WEAK KAM ASPECTS OF
CONVEX HAMILTON-JACOBI EQUATIONS WITH
NEUMANN TYPE BOUNDARY CONDITIONS

HITOSHI ISHII

ABSTRACT. We study convex Hamilton-Jacobi equations H(z, Du) = a and
ut + H(z, Du) = a in a bounded domain Q of R™ with the Neumann type
boundary condition D,u = g in the viewpoint of weak KAM theory, where
v is a vector field on the boundary 992 pointing a direction oblique to Of2.
We establish the stability under the formations of infimum and of convex
combinations of subsolutions of convex HJ equations, some comparison and
existence results for convex and coercive HJ equations with the Neumann type
boundary condition as well as existence results for the Skorokhod problem.
‘We define the Aubry-Mather set associated with the Neumann type boundary
problem and establish some properties of the Aubry-Mather set including the
existence results for the “calibrated” extremals for the corresponding action
functional (or variational problem).

1. INTRODUCTION

Let Q be an open connected subset of R” with C' boundary. We denote by I’
its boundary 9€2. We consider the Hamilton-Jacobi (HJ for short) equation with
the Neumann type (or, in other words, oblique) boundary condition

(1.1) H(z,Du(x))=a in
(1.2) Dyu(z) =g(z) onT.

Here a is a constant, H is a given continuous function on Q x R™, called a Hamilton-
ian, u represents the unknown function on , Du denotes the gradient (ug, , ..., Uz, ),
D,u = Dyu(x) denotes the directional derivative y(x)- Du(x) at z, +y is a continuous
vector field: I' — R™, and g is a given continuous function on T.

In addition to the continuity assumption on H, g, 7, we make the following
standing assumptions.

(A1) H is a convex Hamiltonian, i.e., for each x € Q the function H(z, ) is convex
on R™.

(A2) H is coercive. That is, lim H(z,p) = oo. for all z € Q.

Ip|—o0

(A3) v is oblique to I'. That is, for any = € I, if v(z) denotes the outer unit
normal vector at z, then v(z) - v(z) > 0.
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We consider the initial-value problem with the Neumann type (oblique) boundary
condition

(1.3) ug(z,t) + H(x, Du(z,t)) =a for (z,t) € Q x (0, T),
(1.4) D.u(z,t) = g(z) for (z,t) € T x (0, T),
(1.5) u(x,0) = up(x) for z € Q,

where 0 < T < oo and a € R are given, u represents the unknown function on
Q x [0, T), Du denotes the spatial gradient of u, Dyu = v - Du, and uy is a given
continuous function on €.

We call (1.1) and (1.3) convex Hamilton-Jacobi equations if H is a convex Hamil-
tonian.

The study of weak solutions (i.e., viscosity solutions) of problems (1.1), (1.2) and
(1.3)—(1.5) goes back to Lions [Lio85], and the theory of existence and uniqueness of
viscosity solutions of such boundary or initial-boundary value problems including
the case of second-order elliptic or parabolic equations has been well-developed.
We refer for the developments to [Lio85, LT91, BL91, DI90, CIL92, Bar93] and
references therein. However, if problem (1.1), (1.2) has a solution, then it admits
clearly multiple solutions and therefore the problem is a bit out of the scope of such
developments. Indeed, problem (1.1), (1.2) has a solution only if a is assigned a
specific value.

The problem of finding a pair (a,u) € R x C(Q) for which u is a solution of
(1.1), (1.2) is called an ergodic problem in terms of optimal control or an additive
eigenvalue problem, and it is also part of weak KAM theory. See [LPV88] for a
classical fundamental work on the ergodic problem for (1.1) in the periodic setting
and also [Fat08, BCD97].

Weak KAM theory concerns the link between the HJ equation (1.1) in a domain
Q, with an appropriate boundary condition on its boundary 0f2, and the Lagrangian
flow generated by the Lagrangian L given by L(z, §) = sup,cg- (§-p— H(z,p)), (or
the extremals (minimizers) to the action functional associated with L). We refer
[Fat97, E99, Fat08, Eva04] for pioneering work and further developments. We refer
to [IMO7] for some results in this direction on HJ equations with the state-constraint
boundary condition.

A typical application of weak KAM theory to the evolution equation (1.3) is in
the study of the long-time behavior of solutions of (1.3) with appropriate initial
and boundary conditions. For these applications we refer to [Fat98, Roq01, DS06,
Ish08, 1109, Mit08a, Mit08b].

Our purpose in this paper is to establish some theorems concerning weak KAM
theory for convex Hamilton-Jacobi equations. Indeed, we define the critical value
(or the additive eigenvalue) and the Aubry-Mather set associated with (1.1), (1.2)
and establish some of basic properties of the Aubry-Mather set, representation for-
mulas for solutions of (1.1), (1.2) and the existence of extremals (or minimizers)
for variational formulas of certain types of solutions of (1.1), (1.2). Our approach
is relatively close to that of [FS04, FS05] in view of weak KAM theory. The paper
[Ser07] by O.-S. Serea deals with HJ equations on a convex domain with homo-
geneous Neumann condition in view of weak KAM theory. The requirements on
the Lagrangian in [Ser07] (see the conditions (7)—(10)) seem very restrictive. On
the other hand, no regularity on the domain other than the convexity is posed in
[Ser07]. In some special cases, the state-constraint problem for (1.1) is equivalent to
the Neumann type problem (1.1), (1.2), and thus some results in [IM07] are related
to those obtained here. For this equivalence, we refer for instance to [CL90].

This paper is organized as follows. In the next section, we establish the stability
under the formations of infimum and of convex combinations of subsolutions of
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(1.1), (1.2) and of (1.3)—(1.5). In Section 3 we establish comparison results for sub
and supersolutions of (1.1), (1.2) and of (1.3)—(1.5). Section 4 is devoted to the
Skorokhod problem in € with reflection direction vy, which is essential to formulate
variational representations for solutions of (1.1), (1.2) and of (1.3)—(1.5), and we
establish results concerning existence and stability of solutions of the Skorokhod
problem. In Section 5, we prove the existence of a solution of the initial-boundary
value problem (1.3)—(1.5) as well as a variational formula for the solution. In Section
6, we introduce the critical value and the Aubry-Mather set associated with (1.1),
(1.2), study basic properties of the Aubry-Mather set and establish representation
formulas, based on the Aubry-Mather set, for solutions of (1.1), (1.2). In Section
7 we establish the existence of “calibrated” extremals for the variational problem
associated with (1.1), (1.2).

Notation: Let e;, with i = 1,2, ..., n, denote the unit vector of R” having unity as
its ith coordinate. We aAb and a Vb for min{a, b} and max{a, b}, respectively. For
A C R", Lip(A, R™) (resp., BUC(A, R™) and UC(A, R™)) denotes the space of
Lipschitz continuous (resp, bounded uniformly continuous ans uniformly continu-
ous) functions on A with values in R™. For brevity, we may write Lip(A4), BUC(A)
and UC(A) for Lip(A, R™), BUC(A, R™) and UC(A4, R™), respectively. We write
A€ to denote the complement of A. For given function g on A with values in R™, we
write |g]joc = sup,ea |g(x)|. For an interval I, we denote by AC(I) or AC(I,R")
the space of absolutely continuous functions on I with values in R™. For given func-
tion w : A — R w* and w, denote respectively the upper and lower semicontinuous
envelopes of w defined on Q. Regarding the definition of (viscosity) solutions, we
adopt the following convention: for instance, we consider (1.1), (1.2). a function
u : Q — R is a subsolution (resp., a supersolution) provided that u is bounded
above (resp., bounded below) and whenever (z, ¢) € Q x C*(Q) and u* — ¢ (resp.,
Uy — ¢) attains a maximum (resp., a minimum) at z, H(z, D¢(z)) < a (resp., > a)
if x € Q and either H(z, Do(x)) < a (resp., > a) or D ¢(x) < g(x) (resp., > g(x))
if z € T'. A bounded function u :  — R is a solution if it is both a subsolution and
a supersolution. In a more general situation where a candidate of solutions, u, is
defined on a set which is not necessarily compact, the requirement on u regarding
the boundedness to be a solution (resp., subsolution or supersolution) is that it is
locally bounded (resp., locally bounded above or locally bounded below).

2. BASIC PROPOSITIONS ON CONVEX HJ EQUATIONS

In this section we establish the stability of the operations of infimum and of
convex combinations subsolutions of convex HJ equations. We remark that these
stability properties, without boundary condition, is the main technical observations
in the theory of lower semicontinuous viscosity solutions due to Barron-Jensen
[BJ9O].

To localize problems (1.1), (1.2), or (1.3)—(1.5), let U be an open subset of R™
andset Qp =UNQ Ty =UnNTand X:=QuUTy =UnNQ.

2.1. Propositions without the coercivity assumption. In this subsection we
do not assume the coercivity of H. That is, in this subsection we assume only (A1)
and (A3). Let f € C(X). We consider the HJ equation

(2.1) {H(x,Du) = f(z) in Qy,
D.u(z) = g(x) on Ty,
and establish the following theorems.
Theorem 2.1. Let § C Lip(X) be a nonempty family of subsolutions of (2.1). Set

u(z) =inf{v(z) : ve S} forxeX
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and assume that uw € C(X). Then u is a subsolution of (2.1).

Theorem 2.2. For k € N let f, € C(X) and let ui, € Lip(X) be a subsolution of
(2.1), with fy in place of f, and {\r}ren a sequence of nonnegative numbers such
that Yoy Ak = 1. Assume that the sequences {ug}ren and { fr}ren are uniformly
bounded on compact subsets of 3. Set

u(x) = Z Aeuk(z)  and  f(x) = Z Mefe(x)  forx e X.

keN keN

Then u is a subsolution of (2.1).

Before going into the proof of the above two theorems, we give two remarks. (i)
If V is an open subset of R™ satisfying V N Q C U and u is a subsolution (resp.,
a supersolution) of (2.1), then w is a subsolution (resp., a supersolution) of (2.1),
with V' in place of U. (ii) If U, are open subsets of R™ for a« € A, where A is an
index set, and the inclusion
Qc U U,

a€cA

holds and u : Q — R is a subsolution of (2.1), with U := U,, for any a € A, then u
is a subsolution (resp., a supersolution) of (2.1), with  and T" in place of Qy and
Iy.

In the rest of this subsection we are devoted to proving Theorems 2.1 and 2.2.
Tt is well-known (see for instance [BJ90, FS04]) that, if I'y = ), the assertions of
Theorems 2.1 and 2.2 are valid. Thus, in order to prove the above two theorems,
because of their local property together with the C! regularity of 2, we may assume
by use of a C' change of variables that for some constant r > 0,
(2.2)
U=int B(0,r), Qu ={(2",2,) €U : 2, <0}, Ty ={x=(2",2,) €U : x, =0}

Here and later, for x = (21, ...,2,) € R", we put ' = (21, ..., 2p—1) and x = (2/, z,,).
We set R = R"™! x (0, co) and define the function ¢ € C*®(R” x R™) by

Z-en ‘2 1

1 2
() = 5= o] + 50 en)

We write D, for the gradient operator with respect to the variables 2/ = (21, ..., zn—1).
For instance, we write D¢ = ((syy ey Capy )-
Lemma 2.3. The function ¢ € C*° (R, x R™) has the properties:
CEt2) =120(6,2)  for (€,2,1) ERL xR xR,
C(€,2)>0 for (&, 2) € RY x (R™\ {0}),
é'DZC(&Z):gnZn fOT (f,Z) ERi x R™.
Proof. We observe that

DZC(faZ) =z——§{— én + €n + Znén,
&n &n &
and
£ D=C(& 2) =&nan.
It is now obvious that the function ¢ has all the required properties. 0

We note by the homogeneity of the functions ((&, -) that
(2.3)
Co'lel <C(6:2) S Golz’, D€ 2)] < Col=f*, ID:C(€, )] < Col2]

for all (§,z) € R} x R™ and for some constant 1 < Cp < oo.
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By assumption (A3) and (2.2), we have infyep, v(z) - €, > 0. We restrict the
domain of definition of 7 to I'y and then extend that of the resulting vector field to
R” so that v € BUC(R",R") and 75 ' <v-e, < |7| < on R™ for some constant
Yo > 1. Let w be the modulus of continuity of ~.

By mollification, we may choose a family of functions {76}56(07 1) C C*(R", R")
so that [y(z) —* ()] < w(8), 1’ (2) =7 ()] < w(lz—y]) and | Dy (z)] < Cro(8)/8
for all z,y € R™ and § € (0, 1) and for some constant C; > 1. Here |A| :=
max{|A¢| : £ € R", |¢] < 1} for n X n real matrix A. We may also assume that
<A en < 17° < 4o on R™.

For 6 € (0, 1) we set ¥°(z,y) = ((v°(z),z — y) and note that

Do’ (2, y) = (DY (2)) " DeC (v (), 2 — y) + D-L(Y (x),2 — y),
Dywé(x,y) = - DZC('Y(S(‘T)?% - y>7

where AT denotes the transposed matrix of the matrix A. From these we get

(2.4)
D% (,y) + Dyt (2, 9)| = (D0 (2)) T DeC (0 (), 2 — y)| < OOCM(C?\JC —yP°

Given a bounded function v on ¥, for § > 0 let «® € C(R™) denote the sup-
convolution of u with kernel function 6= 1¢°, i.e.,

u’(x) = sup (u(y) - ;wa(x,y)) :

yeD

For s € (0, r] we set
{Qs ={x = (x1,...,2,) € int B(0, 5) : z, < 0},

(25) Ly ={z=(21,..,2,) € int B0, s) : z,, = 0}.

In particular, we have Qy =Q,, [y =T, 2 =Q, UT, and ¥ = Q,.

Lemma 2.4. Let 4> 0 and 0 < e < r. Let u € Lip(X) be a viscosity subsolution
of (2.1), with f:=0 and g := —p. Then there is a constant 69 > 0, independent of
u, such that if 0 < 6 < &y, then v :=u’ is a viscosity subsolution of

(2.6) H(z,Dv(z)) =¢ inQp_..
Moreover, if 0 < 6 < dg, then

(2.7) D::'u‘s(ac) <e forzel,_.,
where

DFv(x) := limsup v(z) = vlw = ty(@)) .
v t—0+ t

Proof. Let 0 < § < 1. Let R > 0 be a Lipschitz constant of u. We may assume by

extending by continuity that u € Lip(X), so that for each = € R™ there is a point
y € X such that

(28) (@) = uly) — 59°(2. ).

Fixx € Q,_.UT,_. and y € ¥ so that (2.8) holds. We collect here some basic
estimates. As is standard, we have u®(x) > u(x) and

S0 (,9) = uly) — (@) < uly) — ule) < Rlo —y).

Noting by (2.3) that ¢ (x,y) > Cy 'z — y|?, we get
(2.9) |z —y| < Cq9,
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where Cy := CyR. It follows from (2.4) that

(2.10) Dot (a2, y) + Dy’ (2, )| < Caw()9,

where C3 := CyC;C%. By Lemma 2.3, we get

(2.11) 7 (@) - Dy (2,y) = —7p () (@n — Yn)-

Also, we get

(2.12) Dy’ (&, y)| < Cola —y| < Cué,

(2.13) 1Da (2, )| < 1Dyt (2, y)| + Dot (2,y) + Dyt (2,9)] < Cud,

where Cy := CyCs + C3w(1).

We now show that u° is a subsolution of (2.6) if § > 0 is sufficiently small. Let
¢ € CHQ_.) and z € Q,_.. We assume that u® — ¢ attains a strict maximum
at x, and choose a point y € X = , so that (2.8) holds. We choose a constant
01 € (0, 1) so that C2d; < e and assume in what follows that 0 < § < 0;. By
(2.9), we have |x — y| < . Hence, we have 9Q, \ T',.. Since y € Q,., we have two
possibilities: y € Q,. or y € I';..

Now we treat the case where y € €2,.. Then we have

D¢(z) € D+u5(x), Do(z) + %wa‘;(:my) =0 and %Dyw‘s(x,y) € D u(y),

where Dt h(z) denotes the superdifferential of the function h at z. Using this
last inclusion, we get H(y, Dy¢°(z,y)/d) < 0. According to (2.12) and (2.13), we
have | D, (x,y)|/d < Cy and |D¢(z)| = | D% (2,y)|/6 < Cy. Let wy denote the
modulus of continuity of the function H restricted to Q x B(0, Cy). Using (2.10)
and (2.9), we obtain
1
02 H (1. 3D, (@) ) 2 Bz, Do) ~ (o~ o) - on (Cawld)

> H(z, Dp(x)) — wi (C20) — wr (Caw(d))-

We choose a d5 > 0 so that
wH (C252) + wH(ng(ég)) S E.
Thus, if y € Q, and 0 < § < 61 A d2, then we have
(2.14) H(x, Dp(x)) < e.
Next, we turn to the case where y € I'.. Then we have
1 1

D¢(x) = —ngz/)‘s(at,y) € D™u’(z) and gDyw‘s(x,y) € Diu(y),

where Di;u(y) denotes the set of those p € R™ for which
uy+8&) <u(y) +p-&+o(f]) asy+EeX and £—0.
By (2.11), we get
7Y (2) Dy (2,y) = =7 (@) (@0 = Yn) = —Yn(2)2n > 0.
Since | D,y (z,y)|/6 < Cy by (2.12), we get
1 1 1
V() - 5Dy () =" (@) - Dy (@) + (v(y) = 7°(2)) - 5 Dy’ (2,9)
> — Cy (w(lz — yl) + w(0)) > —Cy (W(C20) + w(d)) .

We select a d3 > 0 so that C4 (w(Ca03) +w(d3)) < p, and assume in the fol-
lowing that 0 < 0 < d1 A d3. Accordingly, we have y(y) - %Dyw‘s(x,y) > —pu.
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Since wu is a viscosity subsolution of (2.1), with f := 0 and g := —u, we get
H (y, Dyv°(z,y)/6) < 0. Now, as in the previous case, we obtain

0 Z H(x, D¢($)) — (UH(CQ(S) — u)H(Cg(S).
Consequently, if y € 9, and 0 < § < §; A d2 A O3, then we have (2.14). Thus we
see that if 0 < § < 81 A da A 05, then u® is a subsolution of (2.6).
We now prove that (2.7) is valid if § is sufficiently small. Let € T',_., and
:choose a y € X so that (2.8) holds. Then, for ¢ > 0 sufficiently small, we have

W (@) ~ (e~ tr(2)) < —5 (¥ (,9) ~ (@ — 17(2).9))

Hence,

(2.15) DI’ (@) < —(x) - 5Dt )
Using (2.12), (2.10) and (2.11), we compute that

(216) () 3Dt () < —(2) - £ Dt (2,) + Cao(d)

1
<9%(@) - 3Dy (@, y) + A (,y) + Dy (,y)| + Cawo(d)
< 700300(5) + 04(.4)(5)

We select a d4 > 0 so that (79Cs + Cy)w(d4) < e. From (2.15) and (2.16), we find
that if 0 < 6 < d4, then (2.7) holds.

Finally, setting g = &1 A d2 A d3 A d4, we conclude that if 0 < § < §p, then u’ is
a subsolution of (2.6) and satisfies (2.7). O

Lemma 2.5. Let u > 0. Let u, v € Lip(X) be subsolutions of (2.1), with f := 0
and g := —p. Then u A v is a subsolution of (2.1), with f = g = 0.

Proof. Fix any ¢ € (0,7). In view of Lemma 2.4, there is a constant dp > 0 such
that if 0 < § < &g, then u := u®, v are solutions of H(x, Du) < ¢ in the viscosity
sense in ,_. and satisfy Dﬁ;u < eon I'_.. Asis well-known, since H(x,-) is
convex, the function z° := u® A v° is a subsolution of H(x,Dz°) < ¢ in Q,_..
Also, it is easy to see that D:Y"Z‘S(J;) < e forxz € T',_c. It is then easily checked
that 2 is a subsolution of (2.1), with Qp := Q,_., I'y = I',_., f(z) := ¢ and
g(x) :=e. Sending § — 0 and setting z := u A v, we see by the stability of viscosity
property under uniform convergence that z is a viscosity subsolution of (2.1), with
Qu =0, Ty :=T,_, f(x) := e and g(z) := . But, since € € (0, r) is arbitrary,
the function z is a viscosity subsolution of (2.1), with f :=0 and ¢ := 0. O

Noting that for any u,v € C(X), 0 < A< 1 and z € T'y,
+ + +
D7 (Au+ (1= Nv)(z) < ADJu(z) + (1 — A\)DJv(z),
we deduce that the argument of the above proof yields also the following lemma.

Lemma 2.6. Let u > 0 and fi,f2 € C(X). Fori = 1,2 let u; € C(X) be a
subsolution of (2.1), (2.2), with f := f; and g .= —pu. Let 0 < A < 1 and set
u =M+ (1 —=Nuz and f = Af1 + (1 — N fo. Then u is a subsolution of (2.1),
with g == 0.

Proof of Theorem 2.1. By the continuity of the function u, we may assume that S
is a sequence {ug}ren. Indeed, we can choose a sequence {K,,}men of compact
subsets of ¥ such that X = (J,, cyy Km- By a compactness argument, we can choose
for each m € N a sequence {v,, j}jen C S such that u(x) = inf{v, j(z) : j € N}
for z € K,,. Then we have u(z) = inf{v,, ;(z) : j,m € N} for € ¥. Relabeling
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{vm,;} appropriately, we find a sequence {u;} which replaces S in the following
argument.

Next, we fix any p > 0. According to the C! regularity of Q and the continuity
of g, we may select 1, € C1(Q) so that

g(x) + p < Dypy(x) < g(x) +2p for z €T

Set v (x) = ug(z) — Yu(z) and v(z) = u(x) — Yu(x) for x € ¥ and observe that
w = v}, is a solution of

H(z,Dw) <0 in Qp,
(2.17) { (z,Dw) <0 infly

Dyw(z) < —p on Ty,

where H is the continuous function on QxR" given by ﬁ(x, p) = H(x,p+Dv,(x))—
f(z). By Lemma 2.5, we see that wy := v; A--- A vy is a solution of (2.17), with
w replaced by 0. Since wg(z) — v(z) locally uniformly on ¥ as k — oo, by the
stability of the viscosity property under uniform convergence, we see that v is a
solution of (2.17), with g := 0. This means that u is a subsolution of (2.1), with
g(x) replaced by g(x) + 2. Since p > 0 is arbitrary, we conclude that u is a
subsolution of (2.1). O

Proof of Theorem 2.2. Since the property to be shown is local, by replacing U by
a smaller one, we may assume that the sequences {uy} and {fx} are uniformly
bounded on X. Set

k k
1 1
vg(z) = ——— E Njuj(z) and Fp(z) = ——— E A fi(z) forx e X.
Z§:1 Aj j=1 Z§:1 Aj j=1

Assume that k is sufficiently large, so that Z§=1 Aj > 0, vy € Lip(X) and Fy, €
C(X). Moreover, using Lemma 2.6 and arguing as in the previous proof that vy is
a subsolution of (2.1), with f replaced by Fy. In view of the uniform boundedness
of the sequences {ux} and {fr}, we see that vg(x) — u(z) and Fi(z) — f(x)
uniformly on ¥ as k — oco. By the stability of the viscosity property, we conclude
that u is a subsolution of (2.1). O

2.2. Propositions under the coercivity assumption. In this subsection, we
always assume that (A1)—(A3) hold, and reformulate Theorems 2.1 and 2.2.

Theorem 2.7. Let S C C(X) be a nonempty subset of subsolutions of (2.1). As-
sume that inf{v(z) : v € S8} > —oo for some x € X. Then the function

(2.18) u(z) := inf{v(z) : v e S}
on ¥ is a subsolution of (2.1).

A consequence of the above theorem is stated as follows. If S € C(X) is a
nonempty subset of solutions of (2.1) and formula (2.18) defines a real-valued func-
tion u, then w is a solution of (2.1). Indeed, as is well-known, the supersolultion
property is stable under taking infimums, and therefore u is a supersolution of (2.1)
as well.

Proof. Because of the local nature of our assertion, by replacing U by a smaller one,
we may assume that f is bounded on X. Then, by the coercivity assumption (A2),
we can choose a constant C' > 0 so that for (z,p) € Q x R", if H(x,p) < f(z), then
Ip| < C. This together with the boundedness and C! regularity of Q implies that
S is equi-Lipschitz continuous on ¥. Consequently, we have u € Lip(X). Applying
Theorem 2.1, we find that u is a subsolution of (2.1). O
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We consider next the evolution equation with the Neumann type boundary con-
dition
us + H(z, Du) = f(z,t) in Qy x (0, T),

(2.19) { )

Dyu=g(z) onlyx(0,T),
where f € C(X x (0, T)).

Theorem 2.8. Let S C C(X x (0, T)) be a nonempty subset of subsolutions of
(2.19). Assume that S is uniformly bounded on compact subsets of ¥ x (0, T).
Then the function

(2.20) u(z,t) = inf{v(z,t) : v e S}
on X x (0, T) is a subsolution of (2.19).

A remark parallel to the remark after Theorem 2.7 is valid here. Indeed, if
S C C(X x (0, T)) is a nonempty subset of solutions of (2.19) and it is uniformly
bounded on compact subsets of ¥ x (0, T'), then the function w given by (2.20) is
a solution of (2.19).

Proof. Because the viscosity property is local, we may assume, by replacing U and
the interval (0, T') by smaller ones and by translation in the ¢-direction if needed,
that S are uniformly bounded on ¥ x (0, T'). We may aslo assume that f € BUC(X).
Let C' > 0 be a constant such that |v(x,t)| < C for (z,t) € ¥ x (0, T) and v € S.

Let ¢ > 0 and introduce the sup-convolution of v € § with respect to the t-
variable:

1
ve(x,t) = 0<i151£T (v(x,s) - 2—€(t - 5)2> for (z,t) € ¥ x R.

Setting § = 2veC, we observe that for (z,t) € ¥ x (§, T — 9),

v (z,t) = \inlta\J}S((S (u(a:, s) — %(t — s)2>,

from which we deduce as usual in viscosity solutions theory that v¢ is a subsolution
of

(2.21)

vi + H(z,Dv®) = f+w(d) in Qu x (6§, T —9),
Dyw*=g onTyx(6,T-9),

where w is the modulus of continuity of f.

Now, the family of functions v*(x,-), with x € ¥ and v € §, is equi-Lipschitz
continuous on (4, T — ). From this and (2.21), we see that H(x, Dv®) < C; in
the viscosity sense in Q x (6, T — §) for all v € S and for some constant C; > 0.
Observe then that for (z,t) € ¥ x R,

€ s 1 2\ _ - £ .
ut(x,t) = 0<1151£T (u(m,s) 28(t s) ) = inf{v®(z,t) : v € S}.
We apply Theorem 2.1, to see that u® is a subsolution of (2.21). Indeed, in order to
apply Theorem 2.1, we set Q=0x (0, T), U=Ux 0, T), fI(m,t,p, q) = H(z,p)+q
and 5(z,t) = (v(z), 0), and regard problem (2.19) as problem (2.1), with Q, U, H
and v in place of 2, U, H and +, respectively.

Next, we observe that for (x,t) € ¥ x (0, T), the family {u®(x,t)} converges
monotonically to u(x,t) as € — 0, which implies, together with the continuity of
u®, that u(x,t) is identical to the upper relaxed limit of u®(z,t) as ¢ — 0. Because
of the stability of the subsolution property under such a limiting process, we see
that u is a subsolution of (2.19). O
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Theorem 2.9. For k € N let f, € C(X x (0,T)) and up, € USC(Z x (0, T))
be a subsolution of (2.19), with fi in place of f. Let {\p}ren be a sequence of
nonnegative numbers such that ), .y Ak = 1. Assume that the sequences {u }ren
and {fr}ren are uniformly bounded on compact subsets of ¥ x (0, T). Set

u(a,t) =Y Meug(x,t) and  fz,t) =Y Mefulw,t)  forzeDx (0, 7).

keEN keN
Then u is a subsolution of (2.19).

Proof. Arguing as in the proof of Theorem 2.8, with use of Theorem 2.1 instead of
Theorem 2.2, we conclude that Theorem 2.9 is valid. ]

3. COMPARISON RESULTS

The comparison results presented in this section are more or less well-known (see
for instance [Lio85, BL91, DI90]). A only new feature of our results may be in the
point that they are formulated in a localized fashion.

Theorem 3.1. Let fi, fo € C(X) and let u € USC(X) (resp., v € LSC(X)) be
a subsolution (resp., a supersolution) of (2.1), with f replaced by f1 (resp., fa).
Assume that f1(x) < fa(z) for x € X. Then

sup(u —v) < sup (u —v).

2 auNQ

We remark that if U N Q = 0 in the above theorem, then the right side of the

above inequality equals —oco by definition. In particular, if @ C U in the above
theorem, then the theorem asserts that supg(u — v) = —oc.

Corollary 3.2. If a < b and problem (1.1), (1.2) has a subsolution, then problem
(1.1), (1.2), with b in place of a, does not have a supersolution. In particular, if
problem (1.1), (1.2) has a solution for some a € R, then problem (1.1), (1.2), with
a replaced by b # a, has no solution.

Proof. Let a < b, and assume that there are a subsolution u of (1.1), (1.2) and
a supersolution of (1.1), (1.2), with b in place of a. Note that, for any ¢ € R,
the function u + ¢ is also a subsolution of (1.1), (1.2). By Theorem 3.1, we have
u* + ¢ < v, on ( for ¢ € R, which is a contradiction. This proves our claim. O

Lemma 3.3. Assume that [ is bounded on ¥. Then there is a constant C > 0,
depending only H, f and Q, such that for any subsolution v € USC(X) of (2.1)
and z,y € 3, |u(x) —u(y)| < Clz —yl.

Proof. Let u € USC(X) be a subsolution of (2.1). By the coercivity assumption
(A2) and the boundedness of f, there is a constant Cy > 0 such that for (z,p) € Qy,
if |p| > Cy, then H(x,p) > f(z) + 1. It follows from (2.1) that u is a subsolution
of |Du| < Cy in Qr, which implies together with the O regularity of Q that u is
Lipschitz continuous on )y with a Lipschitz constant C' > 0 depending only on Cj
and €.

We next show that v € C'(X), which guarantees that u is Lipschitz continuous
on Y. with the same Lipschitz constant C'. To this end, we need only to show that
for any fixed z € T'y, u is continuous at z. By translation, we may assume that
z = 0. By rotation and localization, we may furthermore assume that U, Qy and
T'y are given by (2.2). Since u € USC(X) and u € Lip(Qy), it is enough to show
that

(3.1) u(0) <supu for s e (0, r).
Qs

Here and later we use the notation Q, and I's as defined in (2.5).
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We may assume by replacing r > 0 by a smaller one that vy := infzer, () -
en > 0. (Recall that e, denotes the unit vector (0,...,0,1) € R™.) We select
a closed convex cone K with vertex at the origin so that K \ {0} C —R’ and
—v(x)+B(0,6) € K for all x € T',. and for some § > 0. We denote by N the normal
cone to K at the origin. That is, we set Ny = {£ € R" : £-p <0 forp € K}.
It follows that & - (—v(z)) < —4|¢| for all £ € Nk and = € I',.. Let dx denote the
distance function from the set K, i.e., dx(x) = dist (x, K). As is well-known, the
function d is convex on R", diy € C(R")NCHR™\ K), di(z) > 0 for z € R™ and
Ddg(xz) € Ny N9B(0,1) for x € R™\ K.

Fix any s € (0, r) and set p = dist (K, 9B(0, s) N {z, = 0}). Here and later we
use the notation: {z, = 0} := {(2',z,) € R : z,, = 0} and similarly {z,, < 0} :=
{(&',z,) € R" : z, < 0}. Note that 0 < p < s and fix any ¢ € (0, p). We may
assume by replacing r > 0 by a smaller one that u is bounded above on €,. We
choose a constant C; > 0 so that supg u < C1, supg, lu| < Cy and supp_g < Ch.
We select a function (. € C*(R) so that ¢/(r) > 1 forr € R, (.(r) =7 forr < ¢
and (.(p) > 2C;. We set A = max{1, Cy, (C; + 1)/}, and define the function
v € C(R™) by

v(x) = Al (dx (r + €ey)) + supu = Al (dist (z, K — €e,,) + sup u.
Qs

s

Let V = Q,\ (K — ge,,). We intend to show that u < v on the set V. To do this,
we suppose by contradiction that maxy-(u — v) > 0. Note that

V cQ,=(Qsn{z, <0})U(0B(0,s) N{zx, =0})UT,.

Since u € C(£,), it is clear that u < supg u < v on Q3N {z, < 0}. For any
z € 0B(0,s) N {x, = 0}, we have dist (z, K — ce,,) > dist (z, K) > p > s and
hence

() = C(dr (z +een)) = Cr = C(p) = C1 > C1 > u(z).

Consequently, we have u(z) < v(z) for VN Ty and therefore there is a point y € Ty
such that (v — v)(y) = maxy-(u — v). Since u is a subsolution of (2.1), with V in
place of U, we have either H(y, Dv(y)) < f(y) or D,v(y) < g(y). Since y € 'y and
[sN (K —ee,) =0, we have

D’U(y) = AC;(dK(y =+ 5en))DdK(y + Een)'

Hence, we get |Du(y)| > A > Cy and, by the choice of Cy, H(y, Dv(y)) > f(y).
Also, we get

Dv(y) = ACL(dk (y + cen))y(y) - Ddg(y + cen) > A6 > C1 +1 > g(y).

We are in a contradiction, and thus we conclude that (3.1) holds. O
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Proof of Theorem 3.1. We first deal with the case where QN OU # (). We suppose
by contradiction that
(3.2) max(u — v) > max (u — v).
= aUuNQ

By replacing U by a smaller one (for instance, the set {z € U : dist (x,0U) > ¢}
with sufficiently small & > 0) if needed, we may assume that fq, fo are continuous
on ¥ and supss(fi — f2) < 0. We note by Lemma 3.3 that the function  is Lipschitz
continuous on X.

We now intend to replace H by a uniformly continuous Hamiltonian, which is

not coercive nor convex any more. For this, we define the function H € UC(ZxR™)
by

H(z,p) = min{H (z,p) — f1(z), 1}.
Set fi(z) = 0 and fo(x) = min{fa(z) — fi(z), 1} for € ¥. Now, the function u
(resp., v) is a subsolution (resp., a supersolution) of (2.1), with H and f; (resp., f2)
in place of H and f. Thus, replacing H, f1 and fs by H, f; and fs, respectively,
we may assume in what follows that H € UC(X x R™).

We select a function ¢ € C'(2) so that D,t(z) > 0 for all z € I'. Let § > 0 and

set

us(r) = u(z) — d(z) and wvs(z) =v(x) + 0¢(z) for z € X.

In view of the uniform continuity of H, selecting 6 > 0 small enough, replacing
f1, f2 by a new ones if necessary, we may assume that us (resp., vs) is a subsolution
(resp., a supersolution) of (2.1), with g and f replaced respectively by g — e (resp.,
g + €), where € is a positive constant and by f1 (resp., f2). We may also assume
that (3.2) holds with us and vs in place of u and v, respectively. Henceforth we
replace u and v by us and vs in our notation, respectively.

If supr,, (v — v) < maxs(u —v), then we have maxys (u —v) < maxg(u —v) and
get a contradiction by arguing as in the standard proof (in the case of the Dirichlet
boundary condition) of comparison results where the Lipschitz continuity of u is
available.

Thus we assume henceforth that supr,, (u—v) = maxg(u—wv). Then the function
u — v attains a maximum at a point z € I'y. By replacing U by an open ball
intB(z,r), with » > 0 sufficiently small, and by translation, we may assume that
2=0,Qu =Q, and Ty =T, where Q, and T',. are the sets given by (2.5). We set

=7(0)/1r(0)[%,
a(z) = u(z) — g(0)7 -z —|z|* and ¥(x) =v(x) — g(0)y -z for .

Note that u — v attains a strict maximum at the origin and that w := @ is a solution
of

D,Dw(z) < g(z) —g(0)y(z) -7 —2y(z) -z —e onT,,
and w := v is a solution of

{H(x , Dw(z

{HWDM@+A®%M@<h@)iM%

+9(0)%) > fo(x) in Q,,
gz

)
DyDuw(z) = g(x) = g(0)y(2) - 7+ on Ty,

Replacing 7 > 0 by a smaller positive number, we may assume that w := 4 is a
solution of
H(xz, Dw(x

)+ 9(009) < fila) +e Q.
D, Dw(x) < ~

on I,

l\')\m
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and w := 7 is a solution of

Reselecting € > 0 small enough if necessary, we may assume that maxg_ (fi+e—
f2) < 0. In the argument which follows, we write u, v, fi and H for the functions
@, 0, f1 + ¢ and H(z,p+ g(0)7), respectively.

Let ¢ € C°(R% xR™) be the function from Lemma 2.3. Set ¢(z,y) = ((v(0),z—
y). For a > 1 we consider the function ®(z,y) := u(z) — v(y) — ad(x,y) on X x X.
Let (za,Ya) € 5 be a maximum point of ®. Since u — v attains a strict maximum
at the origin, we deduce easily that z,, yo — 0 as @« — oco. Let C; > 0 be the
Lipschitz constant of the function u. Then, since ®(yq,¥a) < P(Ta,Ya), we find
that ag(xq,uq) < C1|Ta — Ya|, from which we get o]z, — yo| < Co, where Cy > 0
is a constant independent of «. If x4, yo € 2., then we have

H((Eou qub(xou ya)) S fl(wa) and H(you _Dy(ZS(xaa ya)> Z fZ(ya)~
Here, noting that D,¢(z,y) + Dyé(x,y) = 0, we find that

(3'3) H(xava¢(xaaya)) < fl(xa) and H(yaaDm¢(xaaya)) > fQ(ya)'

Assume instead that z, € I',.. By the viscosity property of u, we have either
€
H(2o, De¢(TasYa)) < f1(7a) or ¥(%a)  Died(Ta,Ya) < Ty

Compute that

V(o)  Dad(Ta,Ya) = V(a)  D2C(7(0), 24 — Ya) > 11 (0) - (—Yan) — 0203‘”7(‘5”&”,

where C3 > 0 is a constant, independent of «, such that |D.((v(0),z)| < Cs|z|
for z € R} x R", w, is the modulus of continuity of v on I' and yon = e - .
Accordingly, if « is large enough, then we have
€
’Y(xa) : Dzd’(xaaya) > 75'
Thus, we have H(2q, Dyd(2a,9a)) < f1(24) if a is large enough. Similarly, in the
case where y, € ', we have H (Yo, D2®(Ta,Ya)) > f2(ya) if « is large enough.
Now, assuming « is large enough, we always have (3.3), from which get a contra-
diction, f1(0) > f2(0), by taking the limit as a — oo.
We next turn to the case where U N Q = (). We have

Q=QNDUHu@QNU)=@QNU)U QNint(U°)).

Since € is connected and QN U = X # 0, we see that Q Nint(U¢) = and Q C U.
We thus need to show that

sup(u —v) = —o0.
Q
Indeed, if maxg(u — v) € R, then the argument in the previous case yields a
contradiction. The proof is now complete. O

Theorem 3.4. Let u € USC(X x [0, T)) and v € LSC(X x [0, T)) be respectively a
subsolution and a supersolution of (2.19). Assume that u < v on ¥ x {0} U (U N
Q) x (0, T). Thenu <v in X x [0, T).

Lemma 3.5. Assume that f € C(3 x (0, T)) is bounded on ¥ x (0, T'). Then for
any R > 0 there is a constant Cr > 0, depending only on R, H, f and ), for which
ifu e USC(Ex(0,T)) is a subsolution of (2.19) and if the family {u(z,-) : z € £},
is equi-Lipschitz continuous on (0, T) with Lipschitz constant R, then the function
u s Lipschitz continuous on X x (0, T') with Lipschitz constant Cr.
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Proof. Fix any R > 0. As in the proof of Lemma 3.3, there is a constant Mg > 0,
depending only on R, H and f, such that for (z, p) € ExR", if H(x,p) < f(z)+R,
then |p| < Mp. Let u € USC(Xx (0, T')) be a subsolution of (2.19), and assume that
the family {u(z,-) : © € X} is equi-Lipschitz continuous on (0, T') with Lipschitz
constant R. Then, it is easily seen that for each ¢t € (0, T'), the function u(-,t) is
a subsolution of (2.1), with H(x,p) and f(x) replaced by |p| and Cp, respectively.
By Lemma 3.3, there is a constant C'r > R, depending only on Mg and 2, such
that the family {u(-,t) : 0 < t < T} is equi-Lipschitz continuous on ¥, with
Lipschitz constant Cr. Then we have |u(x,t) — u(y, s)| < Cr(|lz — y| + |t — s]) for
all (z,t), (y,s) € ¥ x (0, T) and finish the proof. O

Proof of Theorem 3.4. We follow the line of the proof of Theorem 3.1. For S < T
we write

8;,(2 x (S, T) =S x{S} U (0UNQ) x (S, T).
It is enough to show that

(3.4) sup(u — v) < sup (u —v),
Qr 0,Qr
where Qr = X x (0,7).
To prove (3.4), we suppose, on the contrary, that

(3.5) sup(u — v) > sup (u — v).
Qr 0,Qr

Let 6 > 0 and set

a(x,t) = u(x,t) — for (x,t) € Qr.

T—t
By replacing u by @, we may assume that u is a subsolution of (2.19) with f(x)
replaced by f(z) — e, where € > 0 is a constant, and that

lir%l sup(u — v)(x,t) = —oco.

T zex
By taking the sup-convolution of u in the t-variable, replacing U and the inter-
val (0, T') by smaller (in the sense of inclusion) ones, and translating the smaller
interval, we may assume that f is uniformly continuous on @Qr and the family
{u(z,-) : € ¥} is equi-Lipschitz continuous on (0, T'). According to Lemma 3.5,
the function u is Lipschitz continuous on Q7. Next, we may replace H by a uni-
formly continuous function on ¥ x R™. By perturbing u (resp., v) as in the proof
of Theorem 3.1 and replacing € > 0 by a smaller positive number, we may assume
that u (resp., v) is a subsolution (resp., a supersolution) of (2.19), with f(x,t) and
g(x) replaced by f(x,t)—e and —e (resp., f(x,t) and ). Moreover, we may assume
that v — v attains a strict maximum at a point (z,7) € 'y x (0, T'). Furthermore,
we may assume that z = 0, U = intB(0,7), Qp = Q, and 'y =T, where r > 0
and Q,, I, are the sets given by (2.5).

Now we consider the function

(I)(Z,t,y, S) = u(xat) - v(y, S) - O‘¢(xa y) - a(t - 8)2

on the set Q7 X Qp, where o > 1 is a constant and ¢ is the function used in the
proof of Theorem 3.1. Let (24,9q) € @ X Qp be a maximum point of ®. Arguing
as in the proof of Theorem 3.1, we see that if « is sufficiently large, then we always
have

f(xoz) -,
f

(3.6) (0.

<
>

20é(ta — Sa) + H(xaa OCD:E¢((ED¢7 ya))
QOé(ta - Sa) + H(you OéDg;(b(JJo” ya))
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Also, using the Lipschitz continuity of w, we find that for some constant C' > 0,
independent of «,

alta = sa| + alza —ya| < C.

Sending o — o0 in (3.6) yields a contradiction. O

4. SKOROKHOD PROBLEM

In this section we are concerned with the Skorokhod problem. We recall that
R, = (0, 00) and hence Ry = [0, oo). We denote by Li (R, R¥) (resp., ACjoc (R, R¥))
the space of functions v : R, — R¥ which are integrable (resp., absolutely contin-
uous) on any bounded interval I C R,

Given z € Q and v € L] (Ry,R™), the Skorokhod problem is to seek for a pair

loc —
of functions, (1, 1) € ACjoc(Ry,R") x LL (R4, R), such that

loc

n0)==z, nt)eQ forteR,,
(4.1) Nt) +1(t)y(nt) =v(t) forae teR,,
> )

Regarding the solvability of the Skorokhod problem, our main result is the fol-
lowing.

Theorem 4.1. Let v € L] (Ry, R") and x € Q. Then there ezits a pair (n, 1) €

- ~ Hloc
ACoc(R4, R™) x LL (R4, R) such that (4.1) holds.

We are interested in “regular” solutions in the above theorem. See [LS84] and
references therein for more general viewpoints on the Skorokhod problem. The
advantage of the above result is in that it applies to domains with C! boundary.

A natural question is the uniqueness of the solution (7, I) in the above theorem.
But we do now know if the uniqueness holds or not.

We first establish the following result.

Theorem 4.2. Let v € L™®(R4, R") and x € Q. Then there exits a pair (n, 1) €
Lip(R;, R") x L>®(R, R) such that (4.1) holds.

We borrow some ideas from [LS84] in the following proof.

Proof. We may assume that ~ is defined on R™. Let ¢» € C'(R") be such that
Y(x) < 0inQ, [DY(z)| > Lforz € T, ¢(x) > 0for x € R"\Q and liminf |, ¥ (z) >
0. We can select a constant 6 > 0 so that for x € R",

v(z) - Dib(z) > 6D (x)| i 0 < ¥(x) < 4.

We set q(x) = (¢(z) V0O) A S for x € R™. Note that q(z) = 0 for x € Q, g(z) > 0
for r € R™ \ €, and v(z) - Dg(z) > 6|Dg(z)| for a.e. x € R™.

Fix ¢ > 0 and x € 2. We consider the initial value problem for the ODE

(4.2) §(t) + étJ(ﬁ(t))W(f(t)) =v(t) forae teR;, £(0)=ua.

Here ¢ represents the unknown function. By the standard ODE theory, there is a
unique solution £ € C1(R,) of (4.2).
Let m > 2. We multiply the ODE of (4.2) by mq(£(t))™ 1 Dq(&(t)), to get

&)™ + g(J(ﬁ(t))me(é(t)) (E(t) = ma(€(t))" " Da(£(1) - v(t) ae.
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Fix any T € R,.. Integrating over [0, T, we get

—m / 4(€(5)™ 1 Dy(£(5)) - v(s) ds.

Here we have

/ 4(€())™1(E()) - Da(€(s)) ds > 6 / )™ Da(€(s))] ds,
0

and

/0 4(€(5))™ 1 Dy(£(s)) - v(s) ds

T 1=
< ( / 9(€(5))™ | Da(€(s)] ds>

Combining these, we get

- T -
(/ |v<s>m|Dq<s<s>>|ds> |
mo

(4.3)  qE(M)™ +7/ q(&(s))™Dq(&(s))] ds

€ Jo

sm</0 q(€<s))m|Dq(§(s))lds> m</0 |v(s)|m|Dq(£(s))|ds>

From this we obtain

1
m

1

T % T ™
(44) 5(/ q<£<s>>m|Dq<e<s>>|ds> s(/ u<s>|m|Dq<§<s>>ds>

and -
aem)” < (5)" " m [ Ipatee]as
Hence, setting Cy = HDq”Lao ny, we deduce that

(4.5) A€ < (5) " mCT|olE ) fort € [0, 7).
Henceforth we write & for £, to indicate the dependence on € of £&. We see from
(4.5) that for any T > 0,

4.6 I dist Q) = 0.
(4.6) Jim, e dist (&(2), )

Also, (4.5) ensures that for each T' > 0 there is an er > 0 such that ¢(&.(t)) < §
for ¢ € [0, T7.

Now let T'> 0 and 0 < € < ep. we have ¢(&:(s)) = ¥(&(s)) VO for all ¢t € [0, T
and hence q(&(¢))™|Dq(&:(t))| = q(&:(¢))™ for a.e. t € (0, T). Accordingly, (4.4)
yields

1

s [ B N
Z (/ q(&(s))™ dS) < CoT ||v]|Loe(0,7)-
0

Sending m — oo, we find that (§/¢)[|q o & ||~ (0, ) < Collv]| L= (0, 1), and moreover

1)
(4.7) g||q o&ellrem®,) < CollvllLo(ry)-

We set I, = (1/¢)g o &.. Due to (4.7), we may choose a sequence ¢; — 0+ so that
le, — | weakly-star in L>(Ry) as j — oo for a function [ € L>°(R4). It is clear
that [(s) > 0 for a.e. s € Ry.
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ODE (4.2) together with (4.7) guarantees that {£.}.~¢ is bounded in L=(R).
Hence, we may assume as well that £, converges locally uniformly on R, to a
function 1 € Lip(R;) as j — oo. It is then obvious that 7(0) = x and the pair
(n, 1) satisfies

n(t) +/ (I(s)y(&(s)) —v(s))ds =0 for ¢t >0,
0
from which we get
N(t) +1({t)y(n(t)) =v(t) for ae. t€R,.

It follows from (4.6) that n(t) € Q for ¢ > 0.

In order to show that the pair (7, I) is a solution of (4.1), we need only to prove
that for a.e. t € Ry, I[(t) = 0if n(t) € Q. Set A= {t >0 : n(t) € Q}. Tt is clear
that A is an open subset of [0, co). We can choose a sequence {I}ren of closed
intervals of A such that A = (J, .y fx. Note that for each k£ € N, the set n(Iy) is a
compact subset of { and the convergence of {{.,} to 7 is uniform on I;. Hence, for
any fixed k& € N, we may choose J € N so that &, (t) € Q for all t € I, and j > J.
From this, we have ¢(&;(t)) = 0 for t € I and j > J. Moreover, in view of the
weak-star convergence of {l., }, we find that for any k € N,

1

/ I(t)dt = lim —q(&(t)™dt =0,
Iy, J=oo ), &)

which yields [(t) = 0 for a.e. t € Iy. Since A = [, oy Ix, We see that [(t) = 0 a.e.

in A. The proof is complete. O

For z € €, let SP(z) denote the set of all triples
(77,7%5) € AC]OC(@JMR”) X Llloc(RJr’Rn) X Llloc(@Jr)

which satisfies (4.1). We set SP = (J,.q SP(x).

We remark that for any z,5 € Q and 0 < T' < oo, there exists a triple (1,v,1) €
SP(x) such that n(T) = y. Indeed, given z,y € Q and 0 < T < oo, we choose
a curve n € Lip([0, T],Q) so that n(0) = z and n(T) = y. The existence of such
a curve is guaranteed since ( is a domain and has the C! regularity. We extend
the domain of definition of 1 to R, by setting n(t) = y for t > T. Now, if we set
v(t) =n(t) and I(t) = 0 for ¢ > 0, we have (n,v,1) € SP(x), which has the property,
n(T) = y. Here and henceforth, for interval I, we denote by Lip(Z,Q) the set of
those n € Lip(I,R™) such that n(t) € Q for t € I. We use such notation for other
spaces of functions having values in Q C R” as well.

We note also that problem (4.1) has the following semi-group property: for any
(z,t) € @ x Ry and (n1, v1, l1), (12, v, l2) € SP, if 91 (0) = z and 72(0) = m(¢)
hold and if (n, v, ) is defined on R, by

I (771(5)7 1)1(8), ll(s)) for s € [Oa t)v
(n(s), vs), Us)) = (n2(s —t), va(s — t), la(s — 1)) for s € [t, 00),
then (n, v, 1) € SP(x).

Proposition 4.3. There is a constant C > 0, depending only on Q and vy, such
that for (n, v, 1) € SP,

[n(s)| Vi(s) < Clu(s)| for a.e. s>0.
An immediate consequence of the above proposition is that for (n, v, ) € SP,

if v € LP(Ry, R") (resp., v € LI (R, R")), with 1 < p < oo, then (n,1) €

loc
LP(Ry, R™Y) (resp., (n, 1) € LL (R, R™H)).
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Proof. Thanks to hypothesis (A3), there is a constant g > 0 such that v(z)-vy(z) >
8 for x € T. Let (n,v,l) € SP. According to the C! regularity of €, there is a
function ¢ € C*(R™) such that

Q={zeR": ¢(x) <0} and DyY(z)#0 forzel.

Noting that 1(n(s)) < 0 for all s > 0, we find that for any s > 0, if n(s) € T and n
is differentiable at s, then

0= ~Su(n(s)) = Dn(s)) - i(s)

ia—lnd v(n(s))-n(s) = 0. We see immediately that I(s)y(n(s))-v(n(s)) = v(s)-v(n(s)).
ence, we get

dol(s) < w(s)-v(n(s)) < |v(s)|
and I(s) < 85 v (s)| for a.e. s > 0. We also have

()] < fo(s)| + Illoli()] < (14 %)WM for ae. s> 0, -

Let F be a subset of L*(I,R™), where I C R is an interval. We recall that F is
said to be uniformly integrable if for any € > 0 there is a § > 0 such that for any
feF,

‘/ f(s) ds’ <& whenever B C I is measurable and |B| < d.
B

Here |B| denotes the Lebesgue measure of B C R.

Proposition 4.4. Let {(nk, vk, lg) }ken C SP. Assume that {|vg|} is uniformly
integrable on every intervals [0, T, with0 < T < oo. Then there exist a subsequence

{05 vys iy Yien of {nk, vk, I} and a (n, v, 1) € SP such that
My (8) = () uniformly on [0, T),
Nk, dt — ndt  weakly-star in C([0, T], R™)*,
v, dt — vdt  weakly-star in C([0, T], R™)",
Iy, dt — 1dt  weakly-star in C([0, T1])*

for every T > 0.

In the above proposition, we denote by X* the dual space of the Banach space
X. Regarding notation in the above proposition, we remark that the weak-star con-
vergence in C([0, T])* or C([0, T], R™)* is usually stated as the weak convergence
of measures.

Proof. By Proposition 4.3, there is a constant Cy > 0 such that for k € N,
(4.8) [76(s)| V Ik (s) < Colug(s)| for a.e. s> 0.

It follows from this that the sequences {|7x|} and {lx} are uniformly integrable on
the intervals [0, T], 0 < T' < oco. If we set

t t
Vk(t):/ ve(s)ds  and Lk(t):/ le(s)ds for ¢ >0,
0 0

then the sequences {nx}, {Vi} and { Ly} are equi-continuous and uniformly bounded
on the intervals [0, T], 0 < T' < co. We may therefore choose an increasing sequence
{k;} C N so that the sequences {n,}, {Vi,} and {Lg,} converge, as j — oo, uni-
formly on every finite interval [0, T], 0 < T < oo, to some functions n € C(R,, Q),
V € C(Ry, R") and L € C(R4). The uniform integrability of the sequences {|n|},
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{|Jvg|} and {lx} implies that the functions 7, V and L are absolutely continuous on
every finite interval [0, T], 0 < T < oo.

Fix any 0 < T < oo. The uniform integrability of the sequences {|nx|}, {|vk|}
and {l;} guarantees that the sequences {7y ds}, {vi ds} and {l; ds} of measures on
[0, T| are bounded. That is, we have

Sup/ (7 (5)] o8 ()] + Lu(s)) ds < oc.
keNJO

Hence we may assume without loss of generality that as 7 — oo,
Nk, ds — p1 - weakly-star in C([0, T, R™)",
v, dt — pp  weakly-star in C([0, T, R™)*,
Iy, dt — p3  weakly-star in C([0, T)*

for some regular Borel measures p;, ps and ps of bounded variations on [0, T7.
Then, for any ¢ € C*([0, T], R™), using integration by parts twice, we get

/OT ¢(s)m(ds) = lim /T B(8)1k, (s) ds
N jh—>m ¢nk / ' (s)1, ( >
! [ someas= / Hs)ils) ds

By the density of C([0, T, R”) in C(]0, T, R™), we find that

/cbulds /¢

which shows that p; = nds on [0, T] Similarly we see that s = V ds and po =
Lds. Thus, setting v =V and [ = L, we have as j — oo

Nk, ds — 1 ds  weakly-star in C([0, T, R")",

vy, dt — vds weakly-star in C([0, T], R")",

Iy, dt — lds weakly-star in C'([0, T)".

Note here that the above weak-star convergence is valid for every 0 < T < oo.
Since

i (s) + lu(8)701(5)) = vi(s) for ae. 5> 0,
integrating this over [0, t], 0 < t < co and sending k = k; as j — oo, we get

t
/l ds-/v(s)ds for t > 0,
0

which ensures that 7(s) + I(s)y(n(s)) = v(s) for a.e. s > 0. It is obvious that
n(s) € Q for s > 0. Finally, we argue as in the last part of the proof of Theorem
4.2, to find that for a.e. s € Ry, I(s) =0 if n(s) € Q. The proof is complete. O

Proof of Theorem 4.1. Fix any x € Q and v € L{ (Ry, R™). In view of the semi-
group property of problem (4.1), we may assume that v(s) = 0 for s > 1, so that
v e L' (R, R"). We define the sequence {vi}reny C L= (R4, R™) by

ou(s) = {v(s) if [u(s)] <k,

0 otherwise.

Since [vg(s)| < |v(s)| for s > 0, we see that the sequence {|vy|} is uniformly
integrable on Ry. According to Theorem 4.2, there is a sequence {(n, lx)} C
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Lip(Ry, R") x L>=(R, Ry) such that (nx, vx, lx) € SP(x) for all k € N. Then
applying Proposition 4.4, we deduce that there is a (1,1) € ACj..(R;, R") x
LL (R4, R;) such that (n, v, I) € SP(x). O

loc
5. CAUCHY PROBLEM WITH THE NEUMANN TYPE BOUNDARY CONDITION

In this section we introduce the value function of an optimal control problem
associated with the initial-boundary value problem (1.3)—(1.5), and show that it is
a (unique) solution of problem (1.3)—(1.5).

We define the function L € LSC(2 x R”, RU{oo}), called the Lagrangian of H,
by

L(z,&) = sup (¢-p— H(z,p)).
peRn

The value function w of the optimal control with the dynamics given by (4.1), the
running cost (L, g) and the pay-off ug is given by

wiant) = int { [ (L), ~(s) + g(a(s)1(s)) ds

+ug(n(t)) : (n,v,1) € SP(x)} for (z,t) € Q x Ry.

(5.1)

Under our hypotheses, the Lagrangian L may take the value co and, on the other
hand, there is a constant Cy > 0 such that L(x,§) > —Cj for (z, &) €  x R™.
Thus, it is reasonable to interpret

| 20(s), (s ds =
0

if the function: s +— L(n(s), —v(s)) is not integrable, which we adopt here.
It is well-known that (and also easily seen) the value function w satisfies the
dynamic programming principle

wias+0) = int { [ (L), =o(r) + gln(r)ir)) dr + (o) o)
(n,v,1) € SP(n(s))} forz € Q and t,s € R,.

Theorem 5.1. The value function w is continuous on Q x Ry and it is a solution
of (1.3)—(1.4), with a := 0. Moreover, w satisfies (1.5) in the sense that
tl—i>%l+w(x’ t) = ug(x) uniformly for x € Q.

The above theorem clearly ensures the existence of a solution of (1.3)—(1.5),
with @ := 0. This together with Theorem 3.4, with U := R", establishes the unique
existence of a solution of (1.3)—(1.5), with a := 0. For the solvability of stationary
and evolution problem for HJ-Jacobi equations, we refer to [Lio85, LT91, BLI1,
D190, Bar93, CIL92].

Another aspect of the theorem above is that it gives a variational formula for
the unique solution of (1.3)—(1.5), with @ := 0. This is a classical observation on
the value functions in optimal control, and, in this regard, we refer for instance to
[Lio85, LT91].

The variational formula (5.1) is sometimes called the Lax-Oleinik formula. The
formula (5.1) still valid for the solution of (1.3)—(1.5) with general a € R if one
replaces the Lagrangian L(z,£) by L(z, &) + a.

For the proof of Theorem 5.1, we need the following three lemmas. In what
follows we always assume that a = 0 in (1.3). We set Q@ = Q x R,

Lemma 5.2. Let ¢ € C1(Q) be a classical subsolution of (1.3)—(1.4). Assume that
P(x,0) < ug(z) for x € Q. Then w > on Q.
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Proof. Let (z,t) € Q and (n, v, I) € SP(z). We have

d

0((0.0) = v(0(0).0) = [ Lewias).t = 9)as

= /0 (Dw(n(s),t —5)-0(s) = e(n(s), t — s)) ds

t
= /0 (D¥(n(s),t —s) - (v(s) = U(s)v(n(s))) — bu(n(s), t — s)) ds.
Now, using the subsolution property of ¢ and the inequality ¥ (-,0) < ug, we get
Y(x,t) — uo(n(t))

< /0 (= De(n(s),t — s) - v(s) + Us) Dy (n(s)) - y(1(s)) + ve(n(s),t = 5)) ds

</ (H(s), Do), — ) + La(s), —v(5)) + L5} Dn(s)) - (n()
+ Ui(n(s), t — s)) ds
</ (L), —o(s)) + Hs)g(a(s)) ds.
Thus we conclude that ¥ (z, t) < w(z, ). O

Lemma 5.3. For any ¢ > 0 there is a constant C. > 0 such that w(z,t) >
up(z) —e — Cet for (z,t) € Q.

Proof. We fix any € > 0 and choose a function u§ € C*(Q) so that |ug(x) —ug(z)| <
e for z € . We choose a function 1y € C'(R") so that Q = {x € R™ : ¢g(z) < 0}
and Diy(z) # 0 for € T'. By multiplying 1o by a positive constant, we may find
a function ¢ € C*(Q) so that

v(z) - D(ug + ¥°)(x) > g(x) for z €T.

Next, approximating the function: r +— (—¢) V (¢ Ar) on R by a smooth function,
we build a function (. € C*(R) so that |(.(r)| < e for r € R and ¢/(0) = 1. Note
that D((. o ¢%)(x) = Dy=(z) for x € T and |ug(z) — uf(z) — (. o ¢ (z)| < 2e for
x € Q. We choose a constant C. > 0 so that

H(z,D(uf + (. 0¢°)(z)) < C. for x € Q.
Finally we define the function ¢° € C'(Q) by
¢°(w,t) = —2e + ug(x) + (0 Yp°(x) — Cet,

and observe that ¢° is a classical subsolution of (1.3), (1.4) and that ¢*(x,0) < u()
for x € Q. By Lemma 5.2, we get ¢°(z,t) < w(z,t) for (z,t) € Q. Hence, we obtain
w(z,t) > ug(x) — 4e — C.t for all (x,t) € Q. O

Lemma 5.4. There is a constant C > 0 such that w(x,t) < ug(x)+ Ct for (z,t) €
Q.

Proof. Let (x,t) € Q. Set n(s) = z, v(s) = 0 and I(s) = 0 for s > 0. Then
(n,v,1) € SP(x). Hence, we have

pER™

w(z, t) <wuplx) + /0 L(z,0)ds = ug(z) + tL(z,0) < up(xz) — ¢ min H(x,p).

Setting C' = —ming, . H, we get w(z,t) < ug(x) + Ct. O
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Lemma 5.5. Lett >0,z €, ¢ € C1(Qx 0, t]) and e > 0. Then there is a triple
(n,v,1) € SP(x) such that for a.e. s € (0, t),

H(n(s), Do(n(s),t = s)) + L(n(s), —v(s)) <& —wv(s) - Dp(n(s), t — 5)-

We postpone the proof of the above lemma and give now the proof of Theorem
5.1.

Proof of Theorem 5.1. By Lemmas 5.3 and 5.4, there is a constant C' > 0 and for
each € > 0 a constant C. > 0 such that

—— Cot <w(z,t) —up(z) < Ct for all (z,t) € Q.
This shows that w is a real-valued function on @} and that
(5.2) tlir&_w(x7 t) = up(x) uniformly for z € Q.
We next prove that w is a subsolution of (1.3), (1.4). Let (#,f) € Q and ¢ €

CY(Q). Assume that w* — ¢ attains a strict maximum at (#,%). We need to show
that if £ € Q, then

(i, 1) + H (&, Do(a, 1)) <0,
and if £ € T', then either
(5.3) ¢u(&,1) + H(&,Dp(2,£) <0 or (&) Do(%,t) < g(&).

We are here concerned only with the case where £ € I'. The other case can
be treated similarly. To prove (5.3), we argue by contradiction. Thus we suppose
that (5.3) were false. We may choose an ¢ € (0, 1) so that £ — 2¢ > 0 and for
(z.t) € (AN B(%, 2¢)) x [t — 2¢, £ + 2¢],

(5.4) ¢i(x,t) + H(x, Do(x,t)) > 2 and ~(z)- Do(x,t) — g(x) > 2e,

where v and g are assumed to be defined and continuous on Q. We may assume
that (w* — ¢)(&,t) = 0. Set

B = (0B(&,2¢) x [t — 2¢,t + 2] U B(¢,2¢) x {t —2¢}) N Q,
and m = —maxp(w* —¢). Note that m > 0 and w(z,t) < ¢(z,t)—m for (z,t) € B.

We choose a point (z,7) € QN B(2,¢) x [t —¢, t+¢] so that (w— ¢)(z,1) > —2 Am.
We apply Lemma 5.5, to find a triple (n,v,l) € SP(Z) such that for a.e. s >0,

(5.5)  H(n(s), Do(n(s), t — s)) + L(n(s), —v(s)) < & —v(s) - Dp(n(s),t — )
Note that o :=f — (f — 2¢) > ¢ and dist (z,dB(#,2¢)) > e. Set
S={se€l0,0] :n(s) €IB(Z,2¢)} and 7 =infs.

We consider first the case where 7 = oo, i.e., the case S = @. By the dynamic
programming principle, we have

o(z,1) <w(z,t) + &2

< /OU (L(n(s), —v(s)) + g(n(s))l(s)) ds + w(n(o),t — o) + &

< /OU (L(n(s), —v(s)) + g(n()l(s) + &) ds + d(n(0), t — 7).
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Hence, we obtain

which is a contradiction.
Next we consider the case where 7 < oo. Observe that 7 > 0 and

o(z,t) <w(z,t) +m

< [ (Lo (o) + stals)ts) ds + wiat) 1)+ m

< [ (Lt =006 + alats)its) ds + (7). - )

Using (5.5) and (5.4) as before, we compute that

0< / " (L(n(s), —v(s)) + g(n()I(s) — de(n(s), — s)
+ D((s),E — 5) - v(s) — Us)y(n(s)) - Dé(n(s),  — 5)) ds
< / {e— H((s), Do(n(s), — 5)) — du(n(s), T — 5)

+1U(s)lg(n(s)) —v(n(s)) - Do(n(s),t — 5)| } ds < 0,

which is again a contradiction. Thus, we conclude that w is a subsolution of (1.3),
(1.4).

Now, we turn to the proof of the supersolution property of w. Let ¢ € C1(Q)

and (#,1) € Q x (0, 00). Assume that w, — ¢ attains a strict minimum at (&, ).
We show that if & € €2, then
¢(&,1) + H(z, Dp(,1)) = 0,
and if £ € T', then
(5.6) 0u(@.0) + H(2, Dp(#,8) 20 or y(2)- Do(,1) > g(&).

We only consider the case where £ € I', and leave it to the reader to check the
details in the other case. To show (5.6), we suppose by contradiction that (5.6)
were false. That is, we have

¢¢(2,8) + H(&,Dg(#,1)) <0 and ~(2)- Dé(z,t) — g(&) < 0.
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There is an € > 0 such that
o¢(z,t) + H(z, Do(x,t)) <0 and () Dp(x,t) —g(x) <0 for (z,t) € RNQ,

where R := B(&,2¢) x [t — 2,1 + 2¢]. Here we may assume that £ — 2 > 0 and
(s — ¢)(&,1) = 0. Set

m := min (u, — @) (> 0).
QR

We may choose a point (Z,t) € Q so that (u, — ¢)(Z,{) < m, |z — &| < ¢ and
|t — | < e. We select a triple (n,v,1) € SP(z) so that

@)+ m > [ (Ln(s). =) + g0(s))1(9) ds + (D).
We set
7=min{s >0 : (n(s),t —s) € IR}.

It is clear that 7 > 0, n(s) € RN Q for s € [0, 7] and, if |n(T) — &| < 2¢, then
7 =1— (t — 2¢) > &. Accordingly, we have

¢@¢)Hn>AT@m@%z@»+ﬂﬂﬁmﬁﬁb+MMﬂJﬂ
2AT@@@%ﬂ@ﬂ+ﬂﬂﬁﬂ@%ﬁ+dﬂﬂi—ﬂ+m-

Hence, we get

> /OT (—v(s) - Do(n(s), t —s) — H(n(s), Do(s, t — 5)) — g(n(s))I(s)

+ Do(n(s),t — s) -1(s) — ¢e(n(s), ¢ — 5)) ds > 0,
which is a contradiction.

It remains to show that w is continuous on Q. According to (5.2), we have
w*(+,0) = w,(+,0) = up on Q. Thus, applying the comparison theorem (Theorem
3.4 with U := R") | we see that w* < w, on @, which guarantees that w € C(Q).
This completes the proof. O

For the proof of Lemma 5.5, we need the following basic lemma.

Lemma 5.6. Let R > 0. There is a constant C' > 0, depending only on R and H,
such that for any (z,p,v) € Q x B(0, R) x R™, if

H(Iap) +L(Jf, _U) < 1-w e
we have |v| < C.
Proof. We may choose a constant C; > 0 so that

Cy > max |H]|
QxB(0,2R)

Observe that

— > — . _ — _ e} n'
L(zx, U)_pegng,xz}%)( v-p)—C1 =2R|v| - Cy for (z,v) € QxR

Let (z,p,v) € Q x B(0, R) x R" satisfy
H(z,p) + L(z,—v) <1—v-p.

Then we have
—Cy +2RJw| — Cy <1+ |v||p| <1+ R|v|.
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Consequently, we get
R|’U| <2C7 + 1. O

For i € N we introduce the function L; € C'(Q x R™) by setting

Li(z,€) = Jex (¢-p—H(z,p)).

Observe that L;(x,&) < L(x,€) and lim; .o Li(z,€) = L(x,€) for (2,£) € Q x R®

and that every L; is uniformly continuous on bounded subsets of {2 x R™.

Proof of Lemma 5.5. Fix k € N. Set 6 = t/k and s; = (j —1)¢ for j = 1,2, ..., k.
We define inductively a sequence {(z;,n;,v;, lj)};?:l C Q x SP. We set z; =z and
choose a & € R™ so that

H(a:l, D¢($1, t)) + L(xl, —fl) <e-— 51 . D¢($1,t>.

Set v1(s) = & for s > 0 and choose a pair (1,11) € Lip(Ry, Q) x L*(R,, R;) so
that (n1,v1,01) € SP(z1). According to Theorem 4.2, such a pair always exists.

Suppose now that we are given (z;,n;, v;,!;) for all i = 1,2, ...,  — 1 and for some
J < k. Then set ; = n;_1(), choose a §; € R™ so that

(5.7) H(zj, Dg(xj,t — s5)) + Lz, =&5) <€ — & - Dp(z;,t — s5),

set vj(s) = & for s > 0, and select a pair (n;,1;) € Lip(R;,Q) x L>®(Ry,R")
so that (n;,v;,l;) € SP(z;). Thus, by induction, we have chosen a sequence
{(zj,m5,v5,1;)}=; C Q x SP such that 21 = n1(0), z; = n;_1(6) = n;(0) for
j =2,..,k and for each j = 1,2,...,k, (5.7) holds with §; = v,(s) for all s > 0.
Notice that the choice of x;, n;, vj, I;, with j = 1,..., k, depends on k, which is not
explicit in our notation.

Next, we define a triple (7, O, lx) € SP(x) by setting

(7K (5), B(s), l(5)) = (n5(s — 55), vi(s = 85), (5 — 55))
fors; <s<sjppand j=1,2,...,k—1and

(7k(5), Ok (s), le(s)) = (m(s — s), vi(s — sk), le(s — sk))

for s > sp. We may assume that ¢ < 1 and, by Lemma 5.6, we find a con-
stant C; > 0, independent of k, such that max,>¢ |x(s)| = maxi<;j<s [§;| < Ch.
By Proposition 4.3, we find a constant Cy > 0, independent of k, such that
7kl oo ) V 1Tkl Lo, ) < C2. Now, we define the step function x; on Ry by
setting xx(s) = s; for s; < s < sy and j =1,2,....k and xx(s) = s for s > sy,
and observe that (5.7), 1 < j < k, can be rewritten as

H (1 (X (5)), D (i (xk (5)), £ — xx(5))) + L7k (Xk(5)), =0k (s))
<e—0,(s)  Do(Mi(xr(s)),t — xx(s)) for 0 <s <t

We may invoke Proposition 4.4, to find a triple (n, v, ) € SP(z) and a subse-
quence of {(f, Uy, lx) }ren, which will be denoted again by the same symbol, so
that for every 0 < T < oo, as k — oo, f — n uniformly on [0, T, 0y ds — vds
weakly-star in C([0, T], R®)* and [ ds — [ ds weakly-star in C([0, T])*. We may
moreover assume that 7, — v weakly-star in L>(R,, R") and I, — | weakly-star
in L>*(Ry) as k — oo.

Since ¥y — v weakly in L?(0,t), we may choose a sequence {\}xren of finite
sequences Ay = (Ak,1, Ak,2; .-, Ak N, ) Of nonnegative numbers such that

(5.8)

Nk Nk
Z)\k’j =1 and 9 := Z)‘k’jvj converge to v in L*(0, t).

j=1 j=1
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Here we may moreover assume by selecting a subsequence of {7y, Uy, )} that as
k — oo, Ok(s) — v(s) for a.e. s € (0, t).

Fix any ¢ € N and 6 > 1. In view of the uniform continuity of the functions H
and L; on bounded subsets of {2 x R™ and the uniform convergence of {7} to n on
[0, t], from (5.8), we get

H(n(s), Do(n(s),t — s)) + Li(n(s), —vk(s))
< 0 —vi(s) - Do(n(s),t —s) forse(0,1)

for sufficiently large k, say, for k > kg, and hence, by taking the convex combination,

H(n(s), Do(n(s),t — s)) + Li(n(s), —0k(s))
< 0 —vi(s) - Do(n(s),t —s) forse(0,1)

for k > ky. Sending k — oo, we get
H(n(s), Do(n(s),t—s))+Li(n(s), —v(s)) < be—v(s)-Dp(n(s), t—s) for a.e. s € (0, 1),

and, because of the arbitrariness of i and 6 > 1, we obtain

H(0(5): DO =+ L(5), ~0(0) < =) Dola(e),ts) for ac. 5 € (0,)

6. AUBRY-MATHER SETS AND FORMULAS FOR SOLUTIONS OF (1.1), (1.2)

In this section we define the Aubry-Mather set associated with (1.1), (1.2). Our
argument here is very close to that of [FS04, FS05].

By the C! regularity of Q and assumption (A3), there is a function ¢ € C(Q)
such that D,¢(z) > 0 for z € I'. By multiplying v by a positive constant, we may
assume that D (x) > |g(x)| for x € T'. Selecting a constant C_ € R small enough,
we may have H(z, Dy(x)) > C_ for z € Q. It is easy to check that the function
¥ is a supersolution of (1.1), (1.2), with C_ in place of a. Similarly, if we choose
a constant C'y € R large enough, then the function — is a subsolution of (1.1),
(1.2), with C in place of a.

We define the critical value (or additive eigenvalue) ¢ by

¢ =inf{a € R : there is a subsolution of (1.1), (1.2)}.

Obviously we have ¢ < C4. By Corollary 3.2, we see as well that ¢ > C_. In
particular, we have ¢ € R. For any decreasing sequence {ay} converging to ¢, there
is a sequence {ur} C USC(Q) such that for every k € N, uy is a subsolution of
(1.1), (1.2), with ay, in place of a. By Lemma 3.3, with U = R", we find that {ux}
is equi-Lipschitz continuous on Q. By adding a constant to wj, we may assume
that {uz} is uniformly bounded on Q. By choosing a subsequence, we may thus
assume that the sequence {uy} converges to a function u € Lip(Q) as k — oo. By
the stability of the viscosity property under uniform convergence, we see that u is
a subsolution of (1.1), (1.2), with ¢ in place of a.

Henceforth in this section, we normalize ¢ = 0 by replacing H by H — ¢, and we
are concerned only with problem (1.1), (1.2), with a = 0, that is, the problem

(6.1) { H(z, Du(z)) =0 in ,

Dyu(z) =g(z) onT.
We introduce the function d on Q x Q by

(6.2) d(z,y) = sup{v(x) — v(y) : v is a subsolution of (6.1)}.
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According to Lemma 3.3, the family of functions d(-,y), with y € Q, is equi-
Lipschitz continuous on 2. By the stability of the viscosity property, we see that
for any y € Q, the function d(-,y) is a subsolution of (6.1). It is easily seen that

d(z,y) < d(z,2) +d(z,y) for x,y,z € Q.

Also, in view of the Perron method, we find that for every y € €, the function
d(-,y) is a solution of

(6.3) {H(iv, Du(r)) =0 in Q\{y},

Dyu(z) = g(z) on T\ {y},
which is just problem (2.1), with f :=0 and U := R™\ {y}.
We define the Aubry-Mather set A associated with (6.1) (or (1.1), (1.2) with
generic a) by
A={y€Q:d(,y) is a solution of (6.1)}.

Theorem 6.1. The Aubry-Mather set A is a nonempty and compact.
Remark 6.1. If we define the function d, on Q x Q by
dq(z,y) = sup{v(z) — v(y) : v is a subsolution of (1.1), (1.2)},

then d,(z,y) = supf) = —oo for a < 0. Moreover, if we define the Aubry-Mather
set A, for a > 0 by

Ag ={y € Q : dy(-,y) is a solution of (1.1), (1.2)},
then A, = 0.
The non-emptiness of A will be proved based on the following observation.

Lemma 6.2. Let y € Q\ A. Then there are functions v € Lip(Q) and f € C(Q)
such that f(y) <0, f(x) <0 forx € Q and v is a subsolution of (2.1), with U = R".

Proof. Fix any y € Q\ A and set u(z) = d(z,y) for z € Q. For definiteness, we
consider the case where y € I'. We leave it to the reader to check the other case.
Since u is not a supersolution of (6.1) while it is a solution of (6.3), we find a C*
function ¢ on Q such that u — ¢ attains a strict minimum at y,

H(y, Do(y)) <0 and  Dy¢(y) < g(y)-
By continuity, there is an open neighborhood V of y such that

(6.4) H(z, Dp(z)) <0 forz € Qy and Dy¢(z) < g(xz) for z € T'y.

We may assume by adding a constant to ¢ that u(y) = ¢(y). Note that minﬁ\v(u—
¢) > 0, and select a constant € > 0 small enough so that (u — ¢)(x) > € for
x € Q\ V. We may choose an open neighborhood W of V¢ such that (u—¢)(z) > €
for x € QNW. We set v(z) = u(z) V (¢(z) +¢) for z € Q.

Observe that v(x) = u(x) for x € W N Q, which ensures that v is a subsolution
of (2.1), with f(z) := 0 and U := W. On the other hand, there is an open
neighborhood Y C V of y such that ¢(x) + & > u(x) for x € Y N Q. It is clear
that QNY NW = . In view of (6.4), we may choose a function f € C(2) so that
fly) <0, f(x)<0forz €Y, f(x)=0forz € Q\Y and

H(z, Dp(x)) < f(z) for z € Qy and D ¢(x) < g(x) for x € T'y.

Tt is easily seen that v is a subsolution of (2.1), with U := V. Finally, we note that
v is a subsolution of (2.1), with U := R", and finish the proof. O
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Proof of Theorem 6.1. The compactness of A follows directly from the stability of
the viscosity property under uniform convergence.

To see that A # (), we suppose by contradiction that A = (). By Lemma 6.2, for
each y € Q there are functions v, € Lip(Q) and f, € C(Q) such that f,(y) < 0,
fy(x) <0 for z € Q and v, is a subsolution of (2.1), with f := f, and U := R".
By the compactness of €2, we may choose a finite sequence {y; }‘jjz1 C Q so that

Z;Zl fy,(x) < 0 for z € Q. Theorem 2.2, with U := R", guarantees that the

function
J
Z Vy; (2)
j=1

on  is a subsolution of (2.1), with U := R™ and

~l =

v(x) =

F@) =33 £, @)

We choose a constant a < 0 so that f(z) < a for € Q and observe that v is a
subsolution of (2.1), with f := @ and U := R". This contradicts the fact that ¢ = 0.
The proof is complete. O

Proposition 6.3. The function d can be represented as
t

d(xz,y) = inf {/ (L(n(s), —ov(s))+ g('y(s))l(s)) ds : t>0,
0

(1, v. 1) € SP(), n(t) = y}.

Proof. Fix any y € . We denote by w(z) the right side of (6.5). According to
Theorem 5.1, the function

1) =t { [ La(s), —o(s)) + gla(s)i(s) ds

+d(n(t),y) : (n, v, 1) € SP(2) |

is a solution of (1.3)—(1.5), with ug := d(-, y). Noting that the function d(z,y),
as a function of (z,t) € Q x Ry, is a subsolution of (1.3)-(1.5) with ug := d(-, y),
by applying the comparison theorem (Theorem 3.4, with U = R™), we see that
d(z,y) < u(x,t) for (z,t) € QxR,. Since d(y,y) = 0, we have inf;~ u(x,t) < w(x)
for € Q. Consequently, we have d(z,y) < w(x) for z € Q.

By the C! regularity of 2, for each € Q we may choose a Lipschitz continuous
curve 1 on [0, ¢] connecting x to y in 2, with a Lipschitz constant independent
of . Here t > 0 is an appropriate constant, and moreover we may assume that
t < Ci|x — y| for some constant C; > 0 independent of z. As is well-known and
easily shown, L(z,¢) is bounded on Q x B(0, ), if § > 0 is chosen sufficiently small.
Fix such a constant 6 > 0 and choose a constant Cy > 0 so that L(x, &) < Cy for
(x,€) € Q x B(0,0). By scaling, we may assume that |1)(s)| < § for a.e. s € [0, ¢].
Noting that (n, 7, 0) € SP(x), we get

(6.5)

w(@) < [ Lias). =i(s)) ds < Cot < C1Cola =,

In particular, we may conclude that w is continuous at y and w(y) = 0.
To complete the proof, it is enough to show that w is a subsolution of (6.1).
Indeed, once this is done, by the definition of d, we get

w(z) = w(x) —w(y) < d(z,y) forzeQ,
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which guarantees that d(z,y) = w(z) for z € Q.

To prove the subsolution property of w, we just need to follow the argument of
the proof of Theorem 5.1. Let # € Q and ¢ € C*(Q). Assume that w* — ¢ attains
a strict maximum at . We need to show that if & € Q, then H (&, Dp(2)) < 0, and
if £ € I, then either

(6.6) H(%,D¢(2)) <0 or ~(&)  Dp(t) < g(2).

We are here concerned only with the case where & € I'; and leave the proof in the
other case to the reader. To show (6.6), we suppose by contradiction that (6.6)
were false. Then we may choose an ¢ € (0, 1) so that for x € QN B(Z, 2¢),

(6.7) H(z,Dp(x)) > 2¢ and ~(x)- Dp(x) — g(x) > 2,

where 7 and g are, as usual, assumed to be defined and continuous on Q. We may
also assume that (w* — ¢)(£) = 0. Set

B = 0B(#,2¢) N Q,

and m = —maxg(w* — ¢). Obviously, we have m > 0 and w(x) < ¢(x) — m for
x € B. We choose a point 7 € QN B(Z,¢) so that (w— ¢)(Z) > —? Am. We apply
Lemma 5.5, to obtain a triple (n,v,l) € SP(Z) such that for a.e. s >0,

(6.8) H{(n(s), Do(n(s))) + L(n(s), —v(s)) < & —v(s) - Do(n(s))
Note that dist (Z,0B(&,2¢)) > e, and set
T=1inf{s >0 : n(s) € 0B(%,2¢)}.

Consider first the case where 7 = oo, which means that 7(s) € intB(&,2¢) for all
s > 0. By the dynamic programming principle, we have

$(z) < w(z) +e* < /08 (L(n(s), —v(s)) + g(n(s))i(s) +€) ds + p(n(c)).

Hence, we obtain

0</£@m@» o(5) + 9(NIE) + £+ D(a(s)) - i(s))

/ {Ln( ) +9(n()l(s) + & + Dp(n(s)) - (v(s) — U(s)v(n(s))) } ds.
Now, using (6.8) and (6.7), we get
0< / {2e - Do(n(s))) + g(n(s))i(s) — Do(n(s)) - v(n(s))i(s) } ds

which is a contradiction.
Consider next the case where 7 < 0o. Note that

o) < (@) +m < [ (L0(6) ~0(6) + 90(6)I(5) ds -+ un(r) + 0
< [ (Lints). =006 + glatsits) ds + (7).

Using (6.8) and (6.7) as before, we obtain
0< [ e = HO6). Do) + )alal9) = ~(1(5) - Do(s)]} s <.

This is again a contradiction, and we conclude that w is a subsolution of (6.1). O

We give another characterization of the Aubry-Mather set associated with (6.1).
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Theorem 6.4. Let 7 > 0 and y € Q. Then we have y € A if and only if
inf { / (LOn(s), () aln()(s)) ds 1> 7.

(1, v, 1) € SP, 1(0) = 5(t) =y = 0.

Lemma 6.5. Let ug € C(Q) and let u € C(Q2 x Ry be the solution of (1.3)—(1.5),
with a := 0. Set

(6.9)

u” (z) = litrgiorgfu(x, t) forxzeQ.

Then u~ € Lip(Q) and it is a solution of (6.1).

Proof. Thanks to Theorem 6.1, there is a solution ¢ € Lip(f2) of (6.1). By adding
a constant to ¢ if needed, we may assume that ¢(z) < ug(z) for x € Q. Let C >0
be a constant such that ug(z) < ¢(z) + C for € Q. By comparison, we get
d(x) <u(w,t) < ¢(x) + C for z € Q.
Setting v(w,t) = infss u(z, s) for (z,t) € Q x Ry, we note that
u” (x) = supwv(x,t) for z € Q.
>0

Applying Theorem 2.8 (and the remark after it) to the family {u(-,- + $)}s>0 of
solutions of (1.3), (1.4), with a := 0, we see that v is a solution of (1.3), (1.4),
with a := 0. Observe also that v € USC(Q x R, ) and the functions v(z,-), with

x € (), are nondecreasing on R;. This monotonicity of v guarantees that the
functions v(+,t), with ¢ > 0, are subsolution of (6.1), which implies that the family
{v(-,t)}4>0 is equi-Lipschitz continuous on Q. Accordingly, we have u~ € Lip(Q).
By the Dini lemma, we see that

u (z) = tlirglo v(z,t) uniformly for x € Q.

By the stability of viscosity property under uniform convergence, we conclude that
u~ is a solution of (6.1). O

Proof of Theorem 6.4. Fix any 7 > 0 and y € Q. By Proposition 6.3, we have
t
(6.10)  inf {/ (L(n(s), —v(s))+g(n(s)l(s))ds : (n, v, 1) € SP,
0

n(0) =n(t) = y} >d(y,y) =0 fort>0.

We assume that y € A and show that (6.9) holds. Note that the function
u(z,t) = d(z,y) on Q x R is the unique solution of the initial-boundary value
problem (1.3)—(1.5), with ug := d(-, y). By Theorem 5.1, we get

0=d(y,y)
= int { [ (L06),~0(6) + gn(s)I(5)) s+ dla(r),) = (1,0, 1) € 8P}
Fix any € > 0 and choose a triple (7, v, ) € SP(y) so that
o> { [ (L) =) + aln(s)i(e) ds + (o). ).

In view of Proposition 6.3, by modifying (n, v, I) on the set (7, 0o) if necessary, we
may assume that for some t > 7,

d(n(T),y)+5>/ (L(n(s), —v(s)) +g(n(s))i(s)) ds and n(t) =y.
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Thus, we obtain

9 > / (L(n(s), —v(s)) + g(n(s))i(s)) ds and  n(0) = 5(t) =y,

which ensures together with (6.10) that (6.9) holds.

Next we assume that (6.9) holds and show that y € A. Let u be the unique
solution of problem (1.3)—(1.5), with initial data d(-,y). Since d(-,y), regarded as
a function on Q x R, is a subsolution of (1.3), (1.4), by comparison, we see that
d(z,y) < u(x,t) for (z,t) € Q x [0, o0). As in Lemma 6.5, we set

u (z) = 1itrgg>1fu(m,t) for x € Q,

to find that u~ € Lip(f2) and u~ is a solution of (6.1). It follows that d(z,y) <
u™ (z) for z € Q. Tt is easily seen from (6.9) that for each k € N,

inf {/0 (L(n(s), v(s)+g(n(s))i(s)) ds : t > kr,

(n, v, 1) € SP, n(0) =n(t) = y} = 0.
On the other hand, we have

inf u(y,t) <inf {/0 (L(n(s), v(s)+g(n(s)i(s)) ds : t > kT,

t>kT
(1, v, 1) € SP, n(0) = n(t) = y}.

These together ensure that u~(y) < 0 and hence d(z,y) > u~(z) for z € Q. Thus
we find that d(z,y) = u~ (z) and conclude that y € A. O

Theorem 6.6. Let u € USC(Q2) and v € LSC(Q) be respectively a subsolution and
a supersolution of (6.1). Assume that u(xz) < v(z) for v € A. Then u(z) < v(x)
for x € Q.

Lemma 6.7. There exist functions 1 € Lip(Q) and f € C(Q) such that f(z) <0
forz € Q, f(x) <0 forx € Q\ A and ¥ is a subsolution of (2.1), with U := R™.

Proof. By Lemma 6.2, for each y € Q \ A there are functions f, € C(Q) and
¥, € C(Q) such that f,(y) < 0, f,(x) <0 for z € Q and 9, is a subsolution of
(2.1), with U := R"™ and f := f,. Since {1y}, g 4 is equi-Lipschitz continuous on
Q, we may assume by adding to 1y an appropriate constant C, € R if necessary
that {wy}yeﬁ\ 4 is uniformly bounded on Q. Also, we may assume without any
loss of generality that { fy}yeﬁ\ 4 is uniformly bounded on Q. We may choose a

sequence {y;}jen C Q\ A so that
jlrelgfy](x) <0 forzxeQ\A

Now we set
Y(z) = Z 2794y (z) forz €Q,
JEN
and observe in view of Theorem 2.2 that 1) is a subsolution of (2.1), with U := R"
and f given by

flx) = Z2‘jfyj (z) forx € Q.
JEN
Finally, we note that f(z) <0 for z € Q, f(x) <0 for z € Q\ A and ¢ € Lip(Q2).
The proof is complete. O
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Proof of Theorem 6.6. Due to Lemma 6.7, there are functions f € C(Q) and ¢ €
Lip(2) such that f(z) < 0for z € Q, f(z) < 0 for € Q\ A and 1 is a subsolution
of (2.1), with U :=R". Fix any 0 < € < 1 and set

ue(z) = (1 —e)u(x) +eyp(z) for z € Q.

Then the function u, is a subsolution of (2.1), with U := R™ and L replaced by ef.
We apply Theorem 3.1, with U := R™ \ A, to obtain u. < v on , which implies
that v < v on Q. OJ

Theorem 6.8. Let u € C(Q) be a solution of (6.1). Then
(6.11) w(z) = min{u(y) + d(z,y) : y € A} forxz € Q.

Proof. We denote by w(x) the right hand side of (6.11). We note first by the remark
after Theorem 2.7 that w is a solution of (6.1). Next, by the definition of d, we
have u(z) — u(y) < d(z,y) for z,y € Q. Hence we get u(x) < w(x) for z € Q. Also,
by the definition of w, we have w(x) < u(x) for € A. Thus we have u(z) = w(x)
for z € A. By Theorem 6.6, we conclude that © = w on €. O

Corollary 6.9. If u € C(Q) is a solution of (6.1), then
t
u(w) =int { [ (LE1(s), ~v(s))+ gn(s))I(s)) ds + ulu(®) < £ >0,
0
(n, v, 1) € SP(x), n(t) € .A} for x € Q.
Theorem 6.8 and Proposition 6.3 yield the above assertion.

7. CALIBRATED EXTREMALS

As in the previous section, we assume throughout this section that the critical
value c is equal to zero.

Lemma 7.1. Let 0 < T < oo and {(nk, vk, lx) }ren C SP. Assume that there is a
constant C' > 0, independent of k € N, such that

T
| @) o) + sn()in(s) ds < 0 ork e,

Then there exists a triple (n, v, l) € SP such that

| (Wt —o(o) + statonucs)) as

k—o0

T
< liminf /0 (L((5), —vi(s)) + g(ni())1x(s)) ds

Moreover, for the triple (n, v, ), there is a subsequence {(nx,, Vi, lk;)} of { (ks Vi, k) }
such that as 7 — oo,

(7.1) i, (0) — n(0),

(7.2) 0w, (t) dt — n(t)dt  weakly-star in C([0, T], R™)*,
(7.3) vy, (t)dt — v(t)dt  weakly-star in C([0, T], R"™)*,
(7.4) lkj( )dt — U(t)dt  weakly-star in C([0, T)*.

Of course, under the hypotheses of the above theorem, the functions

e, (£) = i, (0) + / i, (5) ds

converge to 7(t) uniformly on [0, T] as j — oo.



WEAK KAM THEORY 33

Proof. We may assume without loss of generality that ny(t) = n,(T), v (t) = 0 and
lg(t) =0fort > T and k € N.
According to Proposition 4.3, there is a constant Cy > 0 such that for (n, v, [) €
SP,
[7()| V [I(t)] < Colu(t)| for a.e. t > 0.
Note that for each A > 0 there is a constant C'4 > 0 such that
L(z,&) > Al¢| — Ca for (z,6) € Q x R™.

From this lower bound of L, it is obvious that for (z,£,r) € Q x R™ x Ry, if
r < OO|€|a then

(7.5) L(z, §) + g(z)r = A[§| — Ca — Collgll €],
which ensures that there is a constant C; > 0 such that for (5, v, [) € SP,
(7.6) L(n(s),—v(s)) + g(n(s)l(s)+ C1 >0 for a.e. s> 0.

Using (7.6), we obtain for any measurable B C [0, T,

[ (EO(s), =) + glon(s)in(s) + 1) s

T
< [ (Lln(s) —0n(o) + gm(s)iuls) + Cr) ds < O+ T,
0
This together with (7.5), yields
77 (A COHgHOO)/ lor(s)|ds < Ca| Bl + C + C1T for A > 0.
B

This shows that the sequence {|vg|} is uniformly integrable on R .
We choose an increasing sequence {k;} C N so that

lim inf/0 (L(m(s), —vi(s)) + g(nk(s))lk(s)) ds

k—o0
T

= i [ (Ll (5): =, 5)) + g (5Dl () s
Thanks to estimate (7.7), in view of Proposition 4.4, we may assume by replacing
{k;} by a subsequence if needed that there is a triple (n, v, 1) € SP such that
the convergences (7.1)—(7.4) hold. Here we may assume that (n(t), v(t), I(t)) =
(n(T), 0,0) fort > T.

In what follows, we write (1, v, I;) for (nx;, vk, lx;) for notational simplicity.

It remains to show that

T
| (Wt —o(o) + statnics)) as
T
< lim [ (L(ni(s),—v;(s)) + g(n;(s))L;(s)) ds.

Jj—00 0

In view of the monotone convergence theorem, we need to show that for each m € N,

T
[ (Entits). =) + st
T
< lim (L(n;(s), —v;(s)) + g(n;(s))(s)) ds,

J*)OO 0
where

Lin(z, &) = max (&-p—H(z,p)) for(z,€) € QxR
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Note that Ly, (z, £) < Ly11(z, &) for (x,€) € QxR™ and m € N, limy,, 00 L (2, €)
L(z, &) for (z,€) € Q x R™ and the functions L,, are uniformly continuous on
bounded subsets of Q x R™.

We fix any m € N. In view of the selection thorem of Kuratowski and Ryll-
Nardzewski, we may choose a Borel function P, : @ x R® — B(0, m), so that

(7.8) Lp(x, &) =& Pp(x, &) — H(x, Pp(x, €)) for (z,6) € Q x R™.
Indeed, if we define the multifunction: Q x R™ — 28" by

F(x’ g) = {pe B(O’ m) : Lm(x’ g) :€~p—H(l‘,p)},

then (i) F(x, &) is a nonempty closed set for every (z, £) € QxR™ and (ii) F~(K) is
a closed set whenever K C R™ is closed. From (ii), we see easily that F~1(U) is a F,-
set (and hence a Borel set) whenever U C R" is open. Hence, as claimed above, by
the thorem of Kuratowski and Ryll-Nardzewski (see, for instance, [JR02, Theorem
1.5]), there exists a function: P, : @ x R® — R" such that P,,(x, &) € F(x, &) for
all (z, &) € O x R™.

Set

p(t) = Pn(n(t), —v(t)) fort > 0.

Let p., with € > 0, be a mollification kernel on R whose support is contained in
[—&, 0] and set p.(t) = pe * p(t) for t > 0.
We fix any € > 0, and observe by the definition of L that

T
1= / (L(1;(), —v5(3)) + gy () (5)) ds
0
T
> [ (= 0060 ) — Oy () + (515 (5) .

From this, in view of (7.1)—(7.4), we find that

T
(7.9) I> / (= v(s)  pe(s) — H(s), pe(s)) + g(n(s))i(s)) ds.

Note here that |p.(s)| < m for s > 0 and p. — pin L'(0, T) as ¢ — 0. In particular,
for some sequence £, — 40, we have p., (t) — p(t) for a.e. t € [0, T] as k — oc.
Sending ¢ — 0 along the sequence ¢ = ¢, and using (7.8), from (7.9) we obtain

P2 [ (= 0le) - pls) — HO1(s) + gu(s)i(s) ds
T
> [ (Latnte). —o(s) + ala)i(s) ds.

which completes the proof. O

Theorem 7.2. Let ug € C(Q) and let u € C(Q x Ry) be the unique solution of
(1.3)-(1.5), with a :== 0. Let (z,t) € Q x Ry. Then there exists a triple (n, v, 1) €
SP(x) such that

ul, 1) = / (L(n(s), —v(s)) + g(n())1(5)) ds + uo(n(t)).

If, in addition, u € Lip(Q x (a, B)), with 0 < a < B < 00, then the triple (n, v, 1),
restricted to («, ), belongs to Lip(a, ) x L™ («, §) x L*>(«, B).

Here we should note that the infimum on the right hand side of formula (5.1) is
always attained, which is a consequence of the above theorem and Theorem 5.1.
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Proof. Fix (z,t) € Q. By Theorem 5.1, we can choose a sequence {(nx, vk, lx)} C
SP(z) such that

) = tim { [ (L) =00(9) + g1k (5)) s + (1) .

By virtue of Lemma 7.1, there are an increasing sequence {k;} C Nand a (n, v, [) €
SP such that 7y (s) — n(s) uniformly on [0, ¢] and

| ().~ + stats)ics) ds
<liminf [ (L(n(s), —vk(s)) + g(nw(s))lk(s)) ds.

k—oo  Jo

Now it is easy to see that

u(z,t) > /0 (L(n(s), —v(s)) + g(n(s))i(s)) ds + uo(n(?)),

but we have already the opposite inequality by Theorem 5.1.

Now, assume in addition that u € Lip(Q x (a, 3)), where 0 < a < 8 < co. Let
C > 0 be a Lipschitz constant of the fucntion u on the set Q x [a, gb]. Let Cy > 0
be the constant from Propostion 4.3, so that |7(s)| VI(s) < Cylv(s)| for a.e. s > 0.
As in the proof of Proposition 4.4, for each A > 0 we choose a constant C'4 > 0 so
that L(y, &) > A|¢| — Ca for (y, £) € Q x R". Fix any finite interval [a, b] C («, 3).
Then, with help of the dynamic programming principle, we get

/ (L(1(s), —v(5)) + g(n(s))i(s)) ds = u(n(b), b) — u(n(a), a)

b
< C(Jn(b) = n(@)] + |b— al) + C1.(b — a) < / (Clis)| + C +C1) ds

< /b (CColuv(s)| + C + C1) ds.
On the othgr hand, for any A > 0, we have
/ab (L(n(s), —v(s)) + g(n(s))i(s)) ds > /ab ((A = Collgllso)v(s)| = Ca) ds.
Combining these, we obtain
/b (A= Collglloe = CCO)(s)] — Ca — C = Cy) ds < 0.
We fix A > 0 so that A > Cpl|g]lec + CCo + 1 and get
/b (Jv(s)] = Ca—C —Cy)ds <0.

Since a, b are arbitrary as far as a < a < b < (8, we conclude from the above
that |v(s)] < Ca + C + C; for a.e. s € (a, ). By Proposition 4.3, we see that
(n, v, 1) € Lip(e, B) x L> (e, B) x L>(ev, B). 0

Theorem 7.3. Let ¢ € Lip(Q) be a solution of (1.1), (1.2), with a := 0. Let x € Q.
Then there is a triple (n, v, 1) € SP(x) such that for any t > 0,

(7.10) ¢($)—¢(n(t))=/o (L(n(s), —v(s)) + g(n(s))i(s)) ds.

Moreover, (1, v, 1) € Lip(Ry) x L=®(R4) x L®(Ry).
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Let ¢ and (n,v,1) € SP. Following [Fat08], we call a triple (1, v, 1) € SP
calibrated extremal associated with ¢ if (7.10) holds for all ¢ > 0.

Proof. Note that the function wu(z,t) = ¢(x) is a solution of (1.3), (1.4), with
a := 0. Using Theorem 7.2, we define inductively the sequence {(nx, vg, lx)} C SP
as follows. We choose first a (11, v1, l1) € SP(z) so that

1
o(n(0) — d(n(1) = / (L(m () + 9(m ()1 (s)) ds.

We next assume that {(ng, vk, lg) }k<j—1, with j > 2, and choose a (n;, vj, [;) €
SP(n;-1(1)) so that

o(n; (1)) — 6y (0)) = / (L(15(5), —v5(3)) + g0 ()L (5)) ds.

Once the sequence {(ng, vk, li) }keny C SP is given, we define the (n, v, I) € SP(z)
by setting (n(s + k), vk (s + k), l(s+ k)) = (nk(s), vi(s), lx(s)) for k € NU{0} and
s € [0, 1). It is clear that the triple (n,v,l) satisfies (7.10). Thanks to Theorem
7.2, we have (nx, vk, lx) € Lip(]0, 1]) x L*°(0, 1) x L*>°(0, 1) for k € N. Reviewing
the proof of Theorem 7.2, we see easily that supycy [|[vx|| Lo (0,1) < 00, from which
we conclude that (1, v, ) € Lip(Ry) x L=¥(Ry) x L>®(R). O

Theorem 7.4. Let ¢ € Lip(Q) be a solution of (1.1), (1.2), with a := 0 and
(n, v, 1) € SP a calibrated extremal associated with ¢. Then

tlim dist (n(t), A) = 0.

Proof. According to Lemma 6.7, there are functions ¢ € Lip(Q2) and f € C(£2) such
that f(z) < 0 for z € Q\ A, f(x) <0 for z € Q and 9 is a subsolution of (2.1),
with U = R™. Then u(z,t) := ¢)(x) is a subsolution of (1.3), (1.4), with H replaced
by H — f and a := 0. By comparison, if w € C(2 x R} ) is a solution of (1.3)—(1.5),

with H replaced by H — f, a := 0 and ug := 1, then we get u < w on Q x R,.
Hence, using Theorem 5.1, with H replaced by H — f, we find that for any ¢ > 0,

(7.11) w<n<0>)s/0 (L(n(s), —v(s)) + f(n(s)) + g(n(s))i(s)) ds + ¥ (n(t))

=¢(77(0))—¢(77(t))+w(77(t))+/0 f(n(s))ds.

From this we find that

inf/ f(n(s))ds > —oco  or equivalently /OO [f(n(s))]ds < o0,
0 0

t>0

which yields

t+1
(7.12) lim |f(n(s))|ds = 0.

t—o0 t

Reviewing the proof of Lemma 7.1 up to (7.3), since

t+1
/t (L(n(s), —v(s)) + g(n(s)l(s)) ds = o(n(t)) — (n(t +1))
<2||¢lloe  fort >0,
we deduce that for any A > 0 and ¢ > 0,

t+e
(A~ Collglloo) / [u(s)|ds < Cae + 2|6l + 1,
t
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where the constants Cy, C, C'a are selected as in the proof of Lemma 7.1. This
estimate together with Proposition 4.4 guarantees that 7 is uniformly continuous on
R,. Now, (7.12) ensures that lim; o f(7(t)) = 0 and hence lim;_, », dist (n(t),.A) =
0. O

Let SP_, denote the set of all triples (9, v, 1) : R — Q x R™ x R, such that
for every T > 0, the triple (nr, vr, I7) defined on Ry by (nr(t), vr(t), Ir(t)) =
(nt=T),v(t—=T),1(t —T)) belongs to SP.

Theorem 7.5. For any y € A there exists a triple (n, v,1) € SP_. such that
n(0) =y, n(t) € A fort € R and for any —oco < o < 1 < 00,

/T (L(n(s), —v(s)) + g(n(s))i(s)) ds = d(n(e),n(7)),

where d is the function on Q x Q given by (6.2).

Proof. Fix y € A. By Theorem 6.4, for any k € N there is a triple (7, Ux, lx) € SP
such that 7;(0) = 7 (7%) = y for some 7, > k and

(7.13) = /0 " (L), —5r(5)) + gu()(s) d.
For k € N we set

(7 (t), Uk (t), L (t)) for t € [0, 7],

(0, o0 1) = { (7 (t + 7), Ot + 70), T (t + 7)) for ¢ € [, 0].

In view of Proposition 6.3, using (7.13), we see that if —7 < o <7 < 7, then
Ay £ [ (Lon(s)=un(s) + glm()ln(s)) ds,
.

d(nk(a)mk(T))S/ (L(ni(5), —vi(s)) + g(mi(s))li(s)) ds,

o
Tk

d(m(7),y) < / (L (s), —vk(5)) + g ()lk(s)) ds,

T

(/UT _|_/JT 4 /:k ) (L(nk(s), —vg(8)) + g(ﬁk(s))lk(s)) ds

< % + d(y, nk(a)) + d(ﬂk(U), ﬂk(T)) + d(nk(a)a y)

Consequently we get for —1, < 0 <7 <7

T

(i (o), (7)) S/ (L(ni(s), —vi(s)) + g(m(s))li(s)) ds

o

< dlplo) (7)) + 3

0 < d(y, () + dl(r), v) < 3.

Hence, applying Lemma 7.1, we find a triple (n, v, l) € SP_., such that n(0) =y
and for any —oo < 0 < 7 < 00,

(7.14) d(y, (7)) +d(n(7), y) =0,

/T (L(n(s), —v(s)) + g(n(s)i(s)) ds <d(n(c), n(7))-
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The last inequality yields for any —oo < 0 < 7 < 00,

MWULUUD::/ (L(n(s), —v(s)) + g(n(s))i(s)) ds.

Theorem 6.4 and (7.14) together guarantee that 7(¢) € A for all t € R. The proof
is complete. O
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