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Abstract 

We consider the stationary and Cauchy problem for Hamilton-Jacobi equations 
and prove existence theorems for viscosity solutions.' These results ensure their 
existence under the same hypotheses as for the uniqueness theorems in [7], and so 
complement the results in [19]. We also give another existence result whose as­
s~mptions on Hamiltonians are the same as those for a uniqueness theorem in [13]. 

1. Introduction 

We will study here existence of "viscosity solutions" of Hamilton-Jacobi equations. 

This notion of weak solution introduced in Crandall-Lions [7] has nice existence and 
uniqueness properties, and its importance has become decisive in applications, especially 
to optimal control theory and differential games. See [7], Crandall-Evans-Lions [6], 

Lions [16), Souganidis [18, 19), Ishii [18] for the definitions of and existence and 
uniqueness results of viscosity solutions, and Barron-Evans-Jensen [2], Capuzzo Dolcetta 
[8], Capuzzo Dolcetta·Evans [4], Capuzzo Dolcetta-lshii [5), Evans-Souganidis [10], Lions 
[~6] and Souganidis (18) for applications to optimal control and differential game 

tpeory. 
We next re,call the definition of viscosity solutions of a first order PDE 

(1.1) F(lI, u, Du) =0 in O. 

Here 0 is a given open set in RH, F: OXRXRM_R is a given continuous function, 
u: O-R is the unknown, and Du denotes the gradient of u, 

. DU=( :~ , ... , ::M). 
Following Crandall-Evans-Lions [6], we say that a function u E C(O) is a viscosity sub-
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solution, (resp. a viscosity supersolution,) of (1.1) provided for every t/J E C1(0) if u-t/J 
attains its local maximum at Yo E 0 then 

(1.2) 

(resp. if u-t/J attains its local minimum at Yo then 

(1.3) 

A viscosity solution of (1.1) is defined as a function which is both a viscosity sub­
solution and supersolution of (1.1). A useful remark is that if u E C1(0) and satisfies 
either 

F(y, u, Du)::;;O in 0, 
F(y,u,Du)~O in 0, 

or 
F(y,u, Du)=O in 0 

then u is, respectively, a viscosity subsolution, supersolution, or solution of (1.1). 
We are concerned with the stationary problem 

(1.4) u+H(x, u,Du)=O 

and the Cauchy problem 

(1.5) { 
u,+H(t,x,u,Du)=O 
u(O, x)=uo(x) 

in (0, T)XRN 

for :v ERN, 

where T is a given positive number, Uo is 8 given function, 

and 

We call these equations Hamilton-Jacobi equations and the fUnctions H the Hamiltonian,s. 
Existence results for (1.4) and (1.5) have been obtained in [7], [16], [18, 19]. See 

also Kruzkov [14, 15], Fleming [11], and Friedman [12]. Among others the assump­
tions for existence in [19] are very close to those for uniqueness in [7], but have still 
a gap from those for uniqueness. 

The motivation and the main purpose of this paper is to fill this gap, i.e., to 
prove existence of viscosity solutions of (1.4) and (1.5) under the same assumptions 
of uniqueness results in [7]. Another important purpose is to present also an existence 

theorem for unbounded viscosity solutions, for which uniqueness has been demonstrated 
in [13]. 

A main difficulty here is in the proof of the equi-continuity of approximate solu­
tions, and for this we adopt a refinement of the method of the proof of [13, Theorem 
3.1]. 

All our existence results treat the case of the whole space RN, and we refer to 



Remarks on Existence of Viscosity Solutions of Hamilton-Jacobi Equations 7 

Lions [16, 17] and Evans-Ishii [9] for the case of bounded domains. We should how­
ever remark that our results are useful to produce existence theorems on bounded 

domains as in [9]_ 

After completing this, the author learned about the work of Barles [1], in which 
he proved existence theorems for bounded, uniformly continuous viscosity solutions of 
(1.4) and (1.5). Ai3 far as bounded solutions on RN (or (0, T) XRN) are concerned, his 
results are the same as in Theorems 4_1 and 4.2 (see remarks after the proofs) and 
deal with the problems in arbitrary open subsets 0 of RN (or in (0, T) X 0) as well. 
Our method of proof is however different from that of [1], and our results include 
also the existence of unbounded solutions_ 

This paper is organized as follows_ In the next section we prove an estimate of 
the modulus of continuity of viscosity solutions for stationary problems. In Section 3 
we demonstrate first a similar estimate concerning the continuity in the space varia­
bles for Cauchy problems and then provide a bound for the modulus of continuity (in 
the time variable) of viscosity solutions. We prove existence theorems by making 
use of the method of "vanishing viscosity" in Section 4. The same method is used in 
Section 5 to prove the existence of a viscosity solution under the same hypotheses as 
for a uniqueness theorem in [13]_ 

We will use the following notation. For R>O, Bs denotes the open ball in RN 

with radius R and center at the origin. We write (w). for (lwI3+eB)1/3 for we RN, 

6>0 and delete 6 if 8=1. 

(2.1) 

2. Modulus of Continuity of Viscosity Solutions (I) 

We consider here the stationary problem 

u+H(w,u,Du) =0 

where H: RNXRXRN_R is continuous. 

(Hl) 

(2.2) 

Our assumptions on H are as follows. 

For each R>O there exists a nondecreasing us: [0, 2R]-+[0, 00) such that 

{
lim us(r) =0, 
r,"O 

I H(w, u, p)-H(w, u, q) I:f: UII (lp-q I) 

for all :CERN, uER, p,qeBs• 

(H2) For all w, 'Y, p eRN, u, '11 e R 

(2.3) H(:r;, u, p) ~H(:r;, '11, p) if u~'II. 

(H3) There exists a nondecreasing Q): [0, 00)-+[0, 00) such that 
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(2.4) { 
Um w(r) =0, 
r'-O 

\ H(~, 'U, p)-H(y, 'U, p) \S;CII(\:e-yl(l+\pl)) 

for all :e,y,peRN, 'UeR. 
We will write O'(r) =ITr+l(r) for r~O. We may assume that IT is nondecreasing on 

[0,00) and that 

(2.5) 

for all r~O and some constant 0 1>0. In particular 

(2.6) 

(2.7) 

\ H(:e, 0, 0) I~OI(l+I:I) I), 

I H(:e, 'U, 0) - H(y, 'U, 0) 1S;01(1+ Ix-y I> 

for all :e, y eRN, 'U e R, with O2=01+1 H(O, 0, Oll. 
We need the following comparison result. 

PROPOSITION 2.1. Let fJ be an open ,set in RN, and let HeO(RNxRxRH) satisfy 
(H1), (H2) , (HS). If ¥, v € UO(RN) are, respectively, a viscosity subsolution and a 
viscosity supersolution of (2.1) in nand us;v on an, then 

(2.8) 

This is a generalization of uniqueness results in Crandall-Lions [7], and has been 
proved in [lS] in the case when fJ=RN and H(x, u, p) is independent of x, 'U. The 
proof in [lS] can be used to prove this proposition with minor changes, and we omit 

the details (see also [lS, remark 1.3]). 

PROPOSITION 2.2. Assume HeC(RNxRXRN) satisfies (Hl), (H2), and (HS). If 
u e UO(RN) is the ('Unique) viscosity solution of (2.1), then 

(2.9) 

Proof. Let 6>0, A>O, B>O, and set 

v(:e)=A(:e).+B for:e eRN. 

Using (H2), (H1), and (2.6), we compute that for :ceRN 

H(:c, v, Dv) ~ H(:I), 0, Dv) =H(:C, 0, A (:). )-H(:c, 0, 0)+ H(x, 0,0) 

~ -IT(A)-O,(l+I:cD. 

Therefore, choosing A=O, and B=C2+IT(CS), we find that 

v+H(:c,v, Dv)~O in RN. 

Thus by Proposition 2.1 
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Let Ii ~o to get 

u(w):::;; Cs 1 a: 1+ C.+ 0'(C1) for all alERN. 

Similarly we conclude 

o 
LEMMA 2.3. Assume He ·C(RNXRXRN) satisfies (H1) , (H2), and (H3). If u 

E UC(RN) is the (unique) viscosity solution of (2.1), then 

(2.10) 

for all w, 'II eRN. 

Proof. The fUnction v(al, 'II) = u(al) - u(y) satisfies 

(2.11) 

in the viscosity sense, where D=(D., D,) and 

(2.12) H(w, 'II, r, p, q)=H(al, r+u(y), p)-H(y, u(y) , -q) 

for al,'iI,p,qERN, rER. From (H2), (H1), and (2.7) 

H(w, 'II, r, p, q)~-I1(1 P D -11(1 qll-C1(1+1 al-yl) 
I. 

for :Il, 'II, p, q E RN, r~O. We may assume u is continuous on (0, co). Hence the function 

V+ defined by 

satisfies 

(2.13) 

in the viscosity sense. 

For 6>0 we define 

til (a;, 'II) :;:A(w-:-y).+ B on RIN, 

with A=C1 and B=C1+211(C1). Then til is a viscosity supersolution of 

w-I1UD.wl)-(jD,tII/)-C1(1+lw-yl)=0 in RSN 

and so, by Proposition 2.1, 

(2.14) 

for all w, 'II E RN. Here we have u~ed that the Hamiltonian 

(al,y,r, p, q) ~ -11(jpf)-u(lql)-C1(1+lx-YI) 

satisfies (H1), (H2), and (H3), with dimension N replaced by 2N. The estimate (2.10) 
is immediate from (2.14). 0 
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Our main result in this section is the following 

THEOREM 2.4. AS81I.me that HeC(RNxRXRN) satisfies (H1), (H2) , (H3). Then 
there exists a functi01l, 7]: [0,00)-[0,00) depending only on C10 a, and (II such that 

(2.15) lim I'}(r) =0 
r\,O 

and if u e UC(RN) is the (unique) 'Viscosity solution of (2.1l, thm 

(2.16) 

P.roof. Fix s>O arbitrarily. We intend to prove that there exists il>O depending 
only on s, ClI a(G1), and iV such that 

(2.17) lu(:v)-u(y)l::=;:s' if l:v-yl::=;:a. 

Taking (2.5) and that lim(ll(r)=O into account, we select a constant A=A(s,iV»O 
,\,0 

so that 

(2.18) 

We will write 

x(p, q) =alpl+lql+l(\ p+q I) 

for p,qeRN• Note that X(p, -p)=O for all PERNo Moreover we may assume that 
X is continuous on R2N, replacing by a larger one if necessary. By virtue of (2.3), (2.4), 

and (2.18) we find that 

.a(m, y, r, p, q) :2:H(m, y, 0, p, -p)-x(p, q) 

:2: -iVa :v-y 1(1+1 pi)) -X(p, q) 

:2:- ~ -AI:v-y\(l+lpll-x(p,q) 

for all :v, y, p, q ERN, 1':2:0. Therefore we see from (2.11) that 'V+(:V, y)=max {u(a:)-u(y), 
O} satisfies 

(2.19) 

in the viscosity sense. 
Fix O<a<l, and let O<r::::;:l, B>O be numbers to be chosen later. Set 

and denote 

Compute that 
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5 
w-

2
-AI x-yl(l+1 D~w 1)-I(D~w, D¥w) ~B<o:-y)~-AI x-YI(l+rB<x-y)~-ll 

~(B-A-rAB)<x-y)~ in {J. 

Now we fix 

r= min { 2~ , 1} 

and assume 
B~2A. 

Then we obtain 

(2.20) 
II 

w-2-Alx-YI(1+ID.wll-X(D.w,D¥w)~0 in {J. 

By Lemma 2.3 

on 'i}{J. 

We choose finally 

so that 

Since the Hamiltonian 
s 

(x,y,r, p,q)....- -2-Alx-yl(1+lpl)-X(p,q) 

on {JXRXRzN has an extension to R1NXRXR1N which satisfies (H1), (H2) , (H3) with 
dimension N replaced by 2N, by virtue of Proposition 2.1 we have from (2.19) and 
(2.20) 

Send a~O to obtain 
II 

(2.21) u(x)-u(Y)~2+Blx-Ylr for all x, y E Q. 

This proves (2.17), with 0= min {1, (1I/2Bj1/r}, and thus completes the proof. D 

(3.1) 

(3.2) 

3. Modulus of Continuity of Viscosity Solutions (II) 

We are now concerned with the Cauchy problem 

u,+H(t, x, u, Du)=O in (JT=(O, T) XRN, 

u(O, x)=uo(x) for x ERN, 

where T>O is a given number, H: iiTXRXRN--+-R is continuous, and Uo: RN--+-R is a 
given continuous function. 

The assumptions on H here are the same as in § 2 except that H involves the 
new variable t. That is, we assume the following. 
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(H1)' For each R>O there exists a nondecreasing lis: [0, 2R]-[O, 00) such that 

(3.3) {
lim aa(r) =0, 
,.~ 

I H(t,:t, 11., p)- H(t,:t, 11., q) l~asU p-q I) 

for all (t,:t) E iiI', 11. E R, p, q E Ea. 

(H2) , For all O~t~T, :t,PERN, U,'lJER 

(8.4) 

(H8)' 

H(t, :t, 11., p) ~ H(t, :t, v, p) if U~'IJ. 

There exists a nondecreasing QJ: [0, (0)-[0, (0) such that 

{ 
limQJ{r)=O, 
,.",0 

I H(t,:t, U, p) -H(t,y, 11., p) I~QJU :I:-yl(l+1 p II) 
(8.6) 

for all O~t~T, :t,y,PERN, UER. 

As before, we will write aIr) =ar+1(r) for r~O and may assume 

(8.G) 

for all r:<!O and some constant C1>0. Simple consequences of this are 

(8.'1) I H(t,:t, 0, 0) \~CI(l+l:t I) 

and 

(8.8) I H(t,:t, 11., O)-H(t,y, ",0) I~C1(1+1:t-YD 

for all O~t~T, :t,YERN, and uER, where 

C1=C1+ sup IH(t,O,O,O)\. 
OS;'S;r 

Let us consider a very simple example. Let H(t,:t, U, p) = (:t) and "o(:t) =0. Then 
u(t, :t)= -t(:t) is a viscosity solution of (8.1), (3.2). This shows that one cannot expect 
a uniformly continuous solution of (3.1) and (8.2) in Or in general. 

We will discuss uniform continuity in :t of viscosity solutions of (3.1) and then 
their continuity in t. 

We introduce a function space 

PROPOSITION 3.1. Let 0 be an open set in RN and Of' denote the set (0, T) X O. 
Assume HE C(OrXRXRN) satisfies (H1)', (H2)', (H8)'. If u, v E UC.(Or) are, respec­

tively, 'a viscosity aubsolution and a viscosity supersolu.titm of (8.1) and U~'IJ on the 

parabolic boundary apOf'={O, T) x aOU {O} x 0, then 

(8.9) 
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This proposition generalizes comparison results in [7], [6] and [18]. The method 

of proof of [18, Theorem 2.1] together with the idea in the first part of the proof of 

[18, Theorem 1.1] can be applied to prove Proposition 3.1, and we omit the details. 

PROPOSITION 8.2. Assume He C(lirXRXRN) satisfies (HI)" (H2)', (H3)'. If 

11. e UCa(liT) is a viscosity solution of (3.1) and 

(3.10) 111.(0, z) I~CI(l +Iz 0 

(3.11) 

for all (t,z)eDr , with C3=Cz+u(Ca(1+T)). 

Outline of proof. First prove the fuction 

v(t, z) =Ca(l+(:I;).)+t(C.+C.(z).), 

with 6>0, is a viscosity supersolution of (3.1). Then apply Proposition 3.1 to show 

u~v on lir. The inequality u~ -von liT follows similarly. Finally send s\.O to get 

~m 0 
LEMMA 3.8. Let 11. e C(nr) be a viscosity solution of (3.1), and set v(t, z, y) = 

u(t, z) -u(t, y) for O<t< T, z, y e RN. Then v is a viscosity solution of 

(3.12) 

where D= (D., Dw) and 

(3.13) H(t,:I;, y, r, p, q)=H(t, z, r+u(t,y), p)-H(t,y, u(t,y), -q) 

for O<t<T, Z,Y,p,qe RN, re R. 

Proof. Let rp e Cl«O, T) X RaN) and v-rp attain its local maximum at (to, :1;0. Yo) 

e (0, T) XRtN. For each s,8>0 we consider the function 

1 . 
~(t, B, z,y)=u(t,:Il) -U(B. y) -rp(t, z, y)--(t-s)lI-rlO t-to 11+ js-toI2+lz-zoI2+ I1I-Yo II} 

s 

on (0, T)IXRIN. For each 8>0. by continuity, there exists a set of points in (0, T)IXR'N 

{(tlf Slf z" YI)=(tl(a), SI(S), ZI(S), Yl(S)) I O<a<so}, 

with 110=60(8) >0, such that ~ attains its local maximum at (t lf Slf Zlf yJ and that 

By the definition of viscosity solutions, we have 
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and 

Subtracting one from the other, letting s~O and then cl~O, we obtain 

sOl (to, Xo, Yo) + H(to, Xo,lIo, lI(to, :110,110), DsO(to, xo, Yo)) ~O. 

The other condition for 11 to be a viscosity solution of (8.12) is demonstrated in a 

similar manner. 0 

LEMMA 8.4. Let HeC(DrXRXRH) 8atiafy (HI)', (H2)', (H8)'. ASBUmeue UC.(Dr) 
is a lIiacosity solution of (8.1) and 8atiajie8 

(8.14) 

Then 

(8.15) 

for all O~t~T, x, y e RH, with C,=C,+20-(C,(l+T)). 

Outline of proof. Set 

lI(t,:I1, 1/) = max {u(t,:Il) -'U(t, y), O} 

on [0, T]XR'N, and note that if 11-~, with cP E C1(.or), attains its local maximum at 

some point in Dr where 11 vanishes, then; itself attains its local minimum and hence 
;1=0 there. Take into account this and Lemma 8.8 and use (HI)', (H2)', and (8.8) 
to check that 11 is a viscosity subsolution of 

1I1-C1(1+lx-1I1l-00D.lID-o(D.1I1)=0 in Dr. 

Meanwhile the function 

is a viscosity supersolution of the above equation. Notice that the Hamiltonian 

(t,x,y,'U,p,q) ~ -C,(l+I:c-yD-o(lpll-C1(lql) 

satisfies (HI)', (H2)', (H8)' with N replaced by 2N (we may assume (J is continuous). 
Thus we find 

u(t,X)-u(t,y)~w(t,:r:,tI) for all O~t~T, :r:,tlERN• 

Sending e~O, we have (8.15). 0 
One of the main results in this section is this 

THEOREM 8.5. Suppose HE C(DrXR.XRH) satisfies (HI)', (H2)', (HB)'. Let 1£0 

e UC(RH) and 710: [0, co)-[O, co) be the modulus of continuity of 1£0, i.e., 
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('I'~O). 

(3.16) lim q(r) =0 
..... 0 

and if u E UC,,(iir ) is the (unique) viscosity solution of (3.~) and (3.2), then 

(3.17) 1 u(t, 2:) -u(t,1I) 1:::;;,,(1:1:-111) 

for all O:::;;t:::;;T, 2:,11 ERN. 

Outline of proof. Replacing Cl by a larger number if necessary, we may assume 

for all r~O. 

By Lemma 3.4 we have 

(3.18) 

for all O:::;;t:::;;T, 2:,YERN, with C,=Cl +2u(C1+C1T). 

Now we fix 6>0 arbitrarily and select A=A(Ii, T,CII»O, B=B{e,qo»1 so that 

(3.19) 
II 

00('1'):::;; 3T +Ar for all r~O 

and 

(3.20) 
Ii 

"o(r):S:3"+Br for all 0:::;;'1':::;;1. 

Using (H21', (H3)', and (3.19), one can easily see that v(t, 2:, V) = max {u(t,:I:) -u(t, y), O} 

is a viscosity subsolution of 

(3.21) 

where x(p,q)=ulpl+lql+1ijp+ql) for p,qERN. We will assume X is continuous on RlN. 

Define 

Q={(t,:I:,y) E (0, T)XR8N II2:-vl<1}, 

and 

on (0, T]XR2N, with O<a<l and 

1 
r B+2AT' 

Then w is a visoosity supel'solution of (3.21) in Q. We may assume in addition 
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By this and (3.18) 

v~w on iVl. 

In view of Proposition 3.1 we thus obtain 

1£(t,:I:) -u(t, y)~w(t,:I:, y) on D. 

Send «'.to to get 

lu(t,:Il)-u(t, Y)I~: 8+(B+2AT)I:I:-ylr 

for all (t,:Il, y) e D. Hence 

lu(t,:Il)-u(t,Yll~e: if I:I:-yl~ min{l'(3(B+~AT) )"T}. 
This implies the existence of a function '1/ satisfying (3.16) and (3.17). 0 

Next we turn to the continuity in t of viscosity solutions of (3.1). For brevity 
of the statement below, we introduce the notations: 

v(R)=Oz(2+R)+T(03+0s(R+1))+l, 

k(R) = sUP (I H(t,:Il, v(R), 0) 1+1 H(t,:I:, -v(R), O) U, 
(I,a) e[o.rlXB/Hl 

where 0 3=02+0'(02(1+ T)) as in Proposition 3.2. 

THEOREM 3.6. Assume HE O(Ur x R X RN) satisfies (HI)', (H2)1, (H3)'. Let u e 
UOs(Ur) be a viscosity solution of (3.1) and (3.2) and satisfy (3.10). Define '1/: [0,(0)­
[0, co) by 

'I/(r) = BupUu(t,:Il)-u(t,ylll O::;;t~T, :Il,yeRN, Iz-yl::;;r} (r~O). 

Then 

(3.22) lu(t, :Il)-u(s,:Il) 1~2'fl(6)+1 t-sl( h(R) +O'( G lJ!6) +ZV(R))] 

for all O~t, s~T, :IlEBs, 6>0, and R>O, where G is a positive constant depending 

only on N. 

Proof. For simplicity we prove (3.22) for s=O. Let p e Oo"'(RN) satisfy 

p~O, r p(:I:)d:ll=l, supp pcBlr JaN 
and set p.(a;)=p(:I:/S)/8N for 8>0. Define u*eC""(RN) by the convolution 1£c=p.*Uo. 

Since IUo(:Il)-uo(Y)I~'I/(I:Il-YI) for all :I:,yeRN , we find that 

(3.23) 

(3.24) 

1 US(:Il) -uo(:Il) 1~'l(6), 

I Dus(:Il) I~C"l{s) 
II 
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for all z,YERN , s>O, with 

G= r I Dp(z) jdz. JaN 
fix 5>0, R>O, and Wo E Ba. We observe first that the function 

is a viscosity supersolution of (3.1) in (0, T) X BlI+1 for each 1%>0. For this we note 
that by the definition of vIR) and Proposition 3.2 

I u(t, :1:) I=::;: vIR) 

and in particular 
uo(z)~-v(R) 

for all (t, z) E [0, T]xBlI+1• Consequently by (3.23) 

wIt, :1:) ~'Uo(z) ~ - vIR) 

and hence by the definition of h(R) and (H2)' 

H(t, w, wIt, w), 0) ~H(t,:I:, -v(R), 0) ~ -h(R) 

for all (t, w) E [0, T] X BlI+1' Therefore, using (Hl), and (3.24), we see that 

(3.26) w.+H(t,z,w, DW)~h(R)+u( C7J~s) +2V(R))-uUDwI)+H(t, w, w,O)~O 

for all (t, w) € [0, T] X BlIH • Thus w is a viscosity supersolution of (3.1) in (0, T) X BlI+1. 

As u=::;:w on [0, T]xOBBHU{O}XBa+lt applying Proposition 3.1 to u,w and letting 
«\to we have 

(3.27) u(t, :I:)=::;:U"(w)+7J(e)+2v(R)I:I1-:I1o I+t[ h(R)+f1( G7J~e) +2V(R))] 

for all O=::;: t=::;: T, we BlI+1' Plug W=:I1o into (3.27) and use (3.23) to get 

(3.28) 

for all O=::;:t=::;: T, :r; e BlI• 

In a similar manner we obtain 

(3.29) u(t, zl;;:::-'Uo(ZI-Z17(s)-{h(R)+u( c ,,~s) +211(R))] 

for all O=::;:t=::;:T, :l:eBlI• 

REMARK. Instead of (3.7) if we assume 

(3.7)' I H(t,:I1, 0, 0) I=::;:G1 for all (t,:I:) e Or 

o 
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in the above theorem, then we have 

(3.22)' 

for all Os;t, sS;T, (C ERN, 8>0. This observation is important to prove the existence 
of a (bounded,) uniformly continuous viscosity solution of (3.1), (3.2). 

4. Existence of Viscosity Solutions 

The objective of this section is to prove the following existence theorems. 

THEOREM 4.1. Let H satisfy (H1), (H2), and (H3). Then the problem 

(2.1) 

has a (unique) viscosity solution in the class UC(RN). 

THEOREM 4.2. Assume HE C(fiTXRXRN) satisfies (H1)'-(H3), and Uo E UC(RN). 

Then there e(Cists a (unique) viscosity solution u E UC.(DT) of 

(3.1) 

and 

(3.2) 

REMARK. In this theorem, the assumption (H2)' can be replaced by the following. 

(H2)" There is r E R for whic~, 

H(t, (C, u, p)-H(t,:!:, v, p)~r(u-v) 

for all Os;t=:;;:T, (C,PERN, u,vER, with U~lI. Indeed, uE UC.(DT) solves (3.1) in the 
viscosity sense if and only if v=e~'u E UC.(DT) satisfies 

v,+H(t,(C,v,Dv)=O in Dr 

in the viscosity sense, where 

H(t, z, r, p)=er'H(t,:I1, e-r1r, e"p)-rr. 

If H satisfies (H1)', (H2)", (H3)', then H satisfies (H1)', (H2)', (H3I'. It is therefore 
enough to assume (H2)" instead of (H2)' in Theorem 4.2. 

(4.1) 

Proof of Theorem 4.1. For each 8>0 ,choose 0=8, E C""(R) so that 

{ 
O(r)=r 
OS;8'S;l, 

if IrlS;s 
and 10 IS;Zs on R. 

For a>o let p,ECo""(RNXRXRN) be a standard molifier. We set 

H,l:!:, u, pI =8.lH(z, u, p)) 
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and define 

Note that, by (4.1), H. satisfies (HI), (H2), (HS) with the same functions (18 and co 

and so does H,.~ with the same (1a and co replaced by r .... co((l+a)r). Moreover H •. ~ E 

C""(RNXRXRN) is bounded on RNXRXRN with its derivatives, and 

(4.2) H,.~_H 

uniformly on compact subsets of RNXRXRN as s-oo, a'\to. 
Now we consider the following approximate problem 

(4.S) -e.du+u+H •. ~(z, u, Du)=O 

with 8>0. By the standard elliptic PDE theory we see that this problem has a uni­
que solution U=U,.f .• E C""(RN) nL"'(RN). As results of application of the maximum 
principle, we have 

(4.4) I u •. ~ .• I~ sup I H,.~ 1~2s on RN 

and 

(4.5) I Du •. ~ .• I~ sup ID.H •. f I on RN. 

In view of the Ascoli·Arzela theorem, these estimates allow us to pass to the limit 
of (U,.",} along a sequence 8=S,'\t0 for each s, a>o, where the convergence is uniform 
on compact subsets of RN. We denote by U •• f the limit function. Then by (4.4) and 
(4.6) 

(4.6) 

and by [6, Theorem 1.4] u=u •. ~ solves 

(4.7) u+H,.,(z, u, Du)=O 

in the viscosity sense. 

We apply now Proposition 2.2 and Theorem 2.4 to see that 

(4.8) I u •. f(a:)I~C(l+1 zl) 

for all z ERN, S>O, 0<a<1 and some constant C>O independent of 8, a and that the 
set (u •. fI0<a<1, s>O} is equi-continuous on RN. Thus, by the Ascoli-Arzela theorem, 
we conclude that for some sequence {(Sir ai )} with lim s,=oo and lim a,=o and some 
UE UC(RN) 

U".,,(:t) - u(:t) 

uniformly on compact subsets of RN. By virtue of [6, Theorem 1.4] this together 
with (4.2) proves that U is a viscosity solution of (2.1). 0 
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REMARK. In Theorem 4.1 assume in addition 

I H(a;, 0,0) I:::;;C for all a; eRN 

and some C>O. Then the solution of (2.1) is bounded on RN. 

Proof of Theorem 4.2. First of all we extend H to RXRNXRXRN by setting 

H(t, a;, u, p) = { H(1',~, u, p) 
H(O,a:,u,p) 

if t>T, 
if t<O. 

By composing H, Uo with functions satisfying (4.1) and molifying the resulting func­
tions, we construct sequences (H.lcC"'(RXRNXRXRN), (uoAlcC""(RN ) such that 

(4.9) (k=I,2.· .. ), 

(4.10) H. satisfies (Hl)'-(H3)' for some (Is, CII independent of k, 

(4.11) HIo~H 

uniformly on compact subsets of tiTxRxRN as k-+oo, 

(4.12) 

(4.13) 

UOA, Duo. E L"'(RN) (k=l,2, ... ), 

I uor.(a;)-uo,t(Y) 1:::;;'10(1 a;-y I) (k= 1,2, ••• ) 

for all x, y E RN and some 1'10: [0, (0)-[0, (0) satisfying 

lim 1'10(1')=0, 
~'I,o 

and 

(4.14) 

uniformly on compact subsets of RN as k-+oo. 

By the standard parabolic PDE theory. the Cauchy problem 

(4.15) { 
u,-edu+H.(t,a;,u,Du)=O 
u(O, a;)=uo.(a:) 

has a unique solution U=U,t •• e C""(tiT) nL"'(OT)' An application of the maximum princi· 
pIe shows also that {ui .• 1 e>O} is bounded in WI· ... (OT) for each k=I,2,.... By the 
Ascoli-Arzela theorem 

uniformly on compact subsets of tiT as i-t-oo for some u" E WI''"'(OT) n C(tiT) and some 
sequence e, \.0. As before we find that 

(4.16) { 
u~+H.(t,a;.u·, Du·) =0 
u"(O, a:)=U06(a:) 

in. the viscosity sense (k= I, 2, ... ) . 
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In view of (4.10), (4.111, (4.13), and (4.14), Proposition 3.2, Theorems 3.5 and 3.6 

assert that (u·l is uniformly bounded and equi-continuous as a sequence of functions 

on [0, T]xBR for each R>O. Thus we conclude that 

u"'~u 

uniformly on compact subsets of Dr for some k,-+oo and Borne 14 e C(Dr) and that 14 

solves (3.1) and (3.2) in the viscosity sense. It is obvious from Theorem 3.5 applied 

to 14" that 14 e UC.(iir ). 0 

REMARK. If we add the assumption that 

1 H(t,~, 0, 0) I~C 

for all (t,~) e Or and some C>O, then the solution 14 of (3.1) and (S.2) belongs to 
UC(Or) as remarked after Theorem 3.6, and moreover 14 e BUC(Orl provided 140 e 
BUC(RN). 

S. An Existence Theorem for Locally Lipschitz Hamiltonians 

The method used in §§ 2-4 is effective also for proving existence theorems cor­
responding to the uniqueness results in [13]. We will explain in this section how to 
modifY the foregoing proof to prove such theorems by outlining the proof of Theorem 
5.1 below. 

We consider accordingly the existence of a viscosity solution of 

(5.1) 

where H: RN X RN-+R is supposed to satisfy the following conditions. 

(AI) There exist constantsA>O, B>O such that 

(5.2) 1 H(~, p) - H(~, q) I~ (A 1 ~ 1+ B11 p-q I 

for all ~,p, q eRN' 

(A2) For each R>O there exists Cl)R: [0, (0)-+[0, (0) such that 

(5.3) 1 H(x, p)-H(y, p) 1~(dB(lx-YI(l+1 pill 

for all ~, y e Ba, pe RN. 

(AS) For some O<m<l/A 

where 

(m>OI. 
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THEOREM 5.1. Under the assumptions (A1)-(AS) there exists a (unique) viscosity 

solution ueQ .. (RN) of (5.1). 

The uniqueness follows from [13, Theorem 1.5]. The main difference in the proof 

here from the preceding problem.'\ is illustrated by the following lemmas. Before 

stating them, we note that by (5.4) 

(5.5) 

for all x E RH and some C,>O. 

LEMMA 5.2. There exists a constant Cs>O depending only on m, A, B, and Ca 

such that if u e Q .. (RN) is a viscosity solution of (5.1), then 

(5.6) 

Proof. Let E=(C6+1)/(1-mA) and set 

v(:t)=E(:t)"+F on RH, 

with F>O. Use (5.2) and (5.5) to obtain 

v + H(x, Dv):?!: (:r;)"-mBE(z) .. -l-Ca+ F 

for :tERN. We now fix F=F(m,B,E,Ca) so that the right hand side of the above 
inequality is nonnegative for all :r; e RH. Then by the comparison theorem [13, Theorem 
1.5] 

u(x)~E(z)"+F for all :r;e RH 

Similarly, for the above E, F, we have 

u(z):?!:-E(:t)"-F on RH. o 
LEMMA 5.3. For each R>O there exists 'lB: [0, 2R)-+[O, 00) depending only on 

A, B, Ca, m, R, and CIIB such that 

and if u e Q .. (RH ) is a (unique) 80lution of (5.1) then 

(5.7) I u(:t) -U(yll~'lB(lX-y Il for all :t, y eBB. 

Outline of proof. Note first that v(z, y)=u(:t}-u(y} solves 

(5.8) 

in the viscosity sense, where D= (D., Dr) and 

B(z, y, p, q)=H(:t, p)-H(y, -q). 

Fix a>O, 0<<<<1, and p so that m<p<l/A. Let us set 
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on R1N, with constants O<P<l, r>O, E>O, and F>O which will be chosen later. 
Using (5.21 and (5.S) , we find that for x, V E Bs 

(5.9) 
- s w+H(x, y, Dw)~4+E(x-V)L+P(x)P+(y)I'+F) 

- (AI x 1+B)Pp(x)P-l-(AI y 1+B)Pp(v)P-'-(LIsO X-V 1(1+rE(:':-V)r1)) 

~P{(l- pA)(:.:)p+(y)p)-Bp(:.:),,-l+ (y)"-') - F} 

We choose now F=F(p, A, B) so large that the expression in the braces above is 
nonnegative for all x, y ERN. Then we fix R>O, and choose P=P(8, R, p, F) so that 

(5.10) 

An argument similar to the proof of Lemma 5.2 shows that the function 

z(x, V) =C,(x)"'+(y)"') +CB 

is a viscosity supersolution of (5.8) for some C,=C,(m, A, B, Ca) and Ca=Cs(m, A, B, Ca)­

Since p>m, one can select R1=R1(p,p,F,m,C"Ca) such that R,>R and 

We use the same technique as in the proof of Theorem 2.4 to find r=r(6, (LIs,) and 
E=E(s, Rit (LIs,) such that 

for all x, y EBB,. This together with (5.9) and the choice of F yields 

(5.11) 

Thus we know ([6, Prop. 1.4])) that 

{
min {w,z} 

W= 
z 

on BBIXBBl' 

on RIN\B~ 
1 

is a viscosity supersolution of (5.8) in RaN, and hence 

lI:S;;W in Bj. 

Here we have used that Ii on RZNXR1N satisfies (AI), (A2) , (AS) with N replaced 
by 2N. This and (5.10) give 
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8 
lu(x)-u(y) I~Z+Elx-Ylr for all :1:, Y eBB. 

and consequently 

lu(x)-u(y)l<e if :I:,yeBB nnd 1:I:-1JI«~ yr. 
This completes the proof. o 

Proof 0/ Theorem 5.1. The same proof as Theorem 4.1 with Lemmas 5.2 and 
5.S instead of Proposition 2.2 and Theorem 2.4 applies to prove Theorem 5.1 and we 
omit the details. 0 
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