for (0.1) and (0.2)
in the class of unbounded solutions mentioned above. One of advances here beyond
[9, 10] is the realization of the fact that one does not need to assume a solution of
{0.1) or (0.2) to grow at most linearly as |z|]—co for its uniqueness. See [10] where
we assumed 2=RY to deduce that a uniformly continuous (in x) solution grows at
most linearly as |x]—co. The other lies in that we do not require H to be continuous.
In fact, except some uniform continuty assumptions on H in its last variables and =
our requirements on H are a monotonicity condition and the integrability in t. We
need, however, to modify the definition of viscosity solution (see Definitions 1.1 and
7.1 bolow).

The plan of this paper is as follows. In §1 the definition of viscosity solution of
(0.1) and some of its basic properties are provided. We present our comparison results
for (0.1) in §2. In §8 we give an estimate of the modulus of continuity of viscosity
solutions of (0.1). In §4 an existence theorem for (0.1) is proved in the case Q=RY.
In §5 a rough observation concerning the asymptotic behavior of viscosity solutions of
(0.1) as |x|]—co is presented. Sections 3, 4, and 6 have a nature of preparations for
§6, and we present our main existence result for (0.1) in §86.

Sections 7, 8, 9, and 10 are concerned with the Cauchy problem for (0.2). The
definition of viscosity solution of (0.2) and some of its properties are presented in §7.
Section 8 is devoted to prove a comparison result for (0.2). Section 9 contains esti-
mates of the modulus of continuity of viscosity solutions of (0.2) and a result con-
cerning the asymptotic behavior of viscosity solutions of (0.2) as |x|—co. The final
section §10 is devoted to prove a general existence theorem for (0.2).

We will use the following notations, For z€ R¥ and »>0, B(x;r) denotes the closed
ball in R¥ of radius » and center z. For ¢>0 and z € R¥, {x). stands for (|z|>+c%)*/2.
For r€ R, r, denotes max{r,0} and, for a function f,f, denotes the function: z—f(z)..
For SCR¥, BUC(S) and UC(S) denote the spaces of all bounded, uniformly continuous
functions on S and of all uniformly continuous functions on S, respectively.

1. Viscosily solutions of stationary problems

Let 2 be an open subset of R¥. In this section we consider the stationary pro-
blem

(1.1) H(z, u(z), Du(x)) =0 in 2,

where H: 2XRXR¥—R is a given function % : @—R is the unknown, and D denotes
the gradient operator, (8/dx,---,d/6xy). The function H is called the Hamiltonian.

Let z,€ 2, uy€ R, and p,€ RY. We define
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(1.2) H+(x,, wo, o) =1{G € C(2X RY)|G(z, p) = H(z,u,p) for all

x € B(x,;8), u€ Bluy;8), pe€ B(py;s), and some §>0}
and
(1.3) H=(%,, %o, po) = (G € CIAX RM|G (z, p) < H(z,%,p) for all

2 € B(x,:8), u € B{ity;8), »€ B(p,;8), and some §>0).

DEFINITION 1.1. Let weC(2). (i) u is called a viscosity subsolution (resp., super-
solution) of (1.1) if G—(z,, Dd(x,)) <0 (resp., G+(x,, Dd(x))=0) holds for any ¢eCH{aQ),
%€ 2 and G- € H-(z,, 1y, ps) (resp., G+e H*(x,, %o, p)), Where wuy=u(z,) and p,=Dg(x,},
such that u—g¢ attains a local maximum (resp., minimum) at z, (i) u is called a
viscosity solution of (1.1) if it is both a viscosity sub- and supersolution of (1.1).

We mention that, when H e C(2 X RXRY), this definition coincides with the original
one in M. G. Crandall-P. L. Lions (8] (see also M. G. Crandall-L. C. Evans-P. L. Lions
[2).

In what follows we use the observation that “local maximum (resp., minimum)”
in the above definition can be replaced by “local strict maximum (resp., minimum)”.
Indeed, for u€C(Q), $€CHD), and e C*Q), if u—¢ attains a local maximum (resp.,
minimum) at x,€ Q and { attains a local strict maximum (resp., minimum) at x,, then
u—¢-+{ attains a local strict maximum (resp., minimum) at z, and D(¢—{){(x,) =Dé(2,).
Thus, e.g., if G-(zy, Dg(x))<0 for all z,€ 9, ¢€C{D), and G-¢€ H-(x,, u(xo),Dd(x))
such that u—¢ has a local strict maximum at z,, then G—(x,, Dg(x,})<0 for all z,€ 2,
$€CY (), and G- € H-(z,, ulx,), Dé(x,)) such that u—¢ attains a local maximum at z,.

Viscosity solutions have a nice stability property.

ProPOSITION 1.1. Let H and H, be functions on QXRXRY for all neN., Let
w,u, €C(A) for all neN. If u, i8 a viscostiy subsolution (resp., supersolution) of
H, (x,%,, Du,}=0 in Q for all ne N, u,(x)->u(x) uniformly on all compact subsets of
2 and H,(z,r, p)—H(z, r, p) uniformly on compact subsets of QX RXR¥ as n—co, then
u 18 a viscosily subsolution (resp., supersolution) of (1.1).

Proof. We prove this assertion only for subsolution and omit the preof for super-
solution as the proof for supersolution is similar to that for subsolution.

Let ¢eC*Q) and assume that u—¢ has a local strict maximum at z,€ 2. Set
uy=2u(%y) and p,=Dg(x,), and let G & H-(xy, 4o, Po). By definition there exists a >0
so that

G(z,p)<H(z, u,p)
for all z¢€ B(x,;3), p€ B(p,:3), and u € B{uy;3). We see also that u,—¢ attains a loeal

maximum near z, for sufficiently large %, say, at z, for all n>n,€ N, where x,—x,
as n—oco,
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Set K=B(x,;0) X B(uy;38) X B(p,; 9),

a,= sup |H,(z,r, p)—H(z,r,p)l,
(s,r,p)eK

and B,=|u(x,) —u,(x;)| for n=>n,. By assumption «,—0 and 8,—0 as n—oco, By (1.2)

we have G(x,»)—a,<H,(z,u,p) for (z,u,p)eK. As H,(z,u,, Du,)<0 in 2 in the

viscosity sense, we thus find that G(z., Dg(x,)) —a,.<0 if n>n, is so large that |z,—z,|

<8, B.<8, and |Dg(z,)—pol<8. Now send n—rco, to obtain G(ze, Dé(z,))<0 and to

finish the proof. Q.E.D.
We now state a few of basic properties of viscosity solutions without proof.

PROPOSITION 1.2. Assume that H is locally bounded on QXRXRY. If weC(Q)
18 @ wviscosity subsolution (resp., supersolution) of (1.1) and Q' is an open subset of 2,
then u ts a viscosity subsolution (resp., supersolution) of (1.1) in Q'.

PROPOSITION 1.8. If ueC(2) and, for any x€ 2, there exists an open netghbor-
hood 2,C such that w i3 a viscosily subsolution (resp., superselution) of (1.1) in 9.,
then u is a viscosity subsolution (resp., supersolution) of (1.1) in Q.

PROPOSITION 1.4. If u,veC(R) are viscosity subsolutions (resp., supersolutions)
of (1.1), then so ts max{u,v} (resp., min{u,v}).

2. A comparison theorem for the stationary problem

Here we are concerned with uniqueness of viscosity solutions of the stationary
problem

(2.1) w(z)+ H(x, u(z), Du(x))=0 in Q.
The next three assumptions will be needed.
(Al) u—H(z, u,p) is nondecreasing on R for all €2 and pe RY.
(a2)  lim sup{|H(z,u, p) - Hz, u, 9l Ip—ql<7,p,q€ BO;R), z€ 2, ucR}=0
for all B>0.
(A8)  lim sup{|H(z, u, p) —Hy, u, p)l| la~yl(l+|p)<r,2,¥€Q, peRY, ue R}=0.

For a given a>0 we denote by [I'(a) the set of all nondecreasing functions
7€ C([0,a)) such that y(0)=0. X denotes the set of all functions ¢ € C([0, o) X[0, o))
such that o(:,7) € I'(a} for all >0 and a>0 and r—o(s, 7) is nondecreasing on [0, <o)
for all $>0. For c€ X,4 will denote the function: r—o(r,7) on [0, ).

We note that (A2) and (A3) are equivalent to the existence, respectively, of s€ 2
such that ,

(2.2) |H(z, u, p)— H(z, 4, 9)|<o(lp—ql, B)
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for all p,qe B(O;R), z€ 2, u€ R, and R>0 and of y€ I'(a), with a>0, such that

(2.3) |Hiz, u, p)— H(y, u, I <r(lz—yI(L+p]))

for all z,y€ 2, we R, and p € R¥ satisfying |z—y|(1+|p])<La.

In the following we agree that we are given ¢€ %, >0, and ye I’(a) such that
(2.2) and (2.3) hold without any reference when we assume (A2) and (AS).

By virtue of (Al) there exist the limits

Hix, u=x0, p)=li:r°1 Hiwx, wke, p)
[ ]

for all x€ 02, ueR, and pe R¥. Note that H(-,-+0,-) satisfy (Al)-(A8) again and,
in particular, H{-,u=0,.) belong to C(2xR¥) for all € R.

PROPOSITION 2.1. Under the assumptions (Al)-{A8), uecC(Q) is a viscosily sub-
solutton (resp., supersolution) of (2.1) if and only if

(2.4) u(x,) + H(Zo, u(2,) —0, Dé(,)) <0
(resp., u(m)+ H{zo, u(wo) +0, Dé(z0)) 2>0)

Jor all e C'() and x,€ 2 such that u—¢ eitains a local mazimum at x,.

Proof. We will prove this assertion only for subsolution. H-(z,,%,, ps) denotes
the set defined by (1.3) for the Hamiltonian: (z,u, p)—u-+ H(zx, u, p).

Assume u € C(9) is a viscosity subsoution of (2.1). Let ¢€ C'(2) and assume that
u—¢ has a local maximum at some z,€ . Setting u,=u(x,) and p,=Dé(z,), we see
from (Al)-(A3) that (z, p)—u,—8+ H(x, u.—3, p) belongs to H-(%x,, %0, Ps) for any 3>0.
Hence, by the definition of viscosity subsolutions of (2.1), we have

U(2) — 38+ H{zo, u(o) — 3, Dp(z,)) <0

for all 3>0. Thus, sending 3 |0, we obtain (2.4).
The “if*” part of the assertion follows immediately from the observation that if
G € H-(xy, %o, Do} for some (o, o, Do} € QX RXRY then G(x,, uq, Do) Ste+ H{z,, Ug—0, Do).
Q.E.D.
Our comparison result is this

THEOREM 2.1. Assume (A1)-(A8). If u,ve UC() are, respectively, a subsolution
and a supersolution of (1.1) in the viscosity sense, then
(2.5) . sup (u—7v)< max {0, sup (u—2v)].
] L)
This theorem yields obviously a uniqueness result for a viscosity solution of (2.1)

in the class UC(8).
As a result of this theorem we have
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COROLLARY 2.1. Assume (A1)-(A3). If u,ve UCQ), f,g€C(R), u+Hix,u, Du)<
Sf(x), and v+ H(x,v, Dv)>g(x) in Q in the viscosily sense, then

(2.6) sup (u—v)< max {sup (u—v), sup (f—g).}.
a0 a

This comparison result was first obtained by M. G. Crandall-P. L. Lions (3] under
the additional assumption that «,ve BUC(@) and He C{2XRXR¥) and later by H.
Ishii [9) in the case when 2=R¥ and H(z,u,p) is independent of 4. See also M. G.
Crandall-P. L. Lions [4].

Proof. We may assume sup(f—g)+<co. Then we UC(R) defined by w(z)=u(x)
—sgp (f—9), satisfies w+ H{z, w, Dw)<g(x) in 2 in the viscosity sense. Thus, by virtue
of Theorem 2.1, we have w—v<max {0, sup (w—v)} on 2 from which follows (2.6).

Q.E.D.

Proof of Theorem 2,1, In order to prove (2.5), we may assume sg)p (u—v)<oo,
In view of (Al), replacing u by u— sslzp {u—2) if necessary, we may assume further
that sa%p (u—2v)<0.

Replacing >0 by a smaller one if necessary, we may assume that there exists
an o€ I'(a) such that

lu(z)-uy)i<o(lz—y|) and |v(z)—v(¥)i<w(lz—y])
for all z,y€ Q with |z—y|<e. Set
d.={(z,y) € 2x Q| |z—y|<a}.

First we intend to prove that the function u—v is bounded above on Q. To see
this, we observe that

() — v(z) Su(0) — v(0) + 2(0(0.)( 1 +%)
for all ze R¥ if 2=RY and that
u(z) —”(x)SZw(a)(1+% dist (z, ag)>
for all e 2 if 2+R¥. Thus we have in general

2.7 u(z)—v(y) Su(z) —v(7) + 0(e) < Ci(1+ =)

for all (z,y) € 4, and some constant C,>0.
Choose an increasing C* function % on [0,a) such that »(r)=7* for 0<r<a/2 and
li{n p(r)=c0. Let a>0, >0 and set

oz, y)=u(x)—v(v)—%n(lx—ul)—ﬂlxl’
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for (x,y)€d,. By virtue of (2.7), @ attains its global maximum at some point (z,, ¥)
€d,. That is,

(2.8) O(%o, Yo) =Pz, y)  for all (z,y) € d..
In particular, ®(zo, ¥o)=®(xs, %) and hence
2.9) L 10— vol) <vlz0)viye) <ol =l
Thus, setting a,=0*/(dwla)), we find that if 0<a<a, then |z,—¥,|<a/2 for all 82>0.
Fix z*€ 2. Again (2.8) yields ®(z,, ¥o) >®(z*, 2*), and so0
Blzo P < ulw) — vlye) —u(z*) +v(2*) + 28|2*|%.
Hence, taking (2.7) into account, we obtain
(2.10) Blxo|<Cy

for all 0<A<1 and some C;>0 independent of 8.
Fix 0<a<a,, and set R,=aja+2C; and C,=24(R,)+r(a)+wle). We claim that

(2.11) D(2o, %) <Cy  for all 0<B<].
To see this, we fix 0<8<]1, suppose
(2.12) O(20, Yo) >Cs,

and will obtain a contradiction. It follows from (2.12) that x,, ¥, € 2. Indeed, suppos-
ing x, € 02 or y,€aQ, we have

Cakl Pz, uQ)Su(xo)—v(uo)s sup (u—v)+ola)<wla);

a contradiction. Since z—®(z,%,) has a maximum at x,€ 2 and u is a viscosity sub-
solution of (2.1), in view of Proposition 2.1 we have

(o) + Hizo, w{2e)—0, %(%—%HZﬁwo)SO-
Similarly
(o) + H(tho, (%) —0, %(%—%))20.

Here we used that n(r)=r® for 0<r<a/2 and u(xz,)>v(y,). Subtracting the second
inequality from the first and using (2.2) and (2.3), we have

u(2o) — v(Yo) L 26( Ry ) + H(Yo, u{ze) — 0, 0) — Hizo, u(x,) —0, 0)
S28(Ry)+r(|20— 1) < 28(R,) + y(a).

Thus we obtain @(x,, 9,)<C,, a contradiction, proving (2.11). It is easy to see from
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(2.11) that ©x—v is bounded above by C; on 2.
Now we repeat an argument similar to the above fo complete the proof. Suppose
that (2.5) is false, and choose 0<e; <1 s0 that

(2.13) Sl‘llp (u—v)>3¢,.

Let a>0, 0<e<e,, and choose a point (z,,¥,)€d, so that
(2.14) sup ((e) — o(4) — (12—l —e <ulem)—o(p)— 71z~
da

This yields in particular

(2.15) sup (u—v)—e<u(z) —v(3)< min {u(z)—2(@), wly)—2)}+o(|zi—nl).

It follows also from (2.14) that
w(e) =) —e<ulw) —oly) -1 gllz =)

and hence
Y|z — ) <alwl|z,—y1]) ¢}

Thus there exists an ;>0 such that |z,—%|<e/2 and o(lz;—nl)<e for all 0<a<a,
and 0<e<e. The inequalities (2.13) then imply that dist (x,,82)>6 and dist (3,,82)>5
for some §>0.

Let {€ C*(R*) be a function satisfying

{ &lw, 11)=1, 001, supp {CTB((z, %);6),
and |D¢|<C, for some constant C,>0.

For 0<e<af2 choose 0<ay<a; s0 that Vag(w(a)+e)+2w(vagwla)t+e))+2:<a. Fix
0<e< min {5y, @2} and 0<a<as Set

¥iw, y)=u(w)—v(y)—% »lz—yl)+el(z, ¥)

on 4,. According to (2.14) ¥ attains a global maximum at some point (x;,¥:)€4.N
supp{. Notice that x;, 9.€2. As usual we have

Pzs—Yol) S a{w(| 2z —ysl) + ¢}

lzs—yaS"/a(w(a)'f'e).
2.16) {

“1;|992"1lz|8$0)(‘v alw(a)+e)+s.

Appealing that % and v are, respectively, a subsolution and a supersolution of
{(2.1) in the viscosity sense, we find that



Hamilton-Jacobi Equations with Discontinuous Hamiltonians 41

(2]

u(:cs)—v(va)S%(C.e.R(a)Hr(|xa—1/a

where R(a)=2v{o{a)+¢)fa+C,, and hence
u(x) —v(z)<F(z, ) <TF (23, ¥s)
<2(Ces, R(a))+r(

Ty—Ys

<1+%Ixr“’!h |))+s

for all z€ 2. In view of (2.16), sending ¢} 0 and « |0 in this order, we obtain

w(z)—v(2)<0 for all ze Q.
This contradiction to (2.18) proves (2.5). Q.E.D.

3. Modulus of continuity of viscosity solutions
We begin this section by defining an auxiliary funetion.

LeMMA 3.1, Let a>0 and y,r,€ I'(a). Assume that y,€ C'((0,a]), s—s+3sry(s) 18
nondecreasing on (0,a) and y,’(a)=0. Let y, be any uniformly continuous extension
of r to R. Then there exists a unique viscosity solution ¢¢c C([0,al) of
8.1) { #(8)—ri(s+84’(s)) —ro(8)=0 in (0,a),

$(0)=0, $la)=rla)+roa).
Moreover ¢eI'(e), ¢=r+7, on [0,a], and ¢ i8 Lipschitz continuous on [e, ] for any
0<s<a, In addition, if r is increasing on [0,a], then ¢ C}{{0,a]), a—rs+3p'(s) 18
nondecreasing on (0,a], and ¢'(a)=0.

REMARK 3.1. The proof below shows that ¢ does not depend on the extension y,
of r and is determined only by y € I'(a).

Proof. The funetion: (z,u,p)——ri(z+2p)—r.x) satisfies (A1)-(A8) for 2=(0,a)
and N=1. Thus the uniqueness follows from Theorem 2.1.

To prove the existence of a solution of (3.1), we consider first the case when 7 is
inereasing on (0,a] and show the existence of a classical solution of

(3.2) { o(8)—r(s+8d’(8)) —7s(8)=0 for all 0<s<a,
) #l@)=r(a)+7rola).
We observe that (8.2) for ¢ € C*{(0,a}) is equivalent to
Y &)+t =e"(1+7s/(e”)) for all t=b,
@8 { y(b)=r(b)

for y(t)=¢le*)—role~*) and b=—loga. We extend ' to R so that the extended
function (which we denote again by y-') is continuous and increasing on R. The pro-
blem (8.3), with the extended y-!, has a unique solution y € C*{[b, )).
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Set fit)=e~*{147,/(e™t)) for t=b. We now claim that y-'(y(t))=f(t) for all t>b.
To see this, we suppose that there exists a £,>b such that r=*(y(t,))<f(t,). Taking
into account that r-'(y(b))=e*=f(b), we see that there is a #,€[b,¢,) such that
r i wlt)=S(t) and M w(t)<f(t) for all t,<t<t,. From this it follows that y'(£)>0
for t,<t<t,. Hence we obtain y(t,)<y(t,) and 50 f(to)=r (W)} <y~ (w(t,)<Sf(t.). This
contradicts the monotonicity of f, which proves that r—i(»(t))=/f(t) and, in particular,

y(t)>0 for all ¢=b.
Thus ' (t)=F(t)—r(¥(t)<0, and so 0<y(t)<y(a) for all t>b. This implies that
y solves the original problem (3.3). We see also that the limit a=}1}£ y(t) exists.

Moreover it follows that
0= lim (y(-+1)~9(0)= lim ([ (f+o)—r-tu-+aNldo=7 e

gince }imf(t)=0. Therefore lggy(t)zo.
Set ¢(s)=y(— log 8)+7(8) for 0<a<a and ¢(0)=0. Then ¢ € C([0,al)NC ({0, ¢]) and

¢’ (8)—rd(8)= —%11’(— log 8)= —‘:—{8+370'(8) =7~ ($(8)—74(8))

for all 0<s<a. This shows that ¢'(a)—7,'(8)=>0, 0<8+8'(s)<e, and ¢(s)=r(a+s¢'(s))
+74(8) for all 0<s<a. It is now obvious that (3.2) is satisfied for this §, s—s4-s¢'(s)
is nondecreasing on (0,al, ¢=r+yr, on [0,a], and ¢'(a})=0.

Before turning to the general case we look into ¢ further. Note first that
(3.4) s<sts8d'(s)<a  for all 0<s<a.

Integrating the first inequality in (3.3) over [b,c], with ¢>b, and sending ¢c~rco, we
have

f Y y(t))dt=p(a)+a.

From this and the fact that ¥'(£)<0 for all t>>b it follows that if y{c)=y(c) for some
¢>b and ¢>0 then e{c—b)<d(e)+a. This implies that

(3.5) 0<g(8) —rol8)<rle)

for all 0<s<a exp {—(d(a)+a)fe} and 0<eLa.
The proof of existence in the general cage is now carried out by approximating
7, reducing to the previous case, and passing to the limit. We can then use (3.4) and
(8.5) to show the compactness of the family of approximate solutions in C([0, a]).
Q.E.D,

LEMMA 8.2, Let a>0 and ye'(a). Let y, be any uniformly continuous extension
of r to R and ¢ e€I'(a) the unigue viscogity solution of (3.1) with y,=0. Let ke C(R*¥)
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satisfy h(p, —p)=0 for all peR¥. Define d,=({(x,y) € R*¥| |x—y|<a} and we UC(,)
by w(z,y)=¢(lz—yl). Then
(8.6) w—r(lz—yl(1+|Dw)) +{Dw)20 in 4,
in the viscosity sense, where D=(D,,D,).

Proof. Let ¢ €C'{4,) and (o, %) € 4,. Assume that w—¢ has a local minimum at
(%o, #0). We want to show that

(8.7) w(%o, Yo) —71{1%o— Yol (14 | D, (%0, Yo)|)) +R(Dep{0, o)) =0

holds.
First we note that w(z,+x, yo+x)=12(%,, %) for all x€ R¥ and hence the function:
T——gh(xy+2, Yo+ 2) attains a local minimum at =0, Hence

(3.8)  Deplo, Yo} + Dy (o, 4o) =0.

This means together with the assumption on : that the last term on the right side of
(8.7) always vanishes. Since ¢(0)=7,(0)=0, if z,=y, then (3.7) holds.

We consider the case 2,%y, in what follows. Set e={(z,—%o)/IZo—¥s| and 7y=|2o—0l.
Let £e RY be orthogonal to e. Then |xy—yp+7é|*=7"+7%£|® for all r€R. Reeall

that ¢ is Lipschitz continuous on [7y/2,a¢]. Therefore -‘f—?.-¢((ro’+'r*|$l”)‘/”)=0 at r=0,
On the other hand, r—(w—¢) mﬁ%&, 'yo—%e) has a local minimum at »=0. Thus,
differentiating this function at r=0, we obtain

(Dap(@o, Yo) — Dyh (@0, o)) £ =0.
From this, using (8.8), we have
(3.9) Do, o) £=0
for all £€ R¥ which is orthogonal to e,

Now we observe that |z,—y,+1e|=|r,—7| for all r€ R. Hence w(xﬁ%e, yo—%g)

=¢(ro+7) for all re R with 0<7+7r<a, and so r—¢(re+7)—¢ mo.;._’z'_e, %_%e) has

a local minimum at r=0,
That is,

r

$lro+1)—g( o+ —e, Yo—5¢

: )2btro)=pizo,v0

or

¢("'o+"')"‘¢("'o)2‘/’(%+%3. uo——;—e>—¢(a=o, %)
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if |r| is sufficiently small. Divide the latter by <0 and let r 10, to get
D,¢(zq, %o)-€=0 in view of (3.8).
This and (3.9) implies that
(3.19) D. (%0, Yo)* €= Degp(%a, Yo) .
Using the definition of viscosity supersolution of (3.1) and the fact that r—gé(r)

—¢ x,+%(r—ro)e, yo——;-(r—ro)e has a local minimum at r=1,, we have

B(ro) = r1(ro(1+|D,p(s, %)) 20
by virtue of (3.8) and (8.10). As remarked above, this is equivalent to (3.7). Q.E.D.
Our main result here is the following

THEOREM 3.1. Assume (Al1)-(A3). Let rerI'(a) satisfy (2.3) and ue UC(Q) be a
viscosity solution of (2.1). Assume that |u(z)—u(y)|<rla) if z,y€ 2 and |z—y|<a and
that |ulz)—u@)<rlz—y)) if z,9€, |z—y|<a, and either z€aQ or ycaQ. Let
pe'(a) satigfy (3.1) with y,=0. Then

(8.11) |u(x)—uy) I<é{|lx—y)
for all z,y€ 2 with |z—y|<a.

Proof. Set v(z,y)=u(z)~uly) for z,y€2 and define 4,={(r,y)€ Q% |z—y|<a)
and 4.*={(z,y) € 4a| u(z) >uly)).

If (z,y)€ 4 p,q€ RY, and |z—y|(1+|p|)<a, then
Hiz, u(x)—0, p)— H(y, u(y)+0, —q)=—r(lz—y|(1+[p)) —o(lp+ql, |p|+lql).
Define 7 : [0, ©0)—[0, ) and H: 4,XR**—R by

_fris) for 0<s<a,
r '(s)_{r(a) for &>a,

and
H(z,y,,9)=—rlz—yl(1+|p])) —o(|p+4ql, |2|+]1q]).

By assumption % is a viscosity solution of (2.1) and so, taking into account the pre-
ceding observation and that v<pr(a) on 4,, we find that

(3.12) v+Hz,y, Dv)<0  in 4,*

in the viscosity sense, where D=(D,, D,).
According to Lemma 8.2, setting w(z, ¥)=¢(|z—y|) on J,, we have

(3.18) w+H(z,y, Dw)>0 in 4,
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in the viscosity sense.
By assumption we have v<w on 4,* and therefore, by Theorem 2.1, »<w on 4,*.
Thus we have proved (3.11). Q.E.D,

4. An existence theorem in R¥
Our objective in this section is to prove this

THEOREM 4.1. Let Q=R". Assume (Al)-(A8). Then there exists a (unique) vis-
cosity solution of (2.1) belonging to UC(R¥Y),

The uniqueness assertion follows from Theorem 2.1.
We need the following lemmas to prove Theorem 4.1.

LeuMA 4.1. Let 2=R¥, and assume (Al)-(A8), Let uc UC(RY) be a viscosity
solution of (2.1). Then
(4.1) Julz) | <Cs(1+]2])
Sfor all x€ R¥ and some constant Cs>0 depending only on o in (2.2), 7 in (2.3), and
H{0,0,0). ‘

LEMMA 4.2, Under the same hypotheses as in Lemma 4.1
4.2) [u(2)—u(y) IS Co(1+]2—yl)
holds for all z,y € R¥ and some constant C, which depends only on o in (2.2) and y
in (2.8).

These results are essentially proved in [10]. However, for the reader’s convenience,
we reproduce here the proofs.

Proof of Lemma 4.1, We may assume that y is defined on (0, o), (2.8) is satisfied
for all z,y,pe RY and ue R, and y(r}<C,(1+7) for all »>0 and some C,;>0.

Let A, B>0 be numbers to be selected later. Let ¢>0 and set v.(z)=A{x).+B
for z¢ R¥. By virtue of (2.2} and (2.8), we have '
v{z)+ H(z, v.(x), Dv.(x))
> Alz)de—1(|z|)+ B+ H(0,0,0)—8(A)
for all xe RY. Thus, choosing A=C; and B=|H{0,0,0)|+C;+4(C,) and sending ¢ |0,
we obtain

v(x)+ H(z, v, Dv) >0 in R¥

in the viscosity sense for v(z)=A4|z|+B.
By virtue of Theorem 2.1 we now find that



46 Hitoshi IsHu

(4.3) u(z) < Gy + | H(0, 0, 0)| + Cr +6(Cy)

for all x€ R¥, Similarly we have

(4.4) u(z) = —Cqlz| — | H(0,0,0)]| —C;—&(Cy)

for all x¢ R¥. Thus we conclude (4.1). Q.E.D.

Proof of Lemma 4.2, As in the proof of Lemma 4.1 we assume that 7 is defined
on [0, ), (2.8) iz satisfied for all =,y,p€ R¥ and u€ R, and p(r)<Cy(1+7) for all =0
and some C;>0.

Set oz, ¥)=u(z)—u{y) for z,yeR¥ and 4t={{z,y)c R*™[u(zx)>u(y)). For any
(x,y) € 4t and p,g€ R¥, by (2.2) and (2.3) we have

Hiz, u(z)—0, p)— H{y, u(y)+0, —g) = —r(lz—y|) —&(|p) —(lqD).

Therefore, setting H(z,y, p,q)=—7r(lx—y1)—o(|lpl)—0(lq]) and using that « is a viscosity
solution of (2.1), we have

(4.5) vz y)+Hw,y, Dy)<0  in 4*

in the viscosity sense, where D=(D,, D,). Notice also that v(z,#)=0 on 84+,
Let A, B>0 be numbers to be chosen later. For any ¢>0 set w.(x, y)=A{z—y).+B
for z,¥€ R¥. Then

w.(%, y)+ H(z, y, Dw.) > (A~ C)Kx— D+ B—Cy—25(A)
for all z,y€ R¥. Choose now A=C, and B=C,+25(C;), and let ¢ |0, to see that
(4.6) w+Hz,y, Dw)>0 in R

in the viscosity sense for w(z,¥)=Alx—y|+B.
In view of Theorem 2.1, comparing (4.5) and (4.6), we conclude that v<w on R®¥,
from which follows (4.2) for C;=C,+24(C;). Q.E.D,

Proof of Theorem 4.1. As above we may assume a=1. Define H, € C{R¥ X RXR¥)
for ne N by

ninnes(ol ) Ao

+H< e ,P if —= k Su<-’f-2ﬂ for some ke Z.

Then IH, satisfies (A1)-(A8). Notice that (2.2) and {2.8) with 7 and ¢ replaced, respec-
tively, by 2r and 2¢ are satisfied for H=H,. It follows also that

4.7) H, (x,u, p)< H(z, u, D)

and
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{4.8) H.(z,u,p)=H| =z, u——z,,lT,. p)

for all z,p€ R¥ and u€cR.

Let u, € UC(RY) be the unique viscosity solution of %+ H,(z,u, Du)=0 in RY (see
[10]) for its existence). Setting w.(z)=wu.(z)—1/2"* for x€ R¥, in view of (4.7) and
{4.8) we have

(4.9 w,+ H{z, %,, Du,)=0 and v,+Hlz,v,, Dv,)<0

in R¥ in the viscosity sense,
According to Lemma 4.1 {u,} is bounded on any compact subset of R¥. From
Lemma 4.2 there exists a constant C3>0 such that

(4.10) [#a () =2 ()| LCs if |x—y|<1l and neEN.

Replacing 7 by a new one if necessary, we may assume 2r(1)>C;. Recalling that H,
satisfy (2.3) with 7 replaced by 27, we conclude by virtue of Theorem 8.1 that

(4.11) [a(z) —ua(p)| <(l—y])

for all n€ N and some ¢ I'(l) if |z—y|<1.
Therefore {u,} is an equicontinuous family of functions on R¥.

Thus, applying the Ascoli-Arzela theorem to {u,}, we find a subsequence of {u,}
(which we denote again by {u,}) such that u,(z)—u(x) uniformly on all compact sub-
sets of RY for some u ¢ UC(R¥) as #—co. By Proposition 1.1, (4.9) shows that » is a
viscosity solution of (1.1). The proof is now complete, Q.E.D.

5. Asymptotic behavior of viscosity solutions

We assume 2 to be unbounded and observe the behavior of a viscosity solution
of (2.1) as |z|—co.

Assume (Al) and (A3). For z€Q, ueR, and pe R¥ define H*(x,u,p)"R by
H*(z,u, p)=[H(z,u—0, p), H(z,u+0, p}]. Note that the graph ((u, v)lu € R, ve H*(x, u, p)}
in R? is the unique maximal monotone extension of {(u, H(x,u,?))|n € R} for any z¢ 2
and pe R¥,

For any z€ 2 we denote by #*(x) the unique solution of

(5.1) u+H*¥x,%,0)250

(its existence and uniqueness follows from the fact that {(x,v)lue R, ve H*(x,%,0)} is
a maximal monotone graph in R%®. The function «*: @—R is then uniformly con-
tinuous. Indeed, for any z,y€ 2 such that |z—y|<a and u*(x)>u*(y), we have

w*(z)—u* (W) < Hly, u*(9)+0,0)— H(z, u*(z)—0,0)<r{lz—yl) by (2.8).
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Hence
[#*@)—u*W)|<r(le—yl]) if z,ye2 and [z—y|<e,

THEOREM 5.1. Assume (A1)-(A3). Let uwe UC(Q) be o viscosily solution of (2.1)
and w* ¢ UC(Q) the unigue solution of (6.1) in 2. Then

{5.2) sup Ju—u*| < oo,
Proof. There is a uniformly continuous extension of u to 2,={xc R¥|dist (z, 2)< 8}
for some ¢>0. Molifying it, we find a C* function # on £ such that
sup ju—#|<1 and sgp]DﬁlSCe
for some C,>0. We may assume that there exists an we€ I'(a) such that |#{z)—7i(y)|
<ol(jz—y|) for all z,y€ 2 with |z—y|La.

Fix any =z, € Q satisfying dist (z,, @°)>>a. The function: z—u(x)—7a(z)—2|s—x.|*/a?
takes its global maximum at some point z, € B(x,;a). By Proposition 2.1 we have

ule)+ H{ 2, w(z,)—0, Da(ml)+§;(x1—xo))so,
and hence
4
o) — (@) + Hizo, u(z) — (@) -0, 0)—a(ca+;)~r(a)so

by (Al), (2.2), and (2.3). Thus, setling v(x)=u(z)—20(a)—5(C,+4/a)—r(a), we obtain
(6.8) v(z)+ H(z, v(z)—0,0)<0  for all ze Q.

Since u*(x)+ H{zx, 4*(x)+0,0)>0 for all zc Q and r—r+ H{z,»,0) is increasing for each
z€ £, we see from (5.8) that u*(z)>v(x) for all z¢ Q.
Similarly we have

for all x€ 2. Thus we conclude (5.2). Q.E.D.

REMARK 5.1. The above proof shows that if v, we UC(Q) are, respectively, visco-
sity sub- and super-solutions of (2.1), then S‘l,lp.(‘v—u*)<oo and sblp (u*—w) < oo,

. 6. An existence theorem on a general open set
Our goal here is to prove the following general existence theorem for (2.1).

THEOREM 6.1. Assume (A1)-(A3) and that there exist-v,we UC(2) such that
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: v+ H(z, v, Dv)<0 n Q,
(6.1) w+ H(z, w, Dw) >0 n 0,
v=w on aQ

in the viscosity sense. Then there exists a (unique) viscosity solution ue€ UC(2) of
(2.1) satisfying u=v on aQ.

The following observation is needed for the proof of Theorem 6.1.

LEMMA 6.1. Under the above hypotheses there exist a viscosity subsolution v* and
a viscosity supersolution w* of (2.1) such that v*,w*e UC(Q), v*=w*=v on 32, and
sgp (w*—1*) <00,

Note that w*>v* on 2 by Theorem 21.

Proof. Let u*e UC(Q) be the solution of u(x)+ H*(z,u(x),0)30 in 2. By virtue
of Remark 5.1 there exists a C,,>>0 such that v<u*+C,, and w>u*—C,, on 2. Hence

{6.2) u*—Cp<v=w<u*+C, on aQ.
Extending u* to Q:={x¢c R¥|dist (x, 2)< 3}, with >0, and molifying it, we find a
C* function u,* on 2 such that sup lu*—u,*1<1 and sBpIDul‘lsC,, for some constant
Cy,>0. Setting
¥ (x) =u,*(2)— Cyo—1—6(Cy) on £
and
wy*(z) =u,*(x)+Cyo+1+8(Cyy) on {2,
we see that
v,*(z)+ H(z, v,*(z)—0, Dv,*(z)) <0 in 9,
w,*(z) + H{z, w,*(x)+0, Dw*(x)) >0 in 2,
and v*<v=w<w,* on 92 by (6.2).
In view of Proposition 1.4 the functions v*= max {v,v,*} and w*= min {w, w,*)
have the required properties. Q.E.D.
Proof of Theorem 6.1. In view of Lemma 6.1 we may assume s%p (w—v)< oo,

This together with Theorem 2.1 asserts that v(z)<w(z)<v(x)+J for all € 2 and some
constant J>0,
Set ,=0NB(0;L)° for any L>0. For ¢>0 and L>0 define {..,.€ BUC(R¥) by

1o o
C..L(m)={ Zdist(z, By)  if dist(z, D01<e,

1 : otherwise,

For each L>0 choose a function v, € BUC(R¥) so that v,=v on @,,,. Let 8¢ BUC(R)
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be the function defined by @(r)=r for |r|<J, 0(r)=J for r>J, and O(r)=—J for
r<—d.
Now we consider the problem

(6.3) U+ Lo L(0)0(H(m, u, Du)+v(x))—v,(x)=0 in RY,
with s, L>0. It is easily checked that the function
H,p : (z,u, p)=L..(x}0(H(w, u, p)+v(x)) —vL(2)

on R¥XRXRY satisfies (A1)-(A3) for 2=R¥. By Theorem 4.1 we see that (6.3) has
a unique viscosity solution u.,,€ UC(R¥) for each s, L>0.

Note that v and w are, respectively, a viscosity subsolution and a viscosity super-
solution of (6.8) in 2,., and also that u.,(z)=v,(x) for all ze 2,°>. Thus

(6.4) (@) <the,(B)<w(x) for all ze Py,
and
(6.5) U (z)=v(z) for all ze ...\ Q..

By assumption v, w¢€ UC(Q) and so we may assume that there exists an € I'(a) such
that |v(z)—v(y)|<o(lz—yl) and |w(z)—w(y)|<o(lz—y]) for all z,ye2 with |z—y|<a.
Since v,=v on §;,,, H., satisfies (2.2) and (2.3) for @=@,,, and some r=7.€ I'(a)
independent of L>0. In order to apply Theorem 8.1 to u.,, in 2,,,, we observe from
(6.4) that |u...(x)—u. W <T+wla) for all z,y€ Dy, with |z—y|<a, and from (6.4)
and (6.5) that [t...(2)—u..(¥)| <w(|z—y|) either if z€ 41, y€ddy,.,, and |Jx—y|<a or
if €804, v€ D141, and |z—y|<a. Replacing 7. by a new one if necessary, we may
assume that 7.(r)=o(r) for 0<r<a and r.a)>J+w(a). Thus, by Theorem 3.1, we
conclude that there exists a ¢, € I'(a) such that

{6.6) [e. () =20 (%) | < Sellz—yl) for all z,y€ Qp4y with jz—y|<a.
Inequalities (6.4) and (6.6) together with the Ascoli-Arzela theorem tell that there
exist sequences {L.(e)} (0, o) satisfying L.(e)—co and functions u, € UC(2) for ¢>>0 such

that, for each >0, u, . (x)—u.{z) uniformly on all compact subsets of & as L=L,(c}—co.
Proposition 1.1 ensures that «. is the unique viscosity solution of

(6.7) w+C(x)0(H(z, v, Du)+v(z))—v(x)=0 in 0,
where {, : Q—R is given by

1. W e .
c.(w)={ Zdist(z,29) if dist(z, 0°) <,

&
1 otherwise,

We now follow the method employed in [6]. It follows from (6.4) that v{zx)<u.(z)
<w(z) for all z€ 2 and ¢>0. From (6.7) we find that
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u.+0(H(z, u., Du.)+v(x))—v(z)=0 in Q..

holds in the viscosity sense, where Q_. denotes the set {x¢ 2|dist(z, &)>¢}. There-
fore Theorem 2.1 asserts that if 0<p, v<e, then

sup |us~u,| < max {0, sup |[u.—u,(}
0Q_, 90_

and so
sup fos— ] < max {0, a?}:’?. {(w—2v)}.

Thus {u.}.>o forms a Cauchy net in the supremum norm on Q as ¢l 0. Setting u(x)
=Ii;r? u.{x) for x€ 2, we see that e UC(Q), u=v on 802, and u solves
8

(6.8) u+0(H{z, u, Du)+v(z))—v{z)=0 in 2

in the viscosity sense. Since »(z)<u(z)<v(z)+J for x€ 2, we have u(z)—v(z)=0(u(x)
—o(z)) for all z€ 2. Observe also that, for s,te R, 8+t<0 (resp., s+t>0) if and
only if 6(s)+0(t)<0 (resp., 8(8)+0(t)=0). We now conclude from (6.8) that % solves
(2.1) in the viscosity sense. The proof is complete, Q.E.D.

7. Viscosity solutions of the Cauchy problem

In the remaining part of this paper we will discuss existence and uniqueness of
viscosity solution of the Cauchy problem for the Hamilton-Jacobi equation

{(7.1) w,+Hit,z,u, Duy=0 in (0,T)xQ,

where 0<T<eo and H: (0,T)X2XRXR¥—R are given, @ is an open subset of R¥, u
is the unknown, and %, and Du denote, respectively, au/ot and (du/dx,, -- -, dufoxy).

We denote by Qr the set (0,T)x£2 and by 3,Qr the parabolic boundary of Q,
(0, T)x22U {0} x 2.

For any open QCQr, (L, 2o) €@, and (u,, Do) € RX RV we let

HH(ty, 2o, o, Po)={(G, D) |G € C(Q X RY), be LY0, T),
Git,z, p)+b(t) = H(t,x,u,p) for all (xz,u,p)€ B((xy, to, Po); 3),
a. a. teB(t,;d), and some >0}

and
H'(to. 370. uﬂl p)= {(G’ b)IG € C(Qx RN)’ b € Ll(oy T)p
G(t,, p)+b(t) < Hit,m,u,p) for all (z,u,p)€ Bllzo, %o, Po)id),
a. a. L€ B(t,;3), and some 3>0).

DEFINITION 7.1. Let @ be an open subset of Q7. (i) u€ C(Q) is called a viscosity
subsolution (resp., supersolution) of (7.1) in Q if &,(t,, To)+G(Ls, xo, DP(ts, 2.)) <0 (resp.,
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Bel(Ly, Zo) + G o, %o, D(ts, 30)}=0) holds for any &€ CHQ), (to, o) € Q, and (G, b) € H-(t,, %o,
Ug, Do) {resp., (G,b) € H*(ty, ug, Uo, Po)), Where u,=u(fy, x,) and py=Dé(ts, %,), such that
(¢, w)—»u(t,m)+j:b(s)ds—¢(t,x) attains a local maximum (resp., minimum) at (f, x,).
(i) #eC(Q) is called a wviscosity solution of (7.1) in Q if it is both a viscosity sub-
solution and supersolution of (7.1) in Q.

1t is easy to see that this definition of viscosity sub-, super- and solution coincides
with that in M. G. Crandall-P. L. Lions [3] when He C(QrXRXR¥). We mention
also that (7.1) has a special form of (1.1) and so we have two concepts of “viscosity
solution” of (7.1) and that a viscosity subsolution (resp., supersolution, solution) of (7.1)
in @ in the sense of Definition 7.1 is a respective one in the sense of Definition 1.1.
The converse is true if (¢, x, p)—H(t, x, %, p) is continuous for all x € R. Henceforth we
focus our attention on viscosity sub-, super-, and solutions of (7.1) in the sense of
Definition 7.1.

An explanation of the above definition might be in order. Let he L}0,T) and
consider the ODE w/(t}+h(t)}=0 in (0,T), a simple case of (7.1). Decomposing h as
h=g+b, where ge C(0,T) and be L}(0, T), we see that an absolutely continuous funec-
tion u solves u/(t)+h{(t)=0 a.e. in (0,T) if and only if e C{0,T) and v defined by
v(t)=u(t)+j:b(s)ds is a viscosity solution of v'(t)+¢(t) in (0,T) in the sense of [3].

We will need a generalization of Definition 7.1. Indeed we will treat the equation
of the form

(7.2) o, x, u, u,+ H(t, ,u, Du))=0 in Q.

DEFINITION 7.2. Let QC@r be open. (i) u€C(Q) is called a viscosity subsolution
(resp., supersolution) of {7.2) in @ if 8(fo, To, Uo, Pulto, Lo} + G (Lo, Ty, Po))} <0 (resp., B(t,, %o,
o, Pelto, To) +Gto, To, Po)) <0) is satisfied for any ¢ e CHQ), (L, %) €@, and (G,b) e H-(t,,
T, o, Do) (reSp., (G,b) € H*(Ly, Tg, %o, Po)), Where uo=u(ts,x,) and po=Dg(t;, o), such
that (t,w)—»u(t,:c)+§:b(s)ds—¢(t,m) has a local maximum (resp., minimum) at (¢,, 2,).

(i) ueC(Q) is called a viscosity solution of (7.2) in @ if it is both a sub- and super-
solution of (7.2).
We present here a stability result.

PROPOSITION 7.1. Let H and H, be functions on QX RXR¥ jfor all neN. Let
QCcQr and u, €C(Q) be viscosity subsolutions (resp., supersolutions) of w,+H,(t,z,u,
Du)=0 in Q for all ne N. Assume that H,—H—0 in L}0,7;C(K)) for any compact
KCOXRXRY and u.(t,x)—u(t,z) uniformly on any compact subset of Q for some
u€C(Q) as n—oo, Then wu 8 a viscosity subsolution (resp., supersolution) of (7.1)

in Q.
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Proof. We will prove only the *“subsolution” part and omit the proof of the
“supersolution” part since their proofs are similar,
Let ¢ECI(Q)’ (t!h xo)eQ, a‘nd (Gp b)eH_(tﬂx mO’uh po)» Where u0=u(t0) 970) and p0=

Dé(ty, o). Assume that (t,x)—-»u(t,x)+5'b(s)ds—¢(t, 2) has a local strict maximum at
(t0, %o). o
By definition we have
G(t, =, p)+b(t) < H{t, z,r, D)
for all (x,r, p) € B((%, %o, Po);8), 8. a. £€ B(ty;d), and some 3>0. Therefore, setting
ba(t)= su. |H,(t, =, r, p)— H{t, =, 7, D)

p
(z,7,9) € B(5g,40,9): &)
for 0<t<T, we have
(7-3) G(t: z, p)_bn(t)'*'b(t)SHn(t: z, T, p)

for all (z,r, p) € B(%s, %o, Po); 8), 8.a. t€ Blo;6), and ne N.
Since u,—u in C{@) and b,—0 in LY0,T), we see that (¢, x)—»u,.(t,x)'—kj {b(a)

t

0
—b.(s)}ds—g(t, x) have local maximums near at (i, x,), say, at (¢,,z,) for sufficiently
large n. We may assume that (¢.,x.)—(t, 2,) a8 n—co. Thus, in view of (7.3) and

that u, are viscosity subsolutions of u,+ H,(f, s, %, Du)=0 in @, we obtain
¢l(tus wn) +G(tm mu, D¢(tﬂ) xn))SO

. for sufficiently large n. Sending n—oo, we conclude that @,(ts, o)+ Glty, To, DP(Ls, To))
<0, Q.E. D

REMARK 7.1. Let 8€C{QrXRXR). Then the above result remains true if we
change (7.1) for (7.2) and the equation w4 H,(¢,z,u, Du)=0 for 8(t, z, u, w,+ H,(t, x, %,
Du))=0 in the statement.

Propositions 1.2, 1.8, and 1.4 are valid for the viscosity solutions which we are
now concerned with, Proposition 1.2 remains true even if the assumption that H is
locally bounded on QrXRXR¥ is replaced by the condition that, for any compact
KCOXRXRY, t— sup |H{t, -, -, +)] is bounded by an integrable function on (0, 7).

Finally we remark that if QcQ, is an open set and ue C{Q) satisfies
ut(t: w)+H(ta m’ u(ts 95), Du(t. x)) SO
(resp., w,(t, z)+ H(t, z, u(t, x), Du(t, x)) =0)

for all (£, %) € @NI{(0, T)\ Z2) x 2, where 'Z is a null subset of (0, T), then u is a viscosity
subsolution (resp., supersolution) of (7.1) in Q.



54 Hitoshi Isun

8. A comparison theorem for the Cauchy problem

For a>0 we let I'p{a) denote the set of all functions y : (0, T') X [0, a]—[0, o) such
that r(¢,-)e I'(e) for all £t€(0,T) and y(-,s)€ LY0,T) for all 3¢[0,a]. 2, denotes the
set of all functions ¢ : (0, T') X [0, 00) X [0, oo}—[0, o) such that o(¢, -, -} € X for all 0<t<T
and o(-,8,7)€ L}0,T) for all 3,7>0. We will denote by & the function: (¢, r)—al(t,r,r)
on (0, T)X[0, o) for any o€ 2;.

Henceforth we make the following assumptions on H.

(A4) t—H(t,z,u,p) is integrable on (0,7T) for any (x,u,p)€ QX RXR",

(A5) { There is a v ¢ R such that u—H{t, z,u, p)—vu is nondecreasing on R for all
{z,P)ERXRY and a. a. t€(0,T).

For some o€ Xy the inequality
(A6) { |H{t, =, u, p)— H(t, , u, g)| <olt, [p—ql, B)
holds for all (»,u)€ 2XR, p,q€ B(0;R), R>0, and a. a. t€(0,7).

|H{t, z, u, p)— H{t, y, w, )| <r(t, [x—yl(1+p])

For some a¢>0 and y¢ I'r{a) the inequality
(A7) {
holds for all u€ R, p€ R¥, z,y€ 2 with |x—y|(1+|p|)<a, and a. a. te (0, T).

Let QC@, and introduce
UC.(@)={ue C@Q) l'i?g sup {|u(t, z) —u(t, Y| (¢, ), ¢, 9)€Qr, lz—y|<r}=0}

Our intention in this section is to prove the next theorem.

THEOREM 8.1. Assume (A4), (AB) with v=0, (A6), and (AT). Let v,ve UC,(@r)
be, respectively, a viscosity subsolution and o viscosily supersolution of (7.1). Then

(8.1) sgrp (u—v)< 05’%1?) {(u—v),.

More generally we have

COROLLARY 8.1. Under the assumptions (Ad)-(AT), if f,g€ BUC(Qyr) and v,ve
UC.(Qr) satisfy, respectively,

8.2) w,+ H{t, x, u, Du) < fit, ) in Q
and
8.3) v+ Hit, z, v, Dv) 2g(t, x) in Qr

tn the viscosity sense, then
T
(8.4) sup e*(4—7v)< sup e”‘(u—v)++j. e sup (f—9).(s, - )ds,
Qr QT 0 2

where v i3 a constant for which (AS5) holds.
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Proof, Let ve R be a number for which (A5) holds, The function H, : (¢,z,u, p)
—H(t,z,u,p)—vu on QX RXRY satisfies (Ad), (AB) with v=0, (A6), and (A7). And
so does the function H®: (t,z,u, p)—e* H,(t, T, e~*'u,e~*'p) on QX RXR¥.

The functions u®: (¢, x)—e"u(t,x) and v*: (f,x)—e"*v(t,z) solve, respectively, u’
+H(t, z, u*, Du*)<e*f and v+ H°(t,z,v*, Dv’)<e*'g in Q; in the viscosity sense.
Moreover w* : {t, x)—>u*(t, a:)—ye"' sup (f—0)4(8, - )ds satisfies w,*+ H*(t, x, w*, Dw)<e*g

]
in @, in the viscosity sense,
Thus we conclude by virtue of Theorem 8.1 that

sg}) (w*—)< stlor;(w —v*)4,
whence we obtain (8.4). Q.E.D.
We need the following observations.

LEMMA 8.1. Under the assumptions (Ad)-(AT), for any compact KCQXRY and
weR, t—-H{, -, u, ) belongs to L0, T:C(K)).

Proof. For any >0 let p,€ C4(R) be a standard molifier. Extend H, ¢ in (A6),
and 7 in (A7) for t<0 and t>T by setting them to be zero for <0 and t>T, and
define H,, o, 7. by H,(-,z,u, p)=p«H(-, x,u,0) for (z,u, D)€ 2XRXRY, a.-,8,7)=
poro(-,8,7) for 8,r>0, and 7., r)=p.*r(-,7) for 0<r<a.

It follows from (A4) that t—H.(t,x,u,p) is continuous on [0,7). From (A6) and
(A7) we have

(8.5) 1H(t, z,u, P)— H.(t, z, u,q)I < a.{t, |P—q|, R)
for all (£, z,u)€QrXR,p,q€ B{0;R), and R>0 and
(8.6) |Hi(t, x,u, p)— H.(t, ¥, %, D)<74lL, [z—yl(1+]P]))

for all (t,%,p)€ (0, T)XRXRY and z,y€ Q with |z—y|(1+]p|)<La.

Note that y.€I'x(a) and o.¢ Z;. Hence, setting f.(r)=°i\‘1prr.(t,r) and &.(r,s)

<
=021‘1<pr a.t,r,8), we see that 7.€ I'(a) and #. € X for all e>0. Using (8.5) and (8.6),
we have
|H'(ty z,u, p)—H‘(ss Y, u, q)ISIHl(tr z,u, p)—H‘(sl T, U, p)l
+3.{lp—ql, B)+7.(lz—y|(1+ R))

for all 0<t,8<T, u€ R, p,q€ B(0; R), and z,y€ @ with |x—y|(1+R)<a. Thus Hy(-, -,
u, -) € UC(Qr < B(0;R)) for all ue R and R>0,

Now let K be any compact subset of QX R¥ and fix ue R. Choose an R>0 so

that |p|<R for all (z,p)€ K. For any >0 select a finite set {(x;, »)}i,, where m
depends on 7, such that
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Kc‘g B((z;, D)3 7).

Assume 1+ R)<e. If 0<t<T, (z,p)€ K, (y,9) € K, |x—y|<», and |p—q|<y, then
IHl(ty 93, u’ p)-H'(tl ﬂ, u: q)l Sa‘(ts 0, R)+r‘(tr 77(1+R))

Thus we have

IH'(ta Z, U, p) - Ha(t, &, U, p)l < él IHi(t) s, W, pi)_m(t: T, %, pi)l
+0.lt, 7, B)+0alt, 7, B)+ 7.8, 91+ B)) +7.(, 9(1+ R))
for any ¢, >0, 0<t<T, and (z,p)€ K, and so

&) ([ oup e, )= Hhi, -, it
0
<% r \EL(t, %2, %, 23) — Eho(t, 20,0, )|t
i=1 Jo
+2j: (ott, 7, B)+7(t, n(L+ R)))de

Recall that H.(-,-,u,-)€C(0,TI1XK) and so H{(-,-,u,-)e L0, T;C(K)) for all
e>0. Notice that

j:<a(t,v.R)+m. f1+R)d—0 as 7)0

and H.(-,z,w, p)—H(-,z,u,p) in L0, T) for all {z,p)e @XRY as ¢ 0. Thus we find
from (8.7) that {H.(-,-,u,-)|e>0} is a Cauchy net in L}0,T;C(K)) as 0. Since
L0, T;C(K)) is complete, we now conclude that H{-,.,u,.)e L}N0,T;C(K)) and
H(-,-,u,-)—=H(, ,u,-) in L0, T;C(K)) as 0. Q.ED.

LEMMA 8.2. Assume H satisfies (Ad), (AB) with v=0, (A6), and (AT). Let u,veC(Qy)
be, respectively, a m'scosity subsolution end a viscosity supersolution of (7.1). Let @
be an open subset of (0, T)X Q% and H: (0, T)XQ*XRN—R satisfy the condition that
Jor any (i, %o, Yo, Po, Qo) € QX RE¥ there exists ¢ >0 such that
(8-8) H(ts &Y,D0, Q) SH(t! z, “(ton xo) - 6' p)_H(t: Y, ’U(to’ '!Io) + as —'q)

Sfor all (%,y,D,9) € B((%o, Yo, D0, %0);8) and a. a. t€B(t;8). Then w: (t,z,y)->ult,x)
—u(t,y) solves

(8.9) we+Ht,z,y, Dw)<0 in Q

in the viscosity sense, where D denotes the 2N-dimensional gradient operator, (D,,D,).

Proof. Let ¢€CHQ), (Lo, %o, ¥) €Q, GeC{0, T)X 22X R™W), be L0, T), and >0.
Let us write Xo=(o, %), Po=D.9(t0, %o), Go=D,P(to, %o), and Po=(Dy,q,). Assume that
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(8.9) Git,z,y)+b(t)<H(t,=,v,7,9)

holds for all {(z,¥,p,4q)€B((X,, P,);8) and a. a. teB(t,;8), that (¢, z, v)—wt,z,v)

+ Yb(s)ds—gﬁ(t, z,¥) attains a loeal striect maximum at (¢, %), and that (8.8) holds for
0

all (z,y,p,q) € B((X,, P,);3) and a. a. t€ B(t,;d).

Define H,:QrXRXRY—R for all ¢£>0 as in the proof of Lemma 8.1 and set
G.(t, z, p)=H.,(t, x, u(t,, ¥} —8, p) for all (t,z,p) e QrXRY and ¢>0. In view of Lemma
8.1, setting

bi(t)= sup |G.(¢, =, p)— H{(t, x, ulto, %.)—4, )|
(#,p) € B((59,p9)33)

for te (0, T), we find that b.—0 in L*0,7) as ¢} 0.
If ¢>0 and a>0 are sufficiently small, then (¢, s, =, y)—u(t, x)—v(s, y)—S'b.(r)dr
o

+r {b(z)—Dbi(z))dr—@(t, 2, ¥) — (t —3)*/a attains a local maximum at a point (¢, 8, 7, %)
[}

near at (ty, 2, %o, %). We may assume that (¢, 8, %1, ¥1)— (Lo, Lo, To, %) 88 @ !0 and ¢} 0
in this order.

Note that G.(t,z, p)—b.(t)<Hit, x, u(t,, x0)—4,p) for all 0<t<T and all (z,p)€
B{(%, Po);8). Hence

(8.10) Blts, 21, 1)+ 2= 8)+ ot 32, P SO
for sufficiently small ¢>0 and «>0, where p,=D,é(t), z,, ), a8 # is a viscosity sub-
solution of (7.1). Next we observe from (8.8) that

His, y, v(to, Vo) +3, 9) S G.(8, 21, P1) +bi(8) — G(8, 7y, 9, Py, —q)—b(s)
for all (y, q) € B((¥, —q0);8/2) and a. a. s€ B(ty;3) if >0 and «>0 are small enough.
8.11) -—%(sl =1, +Gu(8y, 2y, D) — G841, 21, %, Py, 1) =0

for sufficiently small ¢>0 and «>>0, where g¢,=D,¢(t,, zy, %1).
Subtracting (8.11) from (8.10), we obtain

¢l(tln xh yl) +G(8h T Y, Dy ql) SGl(sl’ Ty, pl) —G'(tlv Ty, pl)

for sufficiently small >0 and ¢>0. Taking into account that s,—2,—0 as « |0, we
have

Pilto, To, Yo) +Glts, To, Yo, DP(ts, To, 1)) <O
by sending a« |0 and ¢} 0 in this order. The proof is now complete. Q.E.D.

REMARK 8.1. Let 8¢ C(QrXR?) and Fe C((0, T) X 2°X R). Assume that {8(-,-,,7)|
r € R} is equicontinuous on @rXR, that
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F(t, %Y, u'—"v) Se(t: z,u, 1‘) _e(tr mnv ’I')

for all 0<t<T,2,y€ 2, and u,v,r€ R, and that »—8(t,z,u,r) is nondecreasing on R
for every 0<t<T,z€ 2, and w€ R. Then, under the same assumptions and notations
as in the Lemma 8.2 except that we now assume u and v to be a viscosity subsolution
and a viscosity supersolution of (7.2), respectively, we have the conclusion: w satisfies

(8-12) min {I;‘(tr z, Y, w)p wt—g(t' %, Y, Dw)l So in Q

in the viscosity sense.

We can prove this assertion in the same way as above. The new observation
needed here is that if 8(t,x,u,r)—8(t, %, v,8)<0 and r>s, then the monotonicity of
r—8(t, 2,4, r) implies that F(¢,z,y, u—v)<0.

Proof of Theorem 8.1, As in the proof of Theorem 2.1 we may assume that
sup (w—1v)4=0.
agQr

We suppose

(8.13) sup (x—v)>0,
Qr

and will obtain a contradiction.
The first step is to prove that Sql;p (u—v)<co. Set w(t,=, y)=ult, z)—v(t,y) for
(¢, z,9) €0, T)x 2, and define
dor=((t,z, YOS T, 2, y€ 2, |x—y|<a)
and
To={(t, 2, M0<t<T, 3, ¥€ 2, |z—y|<a, w(t,z,y)>0}.

By Lemma 8.2, (A6), and (A7), we find that w satisfies
(8.14) w,—3a(t, |Dwl)—a(t, IDwl)—r(t, Iz—y)<0  in 47,

in the viscosity sense.
Choose an increasing function 5€ CY(0,a)) such that p(r)=+* for 0<r<a/2 and
litm p{r)=c0, Let a>0, 8>0, ¢>0, and be L0, T). Write

&
Tt

o(t, z, y)=w(t, , v)—i—n(lw—vl)—ﬂlwl’—]:b(s)ds—

for any (¢, x,¥)€dar. As in the proof of Theorem 2.1, we see that
w(tv Z, y) SCII(1+ lxl)

for all (£, z,%) € 4,.r and some constant C;;>0. Therefore ¢ attains a global maximum

at some point (L, %, ¥o) € 4a.1.
The same techniques as in the proof of Theorem 2.1 show that there exists an
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>0 such that
a
(8.15) |mo"%|SE

for all 0<a<<a, and A>>0 and that
(8.16) Blxo] <Cye

for all >0, 0<8<1, and some constant C;s>>0.
Assume below that 0<a<a, and 0<S<1. Replacing >0 by a smaller one if
necessary, we may assume that there is an w € I'(a) such that

lu(t, z) —u(t, ¥)| <w{lz—yl) and (¢, 2)—o(t, ¥)|<o(lz—y)|
if |[x—y|<a. Set Ry=ala+C,s, and define be L}0, T) by
b(t)=24(¢, B,)+r(t, a) for te (0, 7).
If o(t,, x0, %o)<wla), then

®17)  sup (u—v— e )S(D(to. x.,.y.,)+cm+rb(s)dssma)+c,z+j’b(s)ds.
Qp T-t [ [

Consider next the case when @(fy, z, ¥)>w(a). Then w(t,,x,, %) >w{a) and so
neither £,=0, x,€ 22 nor ¥, € 02. Noting that

—b{t)< —alt, Ipl)—a(t, lgl) —7(t, l=—vI)
for all (¢, =, 9, ,4) € 4o.r X B(0; B) X B(0; B,) and that

D,(%v(lw—ul)wlxl’) = |§(w—w+2ﬁx| <R,

and

= |-§-(w—y) | <R,

D(allz—yl)+Blel*)
at (x,¥)=(x, %), in view of (8.14) we have

(T'E_—t)s <0, a contradiction.

This contradietion means that the case we are now considering does not oceur and

hence {8.17) is always valid.
Because of the arbitrariness of ¢>0 we conclude from (8.17) that

(8.18) sup (u—v)<Cy,,
Q7

where c,,=m(a)+cu+j’(a(t,R,)+r(t.a))dt.
1]
We begin the next and final step by defining 4,.r={(¢, 2, ¥I0<t<T, x,y€ 2,jz~y|
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<a} and H: g, X R¥X R*—R by
Hit,z,,,9,9)=—min (o{t, [p+ql, |pl+1a)+r(t, lz—yl(1+]2]), Cis+ola).

Here and later we may assume r{{,e)>Cyu+of{a) for all te(0,7T). Notice that

sup w<Cpi+w(a). In view of Lemma 8.2 we find that w satisfies
"o,T

(8.19) w,+Hit, 2,9, Dw)<0  in gt

in the viscosity sense,
Let be L1(0, T) be chosen later, By (8.13), there is an ¢,>0 such that

T €
(8.20) LB (u(t, ) —o(t, ) —L ble)ds———) 280

provided 0<e<e, and [0l 0. <s. We assume below that [b] o <e. Choose a
point (£, %1, ¥1) € 4,,0 for each a>0 and 0<p, e<e, 8o that

8.21) sp (w500 —Latlo—l [ biots——=) -4

{t,2,¥) €da,T

<olts 0, 1) —allon=al)~ [ blodo 5

This yields, as in the proof of Theorem 2.1,
7|2y —y)) <alo(|z1—1)+ 8}

and also w(t, 2, %)>>e. Thus we see that there are «,>0 and §>0 such that ¢,>3,
dist (x,, 82)>45, and dist (3, 02)> 43 if 0<a<a;.

Let g € Co{R*¥+1) be a funetion satisfying {(¢,, z, 11)=1, 0<L<1, supp {CB((t,, 1, 11);
38), and |Dg}<C, for some constant C,>0. Set

e
T—t

Ve, 7, y)=wlt, , w)—%r)(lw—ylHﬁC(t, z, v)—s:b(S)ds—

for (t, 2,9 € 4oy, 0<a<a;, and 0<B, e<s,. According to (8.21), ¥ attains a global

maximum at some point (&;, %z, %e) € do.rN supp . Note that (i, 22, ¥s) € 4..2.
The techniques used in the proof of Theorem 2.1 show again that we may assume

jz:—:| <af2 and that

[2a—y2] <V e{w(@)+ B)
8.21 -
.21 { %Ixs—yal’Sw(«/a(w(a)+ﬁ))+ﬁ.
Taking into account that

D, (%r](la:-yl) —Beit, =, y)) | <2vTwl@)+Bia+AC,

and
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lD,(%o(lw—y)l-ﬂC(t. , w)l <2v/[w(@)F Fla-+EC,

for (t,x, y)=(ts, ¥, ¥s), We set R{a)=4+{w(a)+so)/a+26,Cl.
We may assume without loss of generality that r—r(t,r) and r—e(t, 7, 8) are con-
cave, respectively, on [0,a] and [0, o) for all 0<t<T and s>0. Then we have

|T(t; T)—T(t. S)IST(t. I"""'Sl)
for all 0<t<T and 0<7, s<a and _
I”(tn T, R)—G(t, 8, R)I Sﬂ(t, 'T—'sl, R)

for all 0<t<T and r, 8, R>0.

By an argument similar to the proof of Lemma 8.1, we thus find that t—y(¢, -)
and t—a(t, -, R) belong to L0, T;C([0, a))) and L*(0, T;C([0, L)) for any L, R>0, res-
pectively. Extending y and o for :<0 and t>T by setting zero and molifying them
with respeet to the variable t, we define r.€ C{(0, T)1x[0,a)) and o.(-, -, R) € C([0, T]
X[0, o)) for all p>0 and R>0 such that

T
L 02‘32. [7alt, r)—7(t, r)|dt—0,
(8.28) ’

S’ sup lo,lt, 7, R)—o(t, 7, R)dt—0
o 0<r<L
for all L, R>0 as u—0.
Setting
bﬂ(t)= Su£ |Ta(t- "‘)"‘T(t. 'r)l’*' sup Iaﬂ(t) T, R(a))—'o(t’ r, R(a))l’
ogr<a osrssot."

we have
(8.24) H(t,z, v, P, )= —oult, |D+4ql, Rla))—74(t, |2— | (1-+1P])) —ba(t)

if P>0a (tr x: y' p' q) € AG»TXR”” |p|+|q|SR(a), |P+G|SBoCu and Iz_yl(l'l'lp')sa- Assume
#>0 to be so small that {|bll;2,r<e,, and take b, for b in the definition of ¥.
According to (8.19), (8.22), (8.23), and (8.24), we obtain

(T—et )8 - pCl(th Ty, yl) —"I‘(tl; ﬂch R(“)) _rﬂ(th w(a, p)) Sol

where wla, 8)=V alw(@)+B)+w(valwla)+8))+8, if wla,f)<a. Let B0 and «}0 in
this order, to get ¢/ T%<0, a contradiction. Q.E.D.

REMARK 8.2. The ahove proof together with Remark 8.1 shows the following:
Let 8€ C(Qr X R and w € I'(a), with a>0. Assume that {8(-, -, -, 7)|r € R} is equiconti-
nuous on QrXR, r—O(t,z,u,r) is nondecreasing on R for all (f,z,u)€QrXR, and
u—v—of|z—9y|) <O, z,u,7)—8(t,%,v,7) holds for all 0<t<T, z,y€ Q2 with |z—y|<a,
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r€R, and u,v€ R with u>v. Assume (A4), (A5) with »=0, (A6), and (AT7). Let u,
ve UC.{Q;) be a viscosity subsolution and a viscosity supersolution of (7.2). Then

(8.25) sg}) u—v)< 2’%11)‘ (u—v)4.

9. Some properties of solutions of the Cauchy problem

We are first concerned with the continuity of solutions of the Cauchy problem
(7.1).

LEMMA 9.1. Let a>0, yo€'(a), and yel'z(a). Assume that r, € CY(0,al), s—s+
870/(8) is nondecreasing on (0,a), and yo/(a)=0. Suppose that s—y(t,s) is concave for
all 0<t<T. Define r: (0,TYXR—R by ri(t,8)=yr(t,s) for {t,8)€ (0, T)x[0,a]=0 for
(t,8) € (0, T(X(—o0,0), and =y(t,a) for (t,8)€(0, T)X (a,o0). Then there exists a unique
viscosity solution ¢ € C([0, TIX[0,al) of

$i(t, 8)—ri(t, 8+39,(t,8))=0 in (0,7)Xx(0,a),
9.1) 8(t,0)=0, ¢(t,a)=ro(a)+j:r(r,a)d-.- for 0<t<T,
$(0,8)=7r.8) for 0<s<a.

In addition, ¢ € I'y(a), t—¢(t, 8) i3 nondecreasing on [0, T) for all s€[0,a), and s—¢(t, s)
18 Lipachitz continuous on [, a) for all 0<es<a and t€[0, T

Proof. By the above concavity assumption, |ry(t, v)—r.(t,8)I<r (¢, 1r—8)) for all
0<t<T and r,3€ R, and so the function: (¢, z, %, p)——ri1{t, 2+2xp) on (0, T) % (0, a) X R®
satisfies (A4)-(A7). Lemma 8.1 thus implies that t—p,(t,-) belongs to L0,T;
C([—R,R))) for all R>0. We extend 7, to be zero for ¢t<0 and t>T, molify the
extended 7, with respect to the variable ¢, denote the resulting function by 7., with
>0, and put

bi(t)= sup |7u(t, ) —-nilt, M)l for 0<t<T.
Notice that b,(t)—0 in L'{0,T) as ¢} 0.
For any fixed n€ N we define ¢*;€ I'a)NCY{(0,a]) for j=0,1,---,mn by setting
% =7r,, h=T/n, and solving
8 o)~ 3, 3+52-8%0) )~ =0 0<s<a)
©9.2) d A P ot ’
¢°5(a) =hr1(Jh, a)+9°;-1(a)

for j=1,2,..-,n. By virtue of Lemma 3.1 the problem (9.2) has a unique solution
for each j=1,---,n.
In view of (3.4) we have
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d .l
9.3) |7{z§¢ Jo)| < for all 0<s<a.

By (3.5) we have
"y(8) <¢";-1(8) +hr1.(5h, B)

for all 0<s<aexp{—(¢*(a)+a)/f}, 0<B<a, and j=1,---,n. From this we obtain
0.4 $us)<7a(0)+h 5, 7l )

for all 0<s<aexp (—(¢."(a)+a)/8}, 0<B<La, and k=1,--.,n. From the second in-
equality in (9.2) we get

(9.5) $ra@=ral@) +h 5 ruldh0)  for all k=I,.--n.

Now define ¢®¢€ C((0, TIX[0,a]) for n € N by setting

t—{j—=1)h
k
if (7-1h<i<jh for some j€(1,---,n). We see from the first equality in (9.2) that
0<¢%;(8) —d°;-1(8) <hyyi(gh, a) for all 0<s<a, j=1,---,%, and n€ N. Hence
{318 .
(9.6) 0<gn(¢, 8) —¢"(r, 8) <h seiTiyee 71(sh, a)

+ (h([c/k)+ 1) —)r1olle/h]+ 1, @)+ (£~ RIt/R])7 ([ /R +1, 0)

for all 0<r<t<T, 0<s<a, and ne N, where [x] denotes the integral part of z€R.
Thus we conclude from (9.8), (9.4), (9.5), and (9.6) that {¢"|n € N} is uniformly bounded
and equicontinuous on {0, T]IX[0, al.

Applying the Ascoli-Arzela theorem, we find a subsequence of {¢°} (which we
denote again by {¢7}) and a ¢*¢ C{{0, T)X[0, 2]} for each ¢>>0 such that #*(t, 8} ¢*(¢, a)
uniformly on [0, T1X[0,a] as n—oo. In view of (9.3), (9.4), (9.5), and (9.6) we have

p";(8) + th_ s $°;_1(3)

$°(¢, 8)=

(9.7 9t )—g+t, <o max {3, a1
for all 0<r, s<a,

(9.9 #(t,0) =n(a)+§; riulz, 0)z

for all 0<t<T,

(9.9) g, s)=n(s)+j: Fuule, Bz

for all 0<t< T, 0<s<a exp {—(¢%(¢, a)+a)/B}, and 0<pB<a; and
(6.10) 0<elt, 8)—go(r, s>sr rrlr, a)dr
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for all 0<z<t<T and 0<s<a.
We want to show that ¢ is a viscosity solution of

(9.11) P(t, 8)—r1(t, 8+84.(¢, 8))=0  in (0, T)X(0,0a).

To this end, let ¢ € C{(0, T) X (0, ¢)) and assume that ¢*—¢ attaing a local striet maximum
at (fo,8)€(0,T)X%(0,a). Assuming that = is sufficiently large, ¢*—¢ has a local
maximum at some point (£,,s,) near at (t,3o). He;'e we may assume that (¢,,s,)—

{to, 50) 238 n—co0, Choose je {l, ---,n} so that (F—1)h<t,<jh, where h=Tfn. Then we
have

0 lim L{(g(ts, 21) = 9ltr, 8)— (@°(t1—0, 80— $(ta—2, 8))
=7];‘(¢"5(31) —9%5-1(81)) —Pi(ts, 84),

and ¢°(t), 8,)=¢,(t:, 8,). Hence, using (9.2),

S[’;(tx; 81)—71s(5h, 8+ 8:14,(£1, 8,)) <0,

Letting n—co, we have
(Lo, 80) — 7 14(E0, 8o+ 80¢h, (L0, 80)) <0,

Similarly we find that if ¢ € CY{0, T)x(0, a)) anp ¢*—¢ has a local striet minimum
at some (£, 8o) € (0, T) X (0, @) then

Palto, 80) —716(to, 8+ 80¢P,(Lo, 80)) 0.

Thus, in view that y,.€ C(RXR), we conclude that ¢* is a viscosity solution of
(9.11) in the sense of Definition 7.1.

It follows from (9.7), (9.8), (9.9), and (9.10) that {¢¢|e>0} is equicontinuous on
{0, T1x[0,a]. Sending £!0 along a sequence, we find a function ¢ e C([0, T)X (0, a])
as its limit which satisfies (9.1) in the viscosity sense according to Proposition 7.1.
It is clear that ¢ € I'p(at), i—(t, 8) i3 nondecreasing on [0, T'] for all s€[0,a], and s—¢(t, s)
is Lipsehitz continuous on [e;a] for all 0<c<a and t€[0, 7] Q.E.D.

REMARK 9.1. For any y,€ I'(a) there exists a 7,€ I'la)NC¥(0,a)) such that s—
s+87,/(s) is nondecreasing on (0,a], 7,'(a)=0, and F,=7, on [0,a]. Indeed, selecting
an increasing F,=7, on [0,a] if necessary and, in view of Lemma 3. 1 solving the
problem ¢’(8)—F,(s+8¢’(8))=0 for 0<s<a, ¢(0)=0, and ¢(a)=r.(a), we find a fuction
¢ € I'(a) having the required propertxes

LEMMA 9.2. Let a>0, and let r,€ I'a) and y € I'y(a) satisfy the same assumptions
as tn Lemma 9.1. Define r, as tn Lemma 9.1. and 4.0 by

dor={(t, 2, |0<t< T, 2,y € R¥, |z—y|<a).
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Let ¢ € C([0, TI1x[0,a)) be the viscosity solution of (9.1). Let h: (0, T)X R*—R be such
that hit, p, —p)=0 for all 0<t<T and pe RY and t—h(t, -, -} belongs to LY 0, T; C(K))
Jor all compact KCR™. Then we UC(d,) defined by w(t, s, v)=¢(,|x—y|) solves

(9.12) wy—rille=y|(1+] D,w))+k(t, DW)20  in 4.7
in the viscosity sense, where D=(D,, D,).
Proof. Let ¢€C'dag), beLY0,T), GeCld,yXR*™), 6>0, and (t,, %o, ¥o) € 4oy
Suppose that
(t, 2, %) — wit, 3, w+]' blalds—gt, 5,)
[

has a local minimum at (t,, x,, ¥,) and

(9.13) G(t, 2,9, 9,9)+b) = —rllz—vi(1+]p))+hit, p,q)

holds for all (z,y, p, q) € B(za, %o, Dg(to, To, ¥o));8) and a. a. t€ Blt,y;s).
We intend to prove that

(9.14) @i(ts, To, Yo) + Glts, To, Yo, Po, G6) 20
holds, where p,=D,¢(t,, %o, ¥o) and go=D,¢(to, To, ¥o). Note that
(9.15) Pot+qo=0

by the same reasoning as in the proof of Lemma 8.2,
‘We consider first the case z,=%,. Then w(t,, x5, ¥o)=9(t,0)=0 for all 0<t<T and
and hence

t
¢ -»S blz)dz— (¢, 2o, ¥o)
]
has a local minimum at ¢=¢,. Therefore

j Ble)de = B(t, To, Vo) — Pltor To, Vo)
and so ’

j (blz) — gl Zo, Yo))dr =0

0
if ¢ is sufficiently close to ¢, Thus, for any >0, there is a sequence {r,}C(to—3d,to)
converging to t, such that

biz,)—Pylra, Zo, Wo)<e  for all neEN.
Combine this, (9.18) with t=r,, =2, ¥=%, P=p., and g=g,, and (9.15), to obtain
$1(Ta, To, Yo)+Glta, Zo, Yo, Po, T} = —¢
for all e N. Sending n—oo and then ¢ |0, we conclude (9.14).
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Now we turn to the case X%, Set e=(Zo—¥)/|Zs—%o| and so=|2,—¥%|. As in
the proof of Lemma 8.2, we have

(9.16) Po-e=| Dol.

As observed in the proof of Lemma 3.2,

w(t,wo+—;-e.yo—%e)=¢(t,Iwo—uo+rel)#¢(t.lso+rl) for all 0<i<T

and r€ R with [sy+7|<a. Therefore

(t,8) — #(¢, s)+5: biz)dr—g¢( t, o+ s-—23° ¢, Yo— s—és., e)
9

attaing a local minimum at (2, 8,). On the other hand, defining g€ C((0, T') X (0,a) X R)
by

g(tr 8a 'r) =G(t, %+ 8—280 3; %"’ 8—280 3; ’rel —"'0),

we have

g(t: 8, 'r)+b(t)2 —T’.(t) 3(1+ 1"))
for all (s, 7)€ Bl(so,|p0]); 6) and a8, a. t€ B(ty; 6) by (9.13) and (9.16). Thus, using
{9.16), we obtain

@elto, To, Yo) + 980, 80, | Do) =0

as ¢ is a viscosity supersolution of (9.1). Noting that

g(tﬂs 8o, |Po I) =G(t01 xﬂv ‘Un, Dsd’(tm %a %), Da¢(t03 %, Tlo))
by (9.16) and (9.15), we conclude (9.14). Q.E.D.

THEOREM 9.1. Assume (A4)-(AT). Let we UC.(Qr) be a viscosity solution of (7.1)
and r,eI'(a), where a>0 1is the number in (A7), satisfy the conditions that
|u(t, 2)—ult, ¥)|<rola) if 0<t<T,z,yefd, and |s—y|<a and that |ul(t,x)—ult,¥)|
<rollz—y)) if z,y€ 2, 0St<T, and either x€an, ycoR? or t=0. Then there exists
an wel'(a) such that :

(9.17) |u(t, z)—ult, z) | <ol z—y])
for all z,y€ R with |x—|<e and 0<tLT.

Proof. Let d,r={{t,z, %€ (0, T)X2| |x—y|<a} and 4},={t, =z, 9)€d.r| ult,x)
>ult,¥)). Set (t,x, y)=ult, )—ult,y) on 4,r.

By using a change of the unknowns we may assume that (A5) is valid for »=0,
We may assume also that y, € CY{0, ¢]), s—s+87,'(s) is nondecreasing on [0, a}, r,’ (a)=0,
rit, a)=7r.(a) for all 0<t<T, and s—y(t,8) is concave on [0,a] for all 0<t<T. We
- may assume for oc€ X, in (A6) that s—o(t,s,7) is concave on [0, c0) for all 0<t<T



Hamilton-Jacobi Equations with Discontinuous Hamiltonians 67

and >0 and the inequality a(t, 8, R)<alt, s, 7)+-24(t, R—7, r) is satisfied for all 0<t<T,
8>0, and 0<r<R. (Indeed, the function

a(t,s,’r)= sup {IH(t'w’us p)_H(tnw’u)Q)I I meg: UER, p’qu(O; 'r)) lp—qlss]

on (0, T) X [0, ) X [0, o) satisfies the above two conditions after modification on a set
of measure zero in (0, 7).
Define 7,: (0, T)XR—R as in Lemma 9.1 and H: 4, XR*—R by

Hit, 2, 9,9, 0)=—nt,|s—viL+pD)—alt, | 2+4l, 12| +]g).

Then H satisfies (Ad)-(AT) for @r=4,.r.
In view of (A5)-(A7) and Lemma 8.2, we find that

v+ Hit, z, y, Dv)<0 in 4f,

in the viscosity sense, where D=(D,,D,). Thus v, solves
9.18) %v++ﬁ(t, 2,9, Dv)<0  in 4

in the viscosity sense.
Now let ¢ be the viscosity solution of (9.1) and set wi(t, 2, y)=9¢(,|z—y|) for
(t,x, ) €d,r. By Lemma 9.2 we see that

w,+ H(t, z, y, Dw)>0 in 4,r

in the viscosity sense.
According to Theorem 8.1 we conclude that v.(t,x, y)<w(t,z,9) on 4,,. Thus,
setting o(r)= :g?xrqb(t, r) for 0<r<a, we have (9.17).
<

REMARK 9,2. The function o constructed above depends only on r,€ I'(a) and
r € I'yla).

ReMARK 9.8. The above method applies to prove the following with the help of
Remark 8.1, Let 8¢ C(Q@rX R%). Assume the same hypotheses as in Theorem 9.1 except
that u is a solution of (7.1). Assume instead that u is a viscosity solution of (7.2)
and that {8(-, -, -, )| 7 € R} is equicontinuous on QX R, r—6(t,x, u, r} is nondecreasing
on R for all (¢, x, )€ QX R, and v—w—r,llz—y))<O(t, x, v, r)—6(t, y, w, 7) holds for all
0<t<T, 2, y€ 2 with |z—y|<e, r€R, and v,we€ R with v=>w. Then (9.17) holds for
the same w€ I'(a) as in Theorem 9.1.

Now we study the continuity in ¢ of viscosity solutions of (7.1).

THEOREM 9.2. Assume (A4)-(A7). Let ue UC,(Qr) be a viscosity solution of (7.1).
Let a>0 and wel'(a) be such that |ult,x)—ult, W <wollz—y]) for all 0Lt<T and
Z,Y€0 with |\x—y|<a. Let L>0. Let M>0 be larger than sup {jult,«)]|0<t< T,
2€2NB0; L+1)} and pe N(T) satisfy |u(t,x)—uls, 2)|<pl(lt—s]) for all 0<t, s<T
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and z€ B(0; L4-1)naR. Letle L0, T) satisfy max {H(t, 0, M,0), — H(t,0, —M,0)}<I(t)
Sor a. a. 0<t<T. Then there exists a g€ I'(T) depending only on L, M,0,p,l,0 in
(A6), and r in (AT) such that

(9.19) |u(t, ©) —uls, z) | < A{| t—8])
holds for all 0<t, s<T and z€ QNB(0;L).

Proof. For any >0 choose a standard molification kernel p, e C,>(R¥} so that
supp p.CB(0;¢) and

[ Do t2) dm<Cude

for any >0 and some C,>0.

We can extend u to [0, TIX2s, where Qy={zx¢€ R¥|dist (x,2)<3}, in such a way
that ¢>0 depends only on and the resulting function 4 satisfies |@(t, x)—a{t, y)|<
a(jz—yl) for all 0<t<T, x,y€ Q with |x—y|<a/2, and some & € I'(a/2), where & depends
only on w.

Fix 0<e<min (e/2, 3} and 0<s<T. Define u,.c C=(2) by the convolution Uy s =
poil(s, -). It is easily vertified that |u,.(z)—u(s, 2)|<&(s) and |Du,..(z)|<C,@ls)/e for
all ze Q.

Select a C* function ¢ on R” so that ¢(x)=0 for all x€ B(0; L), ¢(x)=M for all
z€ RY and some Cy;s;>0. We now define v,.€ UC,({t, T1x2) by

{9.20) V,..(t, T)=u,..(2)+&(e) + (z) + p(t —3)
+ S {U(e)+7(r, L+1)+3(z, Cuale)e+Cus)lds

It is not hard to check that v,.>u% on the parabolic boundary of (s, T')x (2N B(0; L+1))
and that v,. is a viscosity supersolution of (7.1) in (s, T)X{@NB{0; L+1)). Thus we
conclude that z<w,. on [s, TIX(@NB(0; L+1)). We have therefore

u(t, ) Suls, x) +2¢3(8)+#(t—8)+st {lr)+7(r, L+1)+8(r, Cridle)fe+Cys)ide

for all 0<s<t<T, z€ 2NB(0; L), and g<e< min {e/2, 3).
Similarly we have

u(t, x) =uls, x)—%(e)—ﬂ(t-sHY {l{e)+r(r, L+1)+6&(r, CLid(e)/s+Cys)}dr

for all 0<s<t<T, x€2NB(0; L), and 0<e< min{a/2,3}. These two inequalities
together imply the existence of fie I"(T) for which (9.18) holds. Q.E.D.

REMARK 9.4. The following assertion can be proved by the same method as above
with the aid of Remark 8.2. Let 8¢ C(QrxXR® and @e I'(a), with ¢>0. Assume that
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(-, -, -, )| re R} is equicontinuous on @-XR, r—8(t,x,u,r) is nondecreasing on R for
all (t,z,2)€QrXR, and u—v—a(z—y)<O(t, z,u, )-8, 4,v,r) holds for all u,veR
with >, 7, y€ 2 with |[2—y|<e, 0<I<T, and 7€ R. In addition to these assumptions
we assume the hypotheses of Theorem 9.2 where % is now understood to be a viscosity
solutions of (7.2) and that (¢, =, u(t, ), J)>0 and 8(t, =, u(t, ), —J)<0 for all 0<I<T
and x€ QNB(0;L+1). Then there exists a e I'(T) depending only on J,L, M, w,p,
l,e in (A6), and r in (A7) such that

{9.21) |ult, z)—u(s, z} | <Al —8])

holds for all 0<¢, s<T and x€ 2N B(0;L).
Next we turn our attention to the asymptotic behavior of viscosity solutions of
(7.1) as |z|—oo.
H*t, %, u, p)=1H(t,z,u—0,p), H(t, x,u+0,p)]

for (¢, 3,%,P)€ Q@ X RXR¥. Consider the Cauchy problem

u,(t, x)+ H*(t, =, ult, x),0)50 a.e in (0,7,
u(oa x) =u0(m):

(9.22) {

where the variables x are regarded as parameters and %, is assumed to belong to
UC(2). Itis not hard to see by standard approximation techniques that the problem
(9.22) has a unique absolutely continuous solution u*(¢,x) defined on [0, T] for each
zef

From (9.22), in view of (A5) and (A7), we have

—agt—lu*(t. x) —w*(t, Y) [+ vl u*(t, ) —u*(E, 1) |<7it, |2 —y))
for all z,y€ 2 with |2—y|<a and a.a. 0<t<T. Thus
4

e ur(t, z)—ur(t, wISIuo(m)—uo(wHL e r(s, | m—y)de

for all 0<t<T and =,y¢ 2 with [v—y|<a. This means that u*¢ UC,([0, T1x 2.

LEMMA 9.8, The function u* e UC,([0, T1X 2) defined as a solution of (9.22) is a
wmacosity solution of

(9.23) wu,(t, x)+ H(t, =, u(t, x),0)=0 in @Qn
Proof. Let ¢ € CHQy), (B0, o) € Qr, be L0, T), and G € C(Q, X R¥) be such that

O : (¢, 3) — w(t, 2) +s' bla)ds—d(t, z)
0

has a local maximum at (%, 2,) and that b(t)+G(t, z, P)<H(t, x,7,0) for all (x,r,p)
€ B({x,, ulty, 3o}, Dd(to, 2o)); 3), a.a. t€ Blt,; 3), and some 5>0.
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Since t—@(t, x,) is absolutely continuous on [0, T) and attains a lecal maximum at
t,, we see that [t,—¢,t1N{¢E| Py(t, 7,)=>0} has positive measure for any ¢>0. This
implies that there exists a sequences {t.}C[0,t,] such that ¢t,—¢t;, as n—oo, @\(t,, 2.)=
u‘t(tm x0)+b(tn)—¢l(tm xo)zo, u‘l(tnr xo)'*'H(tm zo, u"(tm xo)—o. O)Sol and
b(tu) +G(tﬂ’ x' p)sH(tﬂ’ x) r’ 0)
fol' a" (xl rr p) € B((%: u*(to, xo), D¢(t0r %); a)- Thus
¢t(tm xo) +G(tm Lo, D¢(t01 xo)) SO

for sufficiently large ne N. Sending n—co, we conclude that u* is a viscosity subsolu-
tion of (9.23). Similarly we find that u* is also a viscosity supersolution of (9.23).
Q.E.D.

Our result on the asymptotic behavior is this

THEOREM 9.3. Assume (Ad4)-(A7). Let u,u*e UC,(@r) be ¢ vicosity solution of
(7.1) and the viscosity solution of (9.28) with the initial date uo=u(0,:). Then

(9.24) sup | —u*| <oo.
Qr

Proof, Without any loss of generality we may assume the constant v in (A5) to
be zero and that |u(t,z)—ult, ¥)|<w(z—yl|) and |u*{t, x)—u*(t, ¥)|<o{|z—y]) hold for
some w€ (a) if |z—y|<La.

Set v(t, z, y)=ult, x) —u*(t, y) on 47.r, where 43.r denotes the set

{t, z, 1) € (0, T) X 2*| |z—y|<a, u(t, 2)>u*(t, ).
By the same method as in the proof of Lemma 8.2 we see that
(9.25) v—r(t, |z—yl)—é(t,| D)0 in 4

in the viscosity sense.
Set A=24w(af2)/a. We claim that

(9.26) ot =, x)s«)(a)ﬂ: {r(s, a)+3(s, A))de

for all (t,x) € @y such that dist (x, 2°)>a.

To this end we suppose that (9.26) is false. Taking into account that v(0,%, z)=0
for all z€ 2, we can then choose a point (i, z;) € @r and an ¢>0 such that dist (z,, &°)>a
and

t —> o(t, , xo)—w(a)—j‘ms, a)+3(s, A)lds ——="

0 T—t
attains a positive maximum at t=%,. Note that u(t, z)<u(t, z,) +w(a/2) and u*{t, z)<
u*(t, zo)+wl(af2) for all 0<KELT and z€ aB(x,; a/2) and that v(t, z, ¥) Swl(a) if Ia: yl<a.
We let a=12w(a/2)/a* and deduce that
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(t.x,u)——-»v(t,z.u)—w(a)—S;{r(S.a)+a(8.A)}ds— T —alls—aal+y=5f)

has a positive maximum at some point (¢, 2, %) € (0, T) X B(x,; @/2)®. In particular
v(ty, £, %) >0 and so (¢, <1, 1) € 4. r.

Since v is a viscosity subsolution of (9.25) and |D.(a|x—%,[%)|< A for z=x,, we find
that ¢/(T—t,)*<0, a contradiction. From this we conclude (9.26) and hence

lt, &) —uk(t, w)s3w(a)+s: {r(s,a)-+8(s, A)ds
for all (t,z)€Q,. Similarly we have

u¥(t, ) —ult, iv)SSw(ﬂ)-i-s: {r(s, a)+d(s, A)lds

for all (t,2)€Qr. Thus we finished the proof. Q.E.D.

REMARK 9.5. A remark analogous to Remark 5.1 is valid for Theorem 9.3.

10. An existence result for the Cauchy problem
We will prove the following theorem in this section.

THEOREM 10.1. Assume (A4)-(A7) and that there exist a wviscosity subsolution
ve UC.(Q;) and a viscosity supersolution we UC,(@Q;) of (7.1) such thet v=w on [0, T}1X 22
and %0, - )Sw(0, -) on Q. Let uyc UC(Q) satisfy v(0, -)<u,<w(0, ) on Q. Then there
exists @ unique viscosity solution u € UC.(Q;) of (7.1) such that u=v on [0, T)x 52 and
w(0, -)=up on 2.

An easy consequence of this result is the following.

COROLLARY 10.1. Let Q=R"” and assume {A4)-(A7). Then for any u,€ UC(R¥)
there exists a (unique) viscosity solution ue UC.(Qr) of (T.1) satisfying (0, -)=u, on
RY,

Proof. In view of Theorem 10.1 it is enough to prove the existence of a visco-
sity subsolution and a viscosity supersolution of {7.1) which take, respactively, smaller
and larger values than u, on R¥ for t=0,

We may assume that s—y(t,s) is defined on [0, ) for any 0<t<T and r(t,s)<
rolt)(148) is satisfied for all 0<t<T, 8>0, and some y,€ L'(0,T). We can choose a
constant C,s>0 such that

Juo(2)|<Cro(1+12]))  for all ze RY.

Set

fit)= S: 7olt)dz+Cig,
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0(‘)=£(|H(T.0.0.0)|+5(T.f(T))+To(T))df+Cm
v(t, )= —f(t){z)—g(t) and w(t,x)=r(t)<xd>+g(?)

for all 0<t<T and xe R¥. It is easy to check that v, we UC,(@r), v and w are,
respectively, viscosity sub- and supersolutions of (7.1), and (0, z)<u(x)<w(0,z) for
all xe R¥, Q.E.D.

For the proof of Theorem 10.1 we need the next lemma,

LEMMA 10.1. Under the assumptions of Theorem 10.1 there exist ¢ viscosily sub-
solution v*€ UC,(Qr) and a viscosity supersolution w*e UC.(Qy) of (1.1) such that v*
=w*=v on (0, T)X8R2, v*(0, :}<u,<w*(0,-) on Q, and

(10.1) sup (w*—v*)<eco,
Qr

Proof. By making a change of the unknown we may assume the constant » in

(Ab) to be zero.
Fix 0<e<a and let p. be a standard molification kernel on R¥ with supp p.C B(0;e).
Set C.= sup |Dp|. Let u* be the solution of (9.22). We may assume that
R

[u*(t, g)—u*(t, Y <wllz—yl), |vit, z)—o(, ¥)|<ollz—1v),
and |w(t, z)—w(t, y)| <w(lz—yl)

for all z,y€ 2 with |[z—y|<a, 0<t<T, and some we I'(a). Define u*=p.su* in [0, T)
X Q_,, where Q_,={x€ Q| dist (x, 2°)<s}, and note that

[us(t, 2) —us(t, v)| So(lz—yl)
for all 0<t<T and z,y€ 2 with |z—y|<a,
sup |u*—u*|<wls), and sup |Dus|<Ciwls)/fe.
Qr Qr
From the first two and (9.16) we have
wrt, y)—urle, y)< —j‘ Hir, v, w(, 21— 2a(e)—0, O)de
and

ut(E, ) —ut(s, y)> —j'H(r. 2, U8z, )+ 20(s)+-0, 0)dz

for all 0<8<t<T and z,y€Q with |zr—y|<e. Multiplying these by p.(xz—¥) and
integrating with respect to y, by using (A7) we get

us(t, z)—usls, 2)< — S " (Hle, 7, (e, 2)—20le) 0, 0)—7(z, ez

and
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usl(t, ©)—us(s, )= —s' (Hlr, z, ulz, )+ 20(s)+0, 0)+7(z, &)=
for all 0<8<t<T and x€2_.. These imply that t—u*(t, x) is absolutely continuous on
[0, T] for each x € Q_, and hence that

u(t, )+ Hit, 2, u(¢, ) —2u0(c)—0, 0)—7(¢, ) <O
and
us,(t, o)+ Hit, , us(l, )+ 20lc) +0,0)+ r(t, ) 20

hold for a. a. 0<¢t<T and each z¢ 2-,. Thus, setting

H(t, ¥)=uit, x)—zw(e)—g' ((z, &) +(r, Caole)fede—1
0
and

we(t, x)=u(t, )+ 2wle)+ Y (r{z, e)+8(r, Ciole)fe))dr+ 1
0

for (t,x)€ ([0, T1XQ2-,, we see that

’"Gt(tr ﬂ;) +H(tr x, ’D‘(t, (6) —0, p) SO
and
ws,(t, z)+ H(t, z, wi(t, v)+0, p) =0

hold for a. a. 0<E<LT, all pe B(0;C.(s)/e) and each fixed z¢ 2_..
We now follow the method of proof of Lemma 9.2 and conclude that
v+ Hit, z,v5, Dv*) <0 in (0, TYxQ-.,
and
we+ H(t, z, 0w, Dw)=0 in (0, T)x0-.

in the viscosity sense. Define

’U*(t a:).-:.{ ’U(t, 92) for (tn w) € [0, T]X (Q \ 9_.),
' max {v*(t, 2), v(t,2)} for (¢,%)€[0, TIXO-,
and
wH(t a:):{ w(t, 2) for (t,2)€[0, TIX2\2-),
s min {we(t, ), w(t,z)} for (¢,z)e[0, TIX02..
Then in view of Remark 9.5 v* and w* have the required properties. Q.E.D.

Proof of Theorem 10.1. By changing the unknown if necessary we may assume
v=1 in (AD). We can rewrite (7.1) in the form

(10.2) w+u,+ H(t, x, u, Du)=0 in Qo

where H satisfies (A4), (A5) with »=0, (A6), and (AT).
By virtue of Lemma 10.1 we may assume that



4 Hitoshi Isuit
sgp (w—=v)<J  for some J>0,
T

By virtue of Theorem 8.1 we have
(10.3) v<w<v+J  on Qp.

Let L, R, «, B, and ¢ be positive numbers, Let 3,=Q2NB(0;L)° and define {..,
€ BUC(R¥) and ns € BUC((0, o)) by setting

Laist(z,80) it dist(z,0,)<a,
Laplz)={ «
1 otherwise,
and
1 for 0<t<T-5,
na(t)= %-(T—t) for T—B<t<T,
0 for t>T.

Here and later we assume a and 3 to be small enough and L to be large enough.
Let 8¢ C(R) be the function defined by

1 for r21,
0(?‘)={ r for |ri<],
-1 for r<-1,
and set @y(r)=Mo(r{M) for all r€ R and M>0. Define Hyp: Qr X RXR¥—R by
HR(t: z,Uu, p) =H(tn &, 05(“)1 aR(p))

and then Hp.: @y XRXR¥—R by extending Hg for <0 and t>T and molifying the
resulting function with respect to the variable ¢ as in the same way as the proof of
Lemma 8.2. Note that Hj satisfies (A4)-(A7) with the same v, o, and 7 as those for
H and that
sup {|Hg..(t, %, %, P)— Hp.«(8, ¥, %, 9)| [0<¢,8< T, z, y € Dy,
P, g€ RY, |t—s|+|z—y|+|p—g|<7,u € R}—0
as r } 0. Finally we restrict v to [0, 71X 2,4, and then extend the result to [0, o]x R¥
so that the resulting funetion v, belongs to BUC([0, o0)X R¥).
Now we treat the apporoximate problem
(10.4) u+€ﬂ.ﬂ.l.(t! x)aJ(ut"'HB-‘(t) xo uv Du’) +v(tl z)) '—'vb(tt x) =0
in (0, o)X R¥,
where £a,s.. denotes the function: (¢, 2)—74(t)Ca..(%), with the initial data
(10.5) . (0, %) ={a,(2)to(®) + (1 —Ca,1(%))v.(0, %)
for all z€ RV,
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We want to apply Theorem 6.1 in order to find a unique viscosity solution of this
problem. The function

(930, Z, %, Po, p)_’eanﬁ-L(xOv m)ol(Po'l"Ha.a(%. T, U, p) +'v(x07 m)) -vL(mOI ZC)

satisfies (A1)-(A8) for @=(0,0)XR¥. We let 4., denote the function on R¥ defined
by the right side of (10.5). Let 2..,={z € R¥| dist (x, 3.)<1} and choose an increasing
sequence {M,} of positive numbers such that

IHB.'(to z, U, p)+”(tl Q)ISM,
for all 0<t<T, z€f;, u€ R, peRY, and ne N and

[vs(t, ) —2.00, zns%m.t

for all t>0, x€{,, and neN. Choose a function {€ C(R¥) such that 0<{<1 on
R¥, (=1 on $; and supp{cC..,. Then the functions ¥, 1 € UC([0, o) X R¥) defined by

o0t,2)=C(e{tncnlo) ~ int {4+ Motine N )+ -G, 2
and
lt,2)=C(o){toaale)+ inf {3+ Motine N |+ —Cioutt, 2

are, respectively, a viscosity subsolution and a viscosity supersolution of (10.4) by
Proposition 1.4. Moreover #(0, x)=1(0, 2)=uo.q,.{z) for all z€ R¥, We thus conclude
from Theorem 6.1 that the problem (10.4) and (10.5) has a unique viscosity solution
in UC([0, o)X R¥) which we denote by %a,r.0.5,

Note that Hp,, satisfies (A4)-(A7) with »=0, ¢=0., and y=y., where o, and 7,
are defined as in the proof of Lemma 8.1. A review of the proof of Lemma 9.1,
Theorem 9.1 and 9.2 shows that the conclusions in Remarks 9.8 and 9.4 are valid for
the collection {Hg.|e>0}. Thus the family {#a.s.5.. >0} is equicontinuous on
[0, 0)X RY and

1%a,.8.8.(E, T) —Ua,1.8.2.4(8, Y| Swa,1.8.2(lz—¥]|+ [t —8|)

holds for all (,x), (s, 9)€[0,0)XR¥ with |z—y|+|t—8|<a and some wa,,8,5 € I'(a),
while it is obvious that the family is uniformly bounded on [0,c0)XR¥. Therefore

Ua,z,8,8.s(L, T)—Ua.L.5.5(L, %)

uniformly on [0,0)X R¥ for some %a,p.s.z€ BUC([0,0)X R¥) as ¢} 0 along a suitable
sequence and, by virtue of Remark 7.1, %a.;..5.z i8 & viscosity solution of

(10-6) ‘u+fa.ﬁ.t.(t. w)ol(ut"'HB(to z,u, Du) +‘V(t, ﬂ?)) _vb(tn 43) =0 in (0’ Cb) x RN-
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Using Remarks 9.3 and 9.4 once again we see that {u...szR>0, 0<B8< T2} is
equicontinuous on [0, T1X R¥ and moreover

[ta.z.8,8(¢ ) —Ua,p.5.2(8, V)| Swa, {2 —y|+[t—3|)

for all z, ye R¥, ¢, 8€(0, T'] with |z—y|+|t—8|<T and some wa,€l'(T). It is ob-
viously uniformly bounded on [0, TIXR¥. Thus

ua-L.ﬂ-B(ts :c)—vu,,,,(t, 27)

uniformly on [0, TIXR¥ for some € BUC(0, TIXR¥) as B}0 and R—co along a
sequence, Uq, now solves

(10.7) UALa,r(2)0,(u,+ H(E, x, u, Du)+o(t, ) —v (L, x)=0  in (0, T)XRY

in the viscosity sense,

It is easily checked that v and w are, respectively, a subsolution and a super-
solution of (10.7) in (0, T)X@.,, in the viscosity sense by (10.3). By Remark 8.2 it
follows that v(t, 2) <ta.p(t, 2)<w(t, z) for all (¢,7) €0, TIX 2,1 Applying Remarks 9.3
and 9.4 once more, we see that {u. . |L>M]} is equicontinuous on [0, )% 2, for each
M>0 and |%a,.(t, 2)—Ua.r(t, V)| Swdllz—9|) for all 0<ELT, 7, y€ @, with |z—y|<1 and
some wa€ I’(1). Clearly (uq.|L>M} is uniformly bounded on [0, T1X 2 for each M>0,
and then we find a viscosity solution u,€ UC,(Qy) of

(10.8) u+La(x)0,(u,+ H(t, x, u, Du)+v(t, 2)) —v(t,2)=0 in Q.

Since v and w are a subsolution and a supersolution of (10.8) in the viscosity
sense, respectively, by Remark 8.2 we have

vit, ¥) Suq(l, ) <wit,z) in Q.
Thus, from (10.8), we obtain

su U—Us|<  8SU w—
mnx%_,l a %l (o.nx(n‘\)n_a)( v

for all 0<«, f<d by Remark 8.2, where 0_,={zx€ 0| dist (z,2°)>3} as usual. This
implies that u.—u uniformly on @ for some u € UC,(Gr) asa | 0. And u solves (10.9)
u+0,(u+H(E, z, 4, Du)+ (¢, ) —v(t, 2)=0 in Qr in the viscosity sense. Clearly v<u
<w in @y. Hence u=v=w on [0, TIxX22 and 0<u—v<J in Q. From the latter
and (10.9) we see that u solves (10.2) in the viscosity senmse. Finally notice that
(0, )=, Q.E.D
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