METASTABILITY FOR PARABOLIC EQUATIONS WITH DRIFT:
PART II. THE QUASILINEAR CASE

HITOSHI ISHIIY'* AND PANAGIOTIS E. SOUGANIDIS?

ABSTRACT. This is the second part of our series of papers on metastability results for
parabolic equations with drift. The aim is to present a self contained study, using partial
differential equations methods, of the metastability properties of quasi-linear parabolic
equations with a drift and to obtain results similar to those in Freidlin and Koralov [6, 8].

NoTATION. We work in R™ and write S™ for the space of real n X n symmetric matrices.
For any 0 € (0, 1], S™(#) denotes the subset of all a € S™ satisfying 01 < a < 87T, where T
denotes the n x n identity matrix. If a € S”, then tr a denotes its trace, and, for a,b € S™,
a < bif and only if b—a is a nonnegative definite matrix. Given p € R", p®p := X, _1pip;.
If U is a subset of R* for some k € N, then C(U;S"(9)) is the set of S™ (#)-valued continuous
maps from U into S™. For a € S" and p € R", ap - p := X7 _1ai;p;pi. If 1, 72 € R, then
riArg := min{r1,r2} and r1Vre := max{ry,r2} and, forr € R, r; = rv0and r_— = (—r)VO0.
We use the convention inf ) = co and sup ) = —oco. The open ball in R" with radius R > 0
and center at * € R" is Bgr(z), and Bgr := Br(0). Given 2 C R" and § > 0, we write
25 :={z € 2 :dist(z,02) > 6}, and, for T > 0, Q7 := 2x(0,T); if T = oo, then we write
Q instead of Q. The parabolic boundary of Qr is 9,Qr = (22 x {0}) U (802 x (0, T)).
We denote by Lip(A4, R¥) the set of the R* valued Lipschitz continuous functions defined
in A C R¥; when k = 1, we often write Lip(A). We write USC(A) and LSC(A) for the set
of upper- and lower-lower semicontinuous functions defined on A, and, when A is open,
C?*1(A) is the space of functions which are continuously differentiable twice with respect
to space and once with respect to time. Given a bounded family of functions f5 : A — R,
limsup* fs(z) = lim,sosup{fs(z+y) : c +y € A, |yl + ¢ < r} and liminf, f5(z) :=
lim, o inf{fs(x+vy):x+y € A, |y +6 <r}. If Ais a closed subset of R™ and f: A — R,
argmin(f|A) := {z € A : f(z) = minyea f(y)}. We use C to denote constants, which
may change from line to line. If we want to display the dependence of a constant C' on a
parameter a, we write C = C'(a). Finally, for a,b € R, a = b means that a and b are close
to each other in a controlled way.

1. INTRODUCTION

This is the second part of our series of papers on metastability results for parabolic
equations with drift. The aim is to present a self contained study, using partial differential
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equations methods, of the metastability properties of quasi-linear parabolic equations with
a drift and to obtain results similar to those in Freidlin and Koralov [6, 8].

More precisely we are interested in the asymptotic behavior, as ¢ — 0 and t — oo, of the
solution u® = u®(x,t) of the initial-boundary value problem

(1.1) ui = etr[a(z, u®)D*u] + b(x) - Duf in Q,
and
(1.2) u® =g on JpQ,
where
(1.3) 12 is a bounded C'-domain with outward normal vector v
and
(1.4) g€ C,Q).
Throughout the paper we assume that, for some 6y € (0, 1],
(1.5) a € C(02 xR;S"(6p)),
and
(1.6) b € Lip(R™;R™) with b(0) = 0.
is such that

the origin is a (unique) globally asymptotically stable point of

1.
(1.7) the dynamical system X = b(X) generated by b.

This last assumption is further quantified by the additional requirements that b points
inward at the boundary points of 2, that is,

(1.8) b-v<0 on 012,
and there exist by > 0 and rg > 0 such that such that Ero C {2, and
(1.9) b(x) -z < —bolz[* forall z € B,,.

For later use we summarize all the above assumptions in the list
(1.10) (1.3), (1.4), (1.5), (1.6), (1.7), (1.8) and (1.9).

As mentioned above the goal is to present a self-contained proof, which are stated below
as Theorem 1. Our arguments are based entirely on a partial differential (pde for short)
methods and the main tools are the comparison principle and the construction of two kinds
of barrier functions for parabolic equations. The later was a main subject of our previous
paper [11].

We work with either classical or viscosity solutions depending on the context and most
of the times we say solution without making a distinction.

An important tool is the quasi-potential V¢ associated, for each ¢ € R, with (a(-,c),b),
which is characterized by the property

V¢ is the maximal subsolution of H(z, Du) = 0 in {2 and u(0) = 0,
where the Hamiltonian H¢ € C(2 x R") is given by

H(x,p) = a(z,c)p-p+b(x) - p.

Next we introduce some terminology and recall the notation and hypotheses in [6,8].
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Given g € C(0,Q), we set

Ymin = mﬁing, Jmax i= WAXG, g1 = ming, gy :=maxg,

and note that [g1, g2] C [gmin, Jmax)-
Consider the map M : [gmin, gmax] — R given by

(1.11) M(c) == rgan .

The continuity of @ and the stability properties of viscosity solutions yield that the
functions [gmin, gmax] > ¢ — M(c) and QX [gmin, gmax] 2> (z,¢) = VE(x) € R are continuous.
Indeed the continuity of the latter is an easy consequence of the fact that V¢ is the unique
(viscosity) solution u € Lip(£2) of the state-constraints problem for the Hamilton-Jacobi
equation H(x, Du) =0 in 2, with the additional condition that «(0) = 0. (See Lemma C.1
in Appendix C for the uniqueness of this state-constraints problem, and also Soner [14],

Fleming and Soner [5] and Ishii [10] for some related aspects.)
Following [6, 8], we assume that

there exist finitely many c',...,c" € [gmin, gmax] such that, if ¢ €

(1.12) [Gmins 9max] \ {c',...,c"}, then the minimum in (1.11) is achieved at a
single point,

(1.13) co == g(0) & {c!, ..., "},

and

(1.14) for any i € {1,...,k}, the minimum in (1.11), with ¢ = ¢, is achieved

exactly at two points in 9f2.

For ¢ € [gmin, gmax) \ {c', ..., "}, 2. (c) denotes the unique minimum point in (1.11). It is
easily seen by (1.12) and the joint continuity of V¢(z) in « and ¢, that =« : [gmin, Gmax] \
{c',...,c*} — 092 is continuous.

Moreover, (1.14) and again the continuity of V¢(z) in (z,c) imply that . has left and
right limits at the points ¢* of discontinuity.

For i € {1,...,k}, we set

z1(c') = lim  x.(c) if Ci#gmin and mg(ci) = lim z.(c) if ci;égmax.
c—ct, c<ct c—ct,c>ct

If Qi = Gmin (vesp. ¢! = Jmax)s m1(ci) (resp. x2(c?)) is the minimum point in (1.11) with
¢ = ¢ different from zo(c") (resp. z1(c")).
We assume that

(1.15)  for any i € {1,...,k}, if gmin < ¢ < gmax, then  lim  z,(c) # lim z.(c),

c—cte<ct c—ct,e>ct

which implies that ' '
z1(c") # xa(c') forall i€ {1,....k}.

Let G1(c') := g(z1(c%)) and Ga(c') := g(x2(c?)) and consider the piecewise continuous
function G' : [gmin, Ymax] — [91, g2] defined by

{G(c) ‘= g(z+(c)) for ¢ € [gmin, Gmax) \ {€}, ..., Y,
G(c) :=Gy(c")  forie {1,...k}.
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We define ¢; as follows: if G(cg) > co, then ¢; := inf{c € [cp,00) : G(c) < ¢},
and, if G(cg) < c¢g, then ¢; := sup{c € (—o0, cg] : G(c) > ¢}, and note that , since
G([gmin; gmax]) C [g1, g2], we always have ¢1 € [g1, go].

Next we suppose that the graph of G crosses the diagonal from the left to the right at
c1, that is

for all 69 > 0, there exists d € (0, dp] such that
(1.16) if ¢1 > gmin, then G(c1 — 0) > ¢1 — 6,
if ¢1 < gmax, then G(c1 + ) < ¢1 + 9.
We define the function ¢ : (0, 00) = [gmin, gmax] as follows: For each A\ € (0, 00),

co if either A < M(cy) or ¢1 = cp,
(1.17)  ¢(A) == § min(cy, inf{c € [co,c1] : M(c) = A}) if A > M(cp) and ¢ > ¢,
max(c1,sup{c € [c1, co] : M(c) = A}) if A\> M(co) and ¢ < cp.

For later use we summarize the above assumptions in the list
(1.18) (1.12), (1.13), (1.14), (1.15) and (1.16).

The definition of ¢(\) is cumbersome. For clarity and to compare with the linear problem,
we discuss what happens when a(z, ¢) is independent of c. In this case the quasi-potential V'
and its minimum value M = mingg, V' do not depend on c¢. Assumption (1.12) then states
that V' takes its minimum value M over 92 at a unique point x*. The function G is a
constant given by G(c) = g(z*) and we have ¢g = ¢g(0) and ¢; = g(z*). It is easily checked
that, if g(0) = g(z*), then ¢(\) = ¢(0) = g(z*) for all A > 0, and, if either ¢g(0) < g(z*) or

9(0) > g(z%),
it A< M,
=l HAs
c1 if A> M.
Note that, if either g(0) < g(z*) or g(0) > g(x*), ¢(\) is discontinuous at A = M.
The main result, which is similar to [6, Theorem 3.1; 8], is:
Theorem 1. Assume (1.10) and (1.18) and let A > 0 be a point of continuity of c. If, for

e €(0,1), u® € C(Q)NC*YQ) is a solution of (1.1) and (1.2), then, for each § > 0 so
that 25 # 0,

lin% u®(-,exp(A/e)) = c¢(X) uniformly in 25.
E—

In view of the previous discussion, when a(z,c) is independent of ¢, that is for linear
equations, Theorem 1 is a slightly less general version of [11, Theorem 1].

As in [6, 8], to prove Theorem 1 we need to show the following proposition, which was
proved in [8] using several large deviation results from [9].

Theorem 2 (Lemma 3.11 of [8]). Assume (1.10) and (1.18) and let u* € C(Q)NC*(Q) be a
solution of (1.1) and (1.2) with e € (0, 1). Suppose there exist constants a1, az, fii, Ak, B1, 52
and € — 0 as k — oo such that, for all k € N,

0<ap <pp <X <a, u*0,exp(ur/er)) =0 and u(0,exp(Ag/er)) = Ba-
If gmin < B1 < B2 < Gmax, then neither of the following is possible:
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(A) There exists 0 > 0 such that A\, < M(B2) — 0,
(B) There exists § > 0 such that G(c) < P2 — 6 for all c € [P — 6, P2 + 4].

If gmin < P2 < B1 < Gmax, then neither of the following is possible:

(A") There exists 0 > 0 such that \i, < M(B2) — 9,
(B') There exist § > 0 such that G(c) > B2 + 0 for all ¢ € [B2 — 6, P2 + I].

We discuss next some of the new ideas that are needed to prove the main theorem.

Recall that we are interested in the asymptotic behavior, as (e,t) — (0,00), of the
solution u of (1.1) and (1.2) in a logarithmic time scale, that is, in the behavior, as ¢ — 0,
of u®(x,exp(A/¢e)) for any fixed A > 0. It turns out that this is a consequence of what we
call “uniform asymptotic constancy” which yields that u®(-,¢) behaves similarly to u(0,¢)
in the space C(f2) equipped with the locally uniform convergence topology,

The uniform asymptotic constancy (see Theorem 8 below) is a crucial observation that
goes beyond [11]. Roughly it says that, if u® is a bounded solution of (2.1), then, as e — 0,
for any compact K C  and § > 0,

d/e
Y

u(z,t) ~u®(0,t) uniformly for (z,t) € K x [e°/¢, 00).

With the asymptotic constancy at hand the main theorem, Theorem 1, is an easy conse-
quence of Theorem 2.

The proof of Theorem 2 is based on the comparison (or maximum) principle and, thus,
on the construction of barriers, that is sub- and super-solutions of (1.1). We have already
built such functions in our previous work [11], where the matrix a(z, ¢) is independent of c.
Here (see Theorem 11) we modify the construction of one class of barrier functions in order
to make the comparison argument straightforward.

The building block of the barrier functions in [11] and here is viscosity solutions of
H,(z, Du) = 0 with some additional normalization conditions, where a € C'(£2;S™(p)) is
is selected as explained below and H,(z,p) := a(x)p-p+ (z) - p. If V,, is the quasi-potential

associated with (a, b), then V,, > 0 in 2\ {0} and M,, := mingg, V,, > 0.

The barriers w® : Q — R are supersolutions of (1.1) of the form
w(z,t) := exp (v(az)—m) + dct,
€

where m and d. are positive constants such that 0 < m < M, and d. = exp(—\./e) for
some A\ = m, and v is an appropriately chosen smooth approximation of V. The choice
of m yields that, for ¢ sufficiently small, w® is compatible with the Dirichlet data g on
902 x [0, 00).

In view of the fact that a priori we have little knowledge of the uniform in € regularity of
solutions of (1.1), given such a solution u®, we treat a(x,u®(x,t)) as an arbitrary element

a® = a(z,us(x,t)) of C(Q;S™(6p)).

To motivate the choice of a in the barrier function given the a® above we compute in )

wi — trla®(x,t) D*w®) — b - Duw®

. ) (H.(z,t, Dv) — e tr[a® D?v])

with H(z,t,p) := a®(z,t)p - p + b(x) - p.
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If « satisfies a®(z,t) < a(x) for any (z,t) € @, then

v(z) —m

w$ — tr[a®(z,t)D*w] — b- Dw® >d. — e texp < ) (Ho(z, Dv) — O(e)) > 0,

€
with the last the inequality holding, if € is sufficiently small, because of the choice of v and
d. —the details are given in Theorem 10.

A very important fact in our analysis (see Theorem 9 below for the precise statement) is
that the local uniform topology of C(f2) is strong enough to imply that, if a(z) ~ a(z,c)
in C({2), then M, ~ M(c) and argmin(V,, | 012) ~ arg min(V¢|012).

To describe the idea which is in the core of the proof of, for example, the claims (A) and
(A’) of Theorem 2, we consider the very special case that, for e > 0 sufficiently small and
some constants ¢, vy >0 and 0 < § < pu < A,

|u®(0,t) — c| < forall t € [exp(d/e), exp(A/e)],

u®(0,exp(d/e)) =c and u°(0, exp(p/e)) > c+n for some n € (0,7).
We then choose a € C(£2;S™(6p)) so that a(x,t) < a(z) for all (z,t) € 2 x [t., T-],
where t. := exp(d/e) and T, := exp(A/e). Using the barrier w® as in the linear case (see
[11, Theorem 1 (i)]), we conclude that, as ¢ — 0, for any p < M,, u®(0,t) — ¢ for all
t € [te, T: Nexp(p/e)], which implies that pu > M. Furthermore, according to the previous
arguments, « can be chosen, so that, as v — 0, M, — M¢°.

Organization of the paper. The rest of the paper is organized as follows. In Section 2 we
study the asymptotic constancy, that is the effect of the drift term in parabolic equations
like (1.1). In Section 3 we introduce Hamilton-Jacobi equations related to (1.1), which
have quadratic nonlinearity, and study the continuity properties of the associated quasi-
potentials. Section 4 is devoted to the construction of two kind of barrier functions, or
sub- and super-solutions, which are used to study the asymptotic behavior of solutions of
linear parabolic equations, that is, equations like (1.1) with a € C(Q;S"(6p)). The proofs of
Theorem 2 and Theorem 1 are given in Sections 5 and 6 respectively. Some basic properties
of viscosity solutions are explained in the Appendices A, B and C.

2. THE ASYMPTOTIC CONSTANCY

We consider the linear pde

(2.1) uf = etrfa(z,t)D*u] + b(z) - Du®  in Q.
We assume, in addition to (1.6) and (1.9), that
(2.2) a® € C(Q,S"(0o)).

The goal here is to show that the effect of the drift term in (2.1) is to propagate, as € — 0,
the values of the solutions u® at x = 0 to 2. We call this phenomenon the asymptotic
constancy.

It turns out that the asymptotic constancy does not depend on any properties of a® other
than (2.2). It is, therefore, technically more convenient to study, in some instances, instead
of (2.1), the problem

(2.3) vy = ePT(D*v) +b(x) - Dv  in Q,
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where P is the Pucci operator associated with S"(6y) defined by
(2.4) PT(X) = sup{tr[AX]: A€ S"(6p)},

which is, obviously, uniformly elliptic with constants 6y and 6, 1 that is, for all matrices
X,Y € S" such that X <Y,

(2.5) fotr(Y — X) < PT(Y)— PH(X) <6, tr(Y — X).
Some useful barrier functions. We fix an auxiliary function h € C2([0, 0o)) with the
properties
(2.6) 0<h<1 h=0in [0,1/2], h=1 in [1,00) and &' >0,
set
k:=by/2 and Rp:= 2\/%/@,
choose R € [Ry,00),7 € (0,70], where 7 is as in (1.9), and g € (0, 1) so that
(2.7) VeoR < r,
and, for € € (0,g¢], let

(2.8) =) = Llog (R\[)

With all these choices at hand we introduce the functions p®, ¢¢ : R" x [0, co) — R defined
by

(2.9) P (2, 1) = h((RVE) ] )

and

(2.10) ¢ (z,t) :=p°(z,t) + 1P7 ] zoe /t e 2kt qt:
) b R290 0 b)

observe that, since h vanishes identically in a neighborhood of the positive time axis [ :=
{0} x (0,0), p* and ¢ are smooth in R™ x (0, o).

We note that p® appears in the proof of [6, Lemma 3.6; 8]. The difference is that these
references consider equations like (2.1), while here we study (2.3).

The following lemma summarizes the properties of ¢°. Its proof is based on long explicit
but also straightforward calculations. The reader may want to skip the details on first
reading.

Lemma 1. Assume (1.6), (1.9) and (2.5). With the above choices of k, R, €o, € and T,
the function ¢° given by (2.10) is a supersolution to (2.3) in By, x (0, c0). Moreover,
{cf(-,t))zo in By, ¢(,0)>1 in B\ B sp,

¢ >1 m0B, x[0,7] and ¢°(-,7) < ”bheHg; on B, .

Proof. First note that

1
p°(z,0)=1 if |z| > Rye and p°(x,t)=0 if |z|< §R\@ekt.
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For (z,t) € By, x (0, o0) we write p = %ﬁ’ Tt = (Ry/2) 7 z| e ¥ and 7 := x/|x| (since,
in view of the above, p® vanishes in a neighborhood of the origin we do not have to be
concerned about x = 0), and find

PE(,t) = —kH (rp)lelpe™,  Dp(z,t) = K (rag)pme™,
1
D% (z,t) = W (rg4)pe ™ W(I —2@z)+ 0 (rp)pte e .
x
Moreover, for any a € S*(p) and all (z,t) € Q with = # 0, we have
Itrfa(l —2®7)]| <0 (n—1) <O'n and |tr[az ® Z]| < 6,°,
and, therefore,

p; — e tr[aD?*pf] — b(x) - Dp°
= W (ro)plz|e”™ {k: — |z tb(z) -7~ ﬁ trfa(l — 7 ® x)}}
x

— e (rps)p® e tr[az © 7]
ne

> b (ry Rt k4 by— ———
> h(r 7t)p\ac]e { + 0o 90|x]2

} o €Hh”HL°°P2 e—2k’t 90—1

Observe that

1 1
(2.11) 3 < lz]pe ™ <1 if and only if iR\@ekt < |z| < RyzeM,
and o
1 4 o2kt 4
/ —kt / —kt / —kt
Pilelpe™ ) i = Wlleloe™) —pa— = Wllaloe™) o

Using the observations above and (1.9) and recalling the choices of the constants and
that a € S"(p) is arbitrary, we get

p; —eP*(D*p") — b(x) - Dp*

> W(rpadplal e { okt — 2L S s e
i | bl R — 6o R?

Thus, noting that, for all ¢ > 0,
pf(ovt) - €P+(D2p€(07t)) - b(O) ' Dps(()?t) =0

we conclude that
—2kt

e :
pi — ePT(D?pF) — b(x) - Dp* > R Nl g i Bro x (0, 00),

and, hence, ¢ is a supersolution of (2.3) in B,, x (0, 00).
Finally, we observe that, if 0 < ¢ < 7 and = € 0B,, then

|| ekt peThT

VER — eR
and, if x € B, /5, then
lzle * re7hT 1 . A" |[Loe _ A" Lo

= — d < 3 e .
\/ER - 2\/ER 2 at ¢ =Pt boOo R? bobo R2

—1 and ¢ (ot) = p(t) = 1,
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Moreover,

. . 0 for all =z € B,,
q°(x,0) = p*(x,0) = h(|z|/(VER)) = 0
1 for all = € B\ B zp.

An application of the Harnack inequality. We use a consequence of the Harnack
inequality to obtain an a priori bound for the oscillations of the u®’s, which are uniform in
€ and t up to oo.

If u® € C%1(Q) is a solution of (2.1), then
v (y,t) = u(Vey,t)  for (y,t) € B,z x [0,00),

satisfies

(2.12) v = tr[a®(Vey, t) D*0f] + b(\\/fzy) -Dv® in B,z x (0, 00).

It also follows from (1.6) that there exist L, > 0 such that
|b(x)| < Lplz| for all = € By,

and, hence,

b
NG
Next we recall the following consequence of the Harnack inequality from Krylov [12,
Theorem 4.2.1].

Theorem 3. Assume (2.2) and (2.13), fixt R € (0, 2], (2,7) € R™ x (0,00) such that
Br(z) C B,,, z) and 7> 2R, and let w € C*'(Br(2) x (1 — 2R?, 7)) be a nonnegative
solution of (2.12) in Br(z) x (t —2R?, 7). There exists a constant C = C(R, 0y, Ly, n) > 1
such that

< Lply| forall y€ B,/ /.

w(z,7— R*) <C inf w(y,T).
YyEBR/2(2)

We use now Theorem 3 to obtain the following improvement of oscillation-type result for
solutions to (2.1).

Corollary 4. Assume (2.2) and (2.13) and, for e € (0,1), let u® € C(Q) N C*Y(Q) be a
solution of (2.1) in Q. Fixm € N and T > 0 and assume that (m+2)\/e < ro, T > 4(m+1)
and

(2.14) { (0,t) < (i for all t € (0,T),

uf(z,t) < for all (z,t) € B(,19),z % (0, T).
There exists a constant n = n(m, 0y, Ly,n) € (0, 1) such that
u® <n in By, zx (4m+1),T).
Proof. Noting that the function v°(y,t) = u®(y/ey, t) is defined on By, x (0, T'), we set
w(z,t) =1—0v"(x,t) for (z,t) € Bpyo x (0, T).

Observe that w is a solution of (2.12) in Bj,42 X (0, T) and, by (2.14), that w is a
nonnegative function on By,12 x (0, T') and satisfies

w(0,t) >1 forall te(0,T).
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Let (x,t) € By, X (4(m+1), T') and choose a finite sequence By (x1), ..., B1(z) C By, of
balls so that 1 =0, x € Bi(x,,) and, if 1 < i < m, then By(x;+1) N By(x;) # 0. We apply
Theorem 3, with R = 2, to get, for some C = C(6y, Lp,n) > 1,

w(0,t —4m) < C inf w(y,t—4(m—1)).
yeBi(21)

Hence, if m = 1, we have
w(0,t —4m) < C™w(x,t).
If m > 1, repeating the argument above we obtain

w(0,t —4m) < Cw(zy,t —4(m—1)) <C* inf w(yt—4(m—2))
yEBl($2)

<. <C™ inf w(y,t) < CMw(x,t).
yEB1(wm)

Thus, we have w(0,t —4m) < C™w(x,t), and, since w(0,t —4m) > 1 by (2.14), we get
1< C™(1 —v*(x,t)),
which yields
fo,t) <1 — —
v (x’ ) —_ Cm?
and, hence, with n=1—-1/C™,
u®(z,t) <n forall (z,t) € B, zx (4(m+1), T). O
The asymptotic constancy. Let II be a relatively open, possibly empty, subset of 02,
set 2 := QU II, and, for any 6 > 0,
Qs :={x € N : dist(z,002) >} and QI :={xe 2 : dist(z,002\ II) > J}.

The next result is the first indication of what we call asymptotic constancy, which is a
straightforward generalization of [11, Theorem 14]. Roughly it says that, for € small, if a
solution of (2.1) is bounded and small (say negative) in a small cylinder around the positive
time axis [ and a portion of the parabolic boundary, then it is small (of order § > 0) in a
large part of @) after some uniform time depending on 9.

Theorem 5. Assume (1.3), (1.6), (1.7), (1.9) and (2.2) and fiz 6 € (0, r9). There exist
Ts > 0 and g¢ € (0, 1), which depend only on 8, 0y, b and {2, such that, if, for e € (0, €9),
uf € C(Q) N C%Y(Q) is a solution of (2.1) and satisfies, for some T(¢) € (Ts, oo],

ut <1 in 2 x[0,T(e)) and u* <0 in (BsUII) x [0, T(e)),
then
uf(x,t) <8 for all (z,t) € 2 x [Tz, T(e)).

For the proof of Theorem 5 it is necessary to first describe some preliminary facts that
are consequence of the asymptotic stability property of the vector field b.

We fix 6 > 0 and set
7(z) :=sup{t >0 : X(t,x) € Bs} for z¢€ 0,
where X (t) = X (t,x) denotes the solution of
X(t;x) =b(X(t;x)) and X(0;z) = z.
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Since {2 is bounded and the origin is a globally asymptotically stable point of b, it is
immediate that, if

(2.15) T := sup 7(z),
el
then
(2.16) 0<Ts <oo and X(t,z) € By for all (z,t) € 2 x t > Ts.
We consider the transport problem
U <b-DU in 2 x (0, T3],
(2.17) min{U; —b-DU, U} <0 on II x (0, T3],
U<0 in By x {0}.

The first inequality in (2.17) should be understood in the viscosity subsolution sense and
while the second is a viscosity interpretation of the Dirichlet condition, U < 0, on IT (see
[10]).

Lemma 2. Assume (1.3), (1.6), (1.7) and (1.8). If U € USC(§2 x [0, Ty]) is a subsolution
of (2.17), then U(x,T5) <0 for all x € 2.

Proof. Fix any x € 2T and, for t € [0, Tj], set
uw(t) =U(X(Ts —t,x),t).

It is a standard observation (see Lemma A.1 in Appendix A) that u € USC([0, Tj]) is a
subsolution, if x € {2, of

(2.18) u' <0 in (0, Ty],
and, if x € I, of

(2.19) {UISO (0T,

W <0 or u<0 on {Ts}.

Suppose that max(g 7;ju > 0. Since X (T5,z) € Bs and u(0) = U(X (75, ),0) <0, there
must exist & > 0 and 7 € (0, T5] such that the function [0, T5] > t — u(t) — ot attains its
maximum on [0, Ts] at 7. In view of (2.18), if x € 2, then a < 0, which is a contradiction.
If x € II, then either & < 0 or 7 = T5 and u(7Ts) < 0, which is again a contradiction. Thus,

we conclude that v < 0 on [0, Ts]. In particular, u(Ts) < 0, which shows that U(x,Ts) <0
for all z € 011 4

We proceed with the proof of Theorem 5.

Proof of Theorem 5. Let T5 > 0 be the number defined by (2.15). For any ¢ € (0, 1), let V:
denote the set of all (viscosity) subsolutions v € USC({2 x [0, T5]) of (2.3) such that

(2.20) v<1 on 2x10,Ts] and v<0 on (BsUII) x [0, Ts],

and note that V., which is clearly nonempty, depends only on §, Ty, 6p, b and (2.
It turns out that V. has a maximum element. Indeed, for (z,t) € £2 x [0, Tj], set

v¥(x,t) :=sup{v(z,t) v eV}
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and consider its upper semicontinuous envelope
0% (x, t) = liH(l) sup{v°(y, s) : (y,5) € 2 x [0, Ts],|(y, s) — (z,t)| < r}.
r—>
Standard arguments from the theory of viscosity solutions yield that v® € V. and, since
0€ V., v°>0on 2 x [0, Ts].

_Let U € USC(2 x [0, Ts]) be the half-relaxed upper limit of ¥, that is, for (x,t) €
2 x [O, T(;],
U(x,t) ;= limsup*o®(x, t);

e—0

we refer to Crandall, Ishii and Lions [3] for more discussion about the half relaxed upper
and lower limits.

It follows from Lemma 2 that
U(x,T5) <0 forall ze 07,

and, hence, in view of the uniformity encoded in the definition of U, there exists a constant
o € (0, 1), depending only on §, 6y, b and {2, such that

v (z,T5) <8 forall € 2F and € (0, ).
Finally, since, for each ¢, the function
2 [0, Ty] 3 (2,8) = u(x, 5 + 1),
with 0 < s < T'(e) — Ty, belongs to V, it follows that, if s € [0, T'(¢) — T5), then
uf(z,5 + T5) < v°(x,T5) <5 forall z€ 2F and e € (0,eq],
and, thus,
uf(x,t) <6 forall (z,t) € RF x [T5, T(e)) and e € (0, ). O
Next we use Corollary 4 and the previous theorem to obtain a refinement. Here we
assume an upper bound, say 1, only in a cylindrical neighborhood of the positive time axis
I and show that, if, in addition, the solutions are small, say less than 0 on the half line
[, then they are small, say less than J, after a time, of order |loge|, in a small cylindrical

neighborhood of [. We remark that a time period of order |loge| is “very short” in the
logarithmic scale of time, that is, as € — 0, if exp(A:/e) = O(|loge|), then Ac — 0.

Theorem 6. Assume (1.3), (1.6), (1.7), (1.9) and (2.2). For any § > 0, there exist
g0 € (0, 1) and a family {7(¢) }}o<e<e, C (0, 00), both depending on 1o, 0y, b, 6 and n, and
v € (0, 1), such that, if, for e € (0, go], u® is a solution of (2.1) with the property that, for
some T'(g) € (7(g), o0],
(2.21) u® <1 in By, x (0,7(¢)) and u°(0,t) <0 forall te (0, T(c)),
then

u® <6 in By, x (1(e), T(e€)).

Moreover, there exists a constant C > 0, which depends on rqg, 0y, b, § and n, such that

7(e) < C(|loge|+1)  forall €€ (0, o).
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Although it appears similar, Theorem 6 is actually very different from [11, Theorem 13].
Indeed the second condition in (2.21) on the solutions is required only at the origin, while
in [11, Theorem 13] it is assumed on a neighborhood of the origin. This refinement, which
is important for the proof of Theorem 2, depends technically on the barrier functions ¢ in
Lemma 1 and the Harnack inequality (Theorem 3).

Proof of Theorem 6. To simplify the argument, we assume that 7'(¢) = oo since the general
case can be treated similarly.
Fix 6 > 0, choose h € C?([0, 00)) satisfying (2.6) and m = m(fp,n, |h”||L=) € N such

that
|| 70 1 2v/2
1271 < — and m> ven

b000m2 - 2 \/b()@()7
let n = n(0y, Ly,n) € (0, 1) be the constant in Corollary 4, set 7o = 4(m + 1) and fix

e1 = e1(ro,m) € (0, 1) so that
(m+2)y/e1 <rp.

Then, for any € € (0, 1], Corollary 4 gives

u®(r,t) <n forall (z,t) € B, 7 x (10, ).
Define
v¥ = (1—n)"t(u —n) in 2x]0, 00),
and note that v® is a solution of (2.1), and, moreover,
v® <1 in By, x (0,00) and v <0 on Em\@ X [10, 00).

Let ¢° be given by (2.10) with R and r replaced by m and ry respectively. It follows from
Lemma 1 and the comparison principle that, for any fixed s > 79,

Us('vs_‘_ ) < q6 in BTO X [07 7-1]7

where 71 = 71(¢) > 0 is given by

Oo71 ) 70
—— =1o )
2 & my/e
Hence,
W || 100 1 .
v (-, -+ 1) < |l|)00(|)|Lm2 < 3 in B,/ X [T0, 00),
which, with 77 (e) := 79 + 71(€), can be rewritten as
1-— 1 i
(2.22) WS+t = S(14m) in By x [T1(e), o).
Next, for j = 2,,3..., we choose ¢; € (0, £_1) so that
o

and, for any € € (0, ), select 7; = 7;(¢) > 7j_1(€) so that

007']'(8)_ To
2 o\ g, 2 )

and set, for e € (0, ¢;),

i
Tj(e) i= Tj-1(e) + 70+ 75(e) = jro + Y _ 7le).
=1
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We prove by induction that

J
(2.23) W < <1‘2“7> in By, % [Ty(e), 00).

Since (2.22) yields that (2.23) holds for j = 1, we assume that (2.23) is valid for some

j €N, set
92 J
o = () e+ ) n @

observe that w® is a solution of (2.1), with a°(:,-) replaced by a°(:,- + T}(e)) and satisfies
w=(0,t) < 0 for all t € [0, co) and w® < 1in B, 5 X [0,00).

Using Lemma 1 and Corollary 4 as before, with the same m and 79, but with u®, r¢ and
71 replaced by w®, 19/27 and 711 respectively, we obtain

tn

1 .
w® < mn BT0/2j+1 X (’7’0 —I—Tj+1(€), OO),

which, after been rewritten as

1+7\/""
u < <17> in By jai+1 X [Tj11(e), 00),

2
J
<1+77> <6
) <

setting €9 = €, v = 277 and 7(¢) = T}(¢), and observing that, as e — 0+, 7(¢) = O(|loge|)
we complete the proof. O

yields the claim.
Finally, selecting j € N so that

We have by now completed all the technical steps needed for the next theorem, which
is a nontrivial refinement of Theorem 5. It asserts that bounded solutions to (2.1), which
are small on the positive time axis [ and a part of the parabolic boundary, are actually
small in almost the whole domain after some time of order |loge|. This is the mathematical
statement of what we called asymptotic constancy.

Theorem 7. Assume (1.3), (1.6), (1.7), (1.9) and (2.2) and let {T'(€)}.c(0,1) be a collection
of positive numbers. For each 6 > 0 and Cy > 0, there exist constants g € (0, 1) and C >0
such that, if, for ¢ € (0, o, u® € C?1(Q) is a solution of (2.1) satisfying
ut < Cy in 2x[0,T()) and v* <0 in ({0} UII) x [0, T(e)),
then
uf(x,t) <6 for all (z,t) in 2F x (C|logel|, T(¢)).

Proof. Theorem 6 yields constants 1, v € (0, 1) and C; > 0 such that, for all 0 < e < ¢y,

u® < = in By, x [C1]logel, T'(¢)).

2
Theorem 5 applied to v¢(z,t) := Cy '(uf(z,t + C1|loge|) — &) instead u® implies the
existence of Ty and gg € (0, 1) such that, for any e € (0, &¢),

(2.24) v° < 0 in QI x [T5, T(e) — Cy|logel),
2C)
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which says that, for any € € (0, &),
uf <8 in QF x [T5 + Cy|logel, T(e)),
and the proof is complete. O
Next we use the last result to control the difference between values of u°(-, ) and u®(0,t).

Theorem 8. Assume (1.3), (1.6), (1.7), (1.9) and (2.2). For each 6 > 0 and Cy > 0 there
exist constants g € (0, 1) and C > 0 such that, if, for ¢ € (0, eo, u is a solution of (2.1)
satisfying
[u®| < Cp in 2 x]0, ),
then
[u®(x,t) —u(0,8)| <0 for all (z,t) in 25 x [C|loge|, 00).
Proof. We double the variables and define the function v* : 2 x 2 x [0, c0) — R by

v (x,y,t) == u(x,t) — u(y,t).
It is standard that v® solves in 2 x §2 x (0, co) the doubled equation
vf = trfa®(z, t) D3v] + tr[a®(y, t) Div 5] +b(x) - Dyv® +b(y) - Dyo°
= tr[A%(z,y,t) D*v"] + B(a,y) - D
where

Bla,y) == (b(w).b(y) and  A%(w,y.t) = (“E(E}”’t) afs((;,t))-

The conclusion follows if we apply Theorem 7, with IT = (), to +v°, since v*(0,0,¢) = 0
for all t > 0 and |v°| < 2Cp in 2 x 2 x [0, c0).

The only issue is that the boundary of £2 x 2 does not have the C'— regularity required
for the theorem.

To overcome this difficulty, we only need to approximate §2 x £2 by smaller C''-domains.
That is, for fixed § > 0, we choose a C''-domain W C R?" so that

25 X 25 C W5 CW C 2 x 12,
where Wy /o := {(z,y) € W : dist((x,y),0W) < §/2}, and
B(z,y)- N(z,y) <0 for all (z,y) € OW,
where N (z,y) denotes the outward unit normal vector at (z,y) € OW. O

3. QUASI-POTENTIALS
We establish here an important continuity property under perturbations for the minimum
and the arg min map of the quasi-potentials we introduced earlier in the introduction.

We begin with some notation and the introduction of several auxiliary quantities needed
to define the perturbations. To this end, we fix ¢y € [gmin, gmax], define Hy € C(§2 x R™)
by

Ho(z,p) = alz,co)p-p+b(x) - p
choose some &y > 0, and, for § € (0, do),

0(0) := max{|(a(z,c) —a(z,cp))E - €] - x € 2, E€R™, |€] <1, ¢ € [eg — I, co + I}
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The continuity of a(x,c) (recall (1.5)) yields lims_,o6(5) = 0, and, hence, selecting dy > 0
sufficiently small, we assume henceforth that

0(5) < 6p/2 for all 6 € (0, do).
We define a(sjE € C(£2,S") and Hgt € C(£2 x R"™), respectively, by
ai(z) = a(z,co) £0(6)I and Hi (z,p) = a; (v)p-p+b(x) - p,
and note that, for all (x,c) € 2 X [co — 6, co + 4],
(00/2)I < a5 (z) < a(z,c) < af(z) < (65" + 00/2)1.
We choose x5 € C(R"; [0, 1]) such that
xs=1 in z€5 and xs=0 in R"\ 25y,
and define HF € C(2 x R") by
My (2.p) = xs(@)Hy (2,p) + (1 = x5(2)) (b5 ' [pI* + b(z) - p),
H; (x,p) = xs(2)Hy (2,p) + (1 — x5(2))(Bolp|* + b(z) - p),
and note that, for all (z,c) € 255 X [co — 0, co + 6] U (£2\ 25/2) x R and p € R",
Hy (z,p) < a(z,c)p-p+b(x)-p < Hf(z,p).

We also have
M; (z,p) = Hy (z,p) for all (z,p) € 25 x R,

while, for all (z,p) € (£2\ £25/5) x R",
HY(z,p) =0, [p]> +b(x) -p and Hj (z,p) = bolp|* + b(x) - p.
If we set
af (r) = xs(@)aj (@) + (1 = xs(2))0 ' T and o (2) = xs(x)ag () + (1 — xs(2))bo],
then, for all (x,p) € 2 x R™,
H; (2,p) = az (x)p-p + b(x) - p.
Let Vp and V(;jE be respectively the maximal subsolutions of
(3.1) Ho(z,Du) =0 in {2,
u(0) =0,
and
+ .
(3.2) H5 (z,Du) =0 in {2,
u(0) = 0.
We note by [11, Corollary 5] that V;=(z) > 0 and Vp(z) > 0 for all 2 € 2\ {0}. Since
Hsy < Hp < ’H; on {2 x R", it is clear that
(3.3) Vit <Vo<Vy on Q.
We set
MO = %1}011 Vb, FO = argmm(Vo|8Q), Mgt = 1’181}211 ‘/(S:ta F(S:t = argmin(‘/di’ag)7

and note that
My < My < My .
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We establish the following result about the continuity of M;E and I Ji with respect to 9.
Theorem 9. Assume (1.3), (1.5), (1.6), (1.7) and (1.8). Then

(3.4) 61—1>%1+ My = hm M5 = My

and

(3.5) limsup I}t Ulimsup Iy C Io.
0—0+ 0—0+

The set limit in (3.5) is understood in the sense of Kuratowski, that is, for a given
{Is}s5e0,50) C R,

limsup [ := ﬂ U Is={zeR":z= Jim zy, @y € Iy, khjgoék =0}.
00+ re(0,80) 5€(0,r)

Now we prove Theorem 9.

Proof of Theorem 9. The uniform in x and § coercivity of the Hamiltonians 7-[ , that is
the fact that i (,p) — oo as [p| — oo uniformly in 2 and §, yields that the famlhes
(v }se(0,60) are equi-Lipschitz continuous on §2, and, since ViE(0) = 0, relatively compact
in C(0).

To prove (3.4) and (3.5), it is enough to show that, if {;};en C (0, do) is such that both
{ngj[}jeN converge in C(£2) to some V5= € C(£2), that is

VO lim V;; uniformly on 2,

J—00
then
(3.6) M = min Vot = min V.
and
(3.7) arg min(Vp|042) = arg min(V;"|942) = arg min(V; |912).

For notational convenience, we set
M = Hali(zn Vit and T = argmin(V;E|092).

It is well-known (see Lemma B.1 in the Appendix) that the V(Si’s satisfy in the viscosity
sense

HE(z,DVE) >0 on 2 and Hi(z, DV) <0 in £,
that is, the V(;i’s are solutions of the state-constraints problems
Hf(w,D%i) =0 in {2
By the stability of viscosity properties, the Voi’s satisfy

Ho(z,DV5 (z)) <0 in 2 and Hf (z,DVj"(z)) >0 on 12,

where
oo [EED for (z.p) € 2 x B,
fot™ 0y |p|?> +b(x) -p for (x,p) € I x R".



18 HITOSHI ISHII''* AND PANAGIOTIS E. SOUGANIDIS?

Here we used that

lim sup”® Hgt(a:,p) = lim inf, ’Hgt(x,p) = Hy(x,p) for all (z,p) € 2 xR,
d—0 6—0

and

limsup* H (z,p) = Hég(:c,p) for all (z,p) € 2 x R™.
6—0

The maximality of V{ implies that V;7 < V) on € and, since, in view of (3.3), Vj <
Vy in Q, we have Vo = Vb, which, obviously gives

(3.8) My=My; and Iy =Iy.
The argument for Mgr and I 0+ is slightly more complicated.
Since (3.3) yields Vy" < Vp, it is immediate that
M < M.
Next we show that
(3.9) min{Vp, Mo} <V, in £,
which, together the previous inequality, give
(3.10) M =My and I, CIy.
We proceed with the proof of (3.9). Fix [ € (0, My), choose v; € (0, dp) so that
Vo>1 on 2\,
fix € (0, 1) sufficiently close to 1 so that
uVo >1 on 2\ £2,,,
and choose y2 € (0, 71) so that
p(a(x,co) +0(0)I) < a(w,co) forall z €2 and § € (0, v2).
Observe that, if u,(x) := pVy(z), then, for all 6 € (0, y2),
u, > 1 in 2\ 2,
and, for all § € (0, v2), in the viscosity sense,
Hyf (x, Duy) = p(p(a(z, co) + 6(3))|DVol* + b(z) - DVp)
< pla(z,co)|DVo* +b- DVp) < uHo(z, DVp) <0 in £2.

Now set uL := min{uy, [} and note that the convexity of H;(x, p) in p yields that, if
5 € (0, 72), then
Hi(x,Dul) = Hf (z,Dul,) <0 in £

Also, if § € (0, ¥2), then, since uL(:L‘) = [ in an open neighborhood N5 C 2 of 2\ {25,

Hg(a:,DuL(m)) =0 in Ns.
Thus we deduce that, for any § € (0,v2), “L is a subsolution of ’H;“ (z, DUL) < 0in £,
and, hence, uL < Vg in 2 by the maximality of V;r. Sending § — 0, along the sequence
{6;}, 0 — 1 and | — M in this order, we conclude that (3.9) holds.
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Next we show that FJE Iy. Let z € T\ Iy and observe that, since Vo(z) > My, there
is an open, relatively to {2, neighborhood N, C (2, such that Vj > My in N, while (3.9)
gives VO+ > My in N,.

Let p € C1(R™) be a defining function of 2, that is, 2 = {z € R" : p(x) < 0} and
|Dp| # 0 on 042, and, in particular, Dp/|Dp| = v on 012.
For any e > 0, x — V" (z)—ep(z) achieves a minimum at z over N,. Since H(;; (z,DVy") >
0 on {2, we have
0 < Hy (2,eDp(2)) = (05 [Dp(2)[2 + b(2) - Dp(2).
which is a contradiction, in view of the fact that the right hand side is negative if ¢ is
sufficiently small.

It follows that I},7 \ Iy = 0, that is, I}y” C Ip, which, together with (3.10), proves the
claim. O

4. BARRIER FUNCTIONS

We adapt and modify here the main argument of building barrier functions of [11] to
obtain information on the behavior of the solutions u® of (2.1) along the positive time axis
[, that is on u®(0,t), for a sufficiently long time interval [0, T'(¢)), under the assumption
that the matrices a® € C(QT(E)) are bounded by a € C(@T(E)) from above or from below.

Recall that, for any o € C(£2,S"(6y)), Ha € C(£2 x R™) be the Hamiltonian given by

H,(z,p) = a(z)p-p+ b(x) - p, V, € Lip({2) is the quasi-potential corresponding to («,b),
and M, = mingn V,, and set

Yo ={x €0 : Vylx) < My} Iy = X,N010,
and, any m > 0,
Xmi={r e 2 : Vy(x) <m}.
We consider the again (2.1) for a family of a° € C(Q,S™(6p)) with € € (0, 1).

We state two results one for an upper and one for the lower bound. The upper bound is
valid up to A smaller than M, in the logarithmic time scale, and the lower bound is valid
up to oo, provided u®, on the boundary portion Iy, x [0, T'(¢)), is larger than a lower bound.

We begin with the former, which corresponds to [11, Theorem 1 (i)] in its nature. The
latter is related to [11, Theorem 1(ii)].

Theorem 10. Assume (1.2) and (1.10) and fir « € C(£2,S™(0)), T(e) € (0, ] and
m € (0, M,,). If, for a® € C(@T(E);S”(OO)), where € € (0, 1), such that

a6($at) < Oé(fL’) in ($,t) € QT(E)?
uf € C(QT(E)) N CQ’I(QT(E)) is a subsolution of (2.1) in Qp( such that

u®(z,0) <0 forall x € X' and sup u® < oo,
QT(E)

then, for any § > 0, there exists g € (0, 1) such that, if € € (0, €p), then
u®(0,t) <6  forall t €0, exp((m —9)/e) NT(g)].

The lower bound is stated next.
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Theorem 11. Assume (1.2), (1.10), fir oo € C(£2,S™(60)), T(e) € (0, co] and m > M. If,
for a® € C(Qr(e);S™ (b)), where € € (0, 1), such that

a’e($at) > O[(CL') in (CIT,t) € QT(e)a
u® € C(Qr(e)) NC* (Qr()) is a solution of (2.1) and (1.2) such that

uf(x,0) >0 for all z € X7,
us(x,t) >0 for all (z,t) € (X" N0N) x (0,T(¢g)),

and

inf u® > —oo,
Q1(e)

then, for any § > 0, there exists g € (0, 1) such that, if € € (0, gg), then
u®(0,t) > —0  forall t€ [0, T(e)].

The proofs of Theorem 10 and Theorem 11 use the next two lemmata. We state them
without proof for which we refer to [11].

Lemma 3. Assume (1.10) and fix o € C(2,S"(6p)). For any r € (0, rq), there exist
v € C%(2) and n € (0,1) such that

H,(z,Dv,) < —n in 2\ By,
(4.1) Ho(z,Dv,) <1 in B,

HUT — Va||Loo(Q) <.

Lemma 4. Assume (1.10) and fix o € C(£2,S"(0y)). For each m > M,, there exists

wm, € Lip(£2) and n > 0 such that

(4.2) 0 < min wy, < maxw,, < m,
2 02

and, in the viscosity supersolution sense,

(4.3) H,(z,—Dwy) >n in 2 and D?*wy(x) <n 1 in 0.
We continue with the proof of Theorem 10 which parallels that of [11, Theorem 8].

Proof of Theorem 10. For r € (0, rg) to be fixed below, let v = v, € C?(Q) (for notational
simplicity we omit the subscript r in what follows) and n > 0 be given by Lemma 3, set,
for x € {2,
— 2
w®(x) := exp (U(x) m ?”) ,
£

compute, for any (z,t) € Q,
tr(a® (z,t) D*wf] + b(x) - Dw®

£

=L (a*(z,t)Dv - Dv +b- Dv + e tr[a(z, t) D*w))

£

< — (a(x)Dv - Dv + b(x) - Dv + e tr[a®(z, t) D*w])

m‘gmm‘gm

(Ho(z, Dv) + € tr[a(z, t)D2w]) .
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and choose gy € (0, 1) so that, for all € € (0, 1),
) (tra’f(av,t)Dzv)Jr < min{n, r, 1};
note that g9 can be chosen so as to depend on a® only through 6.

We assume henceforth that € € (0, gg) and observe that, from the computation above,
we get,

0 for all (z,t) € 2\ B, x (0, 00),
2w for all (x,t) € B, x (0,00).

€

(4.4) tr[a® (z, t) D*w] + b(z) - Dw® < {

Let Cy > 0 be a Lipschitz bound of b, and note that, if H,(z,p) < 0, then [p| < Cof, !,
which implies that V,(x) < Co|z|?/(200) < Cor?/(26p) for all z € B,. We may thus assume
by replacing, if needed, » > 0 by a smaller number that V,, < r in B,. Accordingly we have

v—m+2r<Vo—-m+3r<—-m+4r in B,,

and

— 4
(4.5) w® < exp (m—i—r) in B,.
€

Observe also that
v—m+2r>Vy—m+r>r in 2\X7,

and
(4.6) w® > exp (g) in 2\,

Next set d. = 2 exp(=2) and

25(x,t) = w(z) +dt for (z,t) € 2 x [0, o).

It is immediate from (4.4) and (4.5) that
(4.7) 2 > etr[a®D*f] +b-D2° in Q.

We choose C7 > 0 so that, for all € € (0, 1),

u* <O on Q,

and by replacing, if necessary, g > 0 by a smaller number we may assume that, for all
e € (0, o),

C1 < exp (f) .
€
It follows from (4.6) that
25 > w® > exp (g) >Cp > on (2\ X7 x [0, c0);
note that, since m < M, we have 92 C 2\ X™.
On the other hand, for any x € X7, we have

2(x,0) = w(z) > 0 > u(z,0),
and, hence,
u® <25 on 0,Q.
We find from the above, (4.7) and the comparison principle that

u® <2 on Q,
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and, in particular, for any ¢ € [0, exp((m — 5r)/e)],
2 — 3 2 —
u®(0,t) < 2°(0,t) < w®(0) + —exp <T) < exp (m—}—r) + —exp <T> .
€ € € € €
It is now clear that, for a given § > 0, we may choose r > 0 and ¢y € (0, 1) so that if
e € (0, g9), and, then

u®(0,t) < exp <_m€+37"> + gexp <—€r) <0 forall te|0,exp((m—23)/e). O

‘We continue with

Proof of Theorem 11. We fix r € (0, ro) small enough so that, as in the previous proof,
Vo(z) <r for all x € B, and m — 5r > M,. In view of Lemma 3 and Lemma 4, we may

choose v € C?*(£2), w € Lip(£2) and n > 0 so that, in addition to (4.1), 0 < mingw <
maxgw < m — 57, and, in the viscosity supersolution sense,

H,(z,—Dw)>n and D*w<n I in 0.

Setting u = —w, p~ = mingw and p* = maxsw, we get that p* <m —5r, 0> —p~ >
u(x) > —p* for all z € 2 and, in the viscosity subsolution sense,

Hy(z,Du)>7n and D?*u>-n"'I in 0.

For ¢ € (0, 1), we set

. <v—m+2r> u —p~
Z-=—exp| —— ] +exp (—) — exp ,
€ € €

and find that, in the viscosity subsolution sense,
(v —m+2r

1
tr[aD?2°] +b- Dz° > — —exp ) (Ha(z, Dv) + £ tr[a® D?v))

9 9

+ éexp (g) (Ho(z, Du) + ctr[a*D*u])  in Q.

Let 9 € (0, 1) be a constant to be specified later and assume henceforth that £ € (0, &¢).
Observing that in the viscosity subsolution sense,
trfa®D%u] > —n ttra® > —n(fon)”! in Q,
and
tr[a®D?v] > —||D2v||Loo(Q) tra® < _ngo_l”DQ'U”Loo(Q) in Q,
and setting, for = € £2,

Flz) = — %exp (W) (Ha(z, Du(x)) + eny | D] 1 ()

+ éexp (@) (7] — 871(7](90)71) ,
we obtain, in the viscosity subsolution sense,
(4.8) tr[a®D?2°] +b- D2° > f(z) in Q.
Choosing ¢¢ € (0, 1) so that

50”961||D2U||Loo(9) <min{n, 1} and eon(nfhy) ! < g

9
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we get
n=en(f) ™! > 5 and Hala D) +enfly [ D*0] o) < {g Ei Zﬁ . ig\ i
and, accordingly,
0 in 2\ B,,
r= —gexp <—m€+4r> + 2%exp <—6,0+> in B,.

Since p™ < m — 5r, we have

_ 4 _t ot g
€ 2 € € 2 €
_ ot _
= exp <p ) <—2 exp <T> + 77) .
€ € 2

We may assume by replacing g9 € (0, 1) by a smaller number that

2 exp (—T> <
€0 2

— 4 _ Tt
gexp (W) 7 exp (P> >0,
3 3

and, therefore,

2

which ensures that f > 0 in {2, and, hence, 2°, as a function of (z,t) € @, is a subsolution
of (2.1).
Next observe that

25 <0 on {2,
and, if Vi (z) > m,

2 (z) < —exp (Va(m)_mJFT) < —exp (g) .

€

Fix a constant C; > 0 so that, for € € (0, 1), u* > —C7 on @, and, assume henceforth
that g9 € (0, 1) is small enough so that

exp <T> > (.
€0

Consequently, we have

—exp (L) < —C1 <wi(z,t) forall (z,t) € (2\ X7 x [0, 00),
25(z) < <0 < uf(x,0) for all x € X7,
0 < uf(x,t) for all (x,t) € (X' N 0N2) x (0, c0),
that is

2°(x) < u(z,t) for all (z,t) € 0,Q,
and, hence, by the comparison principle, we get

2f(x) <u(x,t)  forall (z,t) <Q.
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Finally, we note that

SO e (W> —exp <_p>

which completes the proof. O

5. THE PROOF OF THEOREM 2

We begin with the proof of the assertions of Theorem 2 concerning (A) and (A’), which
can be restated as follows.

Theorem 12. Assume (1.5), (1.2), (1.10) and (1.18) and, for € € (0, 1), let u® € C(Q) N
C*1(Q) be a solution of (1.1). Assume furthermore that the collection {u}.c( 1y is uni-
formly bounded on Q) and suppose that there exist sequences pp < A and € € (0, 1), and
constants 0 < a1 < az and B, Ps € R such that limg_, e = 0, and, for all k € N,

0<ay <pp <X <ag, u*(0,exp(ur/er)) =01 and u*(0,exp(Ax/er)) = Ba.
If either 81 < B9 or Py < B1, then
limsup A\, > M (52).

k—o0

Proof. Since the arguments are similar here we treat only the case 51 < fs.
We argue by contradiction and suppose that

(5.1) limsup A\, < M (f2).

k—o0

Let 6 > 0 be a constant to be fixed later, define Oz; and ’H; as in Section 3, with cg
replaced by [, and, as in Section 3, let V;;r be the maximal subsolution of

Hi(x,Du) =0 in 2, u(0)=0,
and set Mgr = mingy V{.
Since Theorem 9 yields
lim M} =M
im. M (B2),
in view of (5.1), we may choose > 0 so that

limsup A\ + 6 < Mgr

k—o00

We fix m € R so that
limsup Ay + 6 <m < M;',

k—o0

and, by passing to a subsequence if necessary, we may assume that
A <m-—9 forall £KeN.

Set
Y={zen: Vi (z) <m},

and note that X' is a compact subset of (2.
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In view of the continuity of the map ¢ — u(0,¢), reselecting, if needed, 1, pur and Mg,
we may assume that, all ¢ € [exp(ux/cx), exp(Ax/er)] and k € N,

52) B < B < (0,0) < B
Now we choose v € (0, 6/2) small enough, so that

(5.3) YC 2y, and fo—p1>2y.
Theorem 8 gives ¢ € (0, 1) such that, if e € (0, &),

(5.4) |u(x,t) —u®(0,t)| <~y forall (z,t) € £2, x [exp (a1/e), c0).
We assume that €5, < ¢g for all £ € N, and combine (5.4) and (5.2), to find
(5.5) |u®(x,t) — B2| <6 forall (z,t) € 2, x [exp(pr/ek), exp(Ai/ek)],

and

uk (z,exp(pr/ex)) < p1+~y forall z € (2, and ke N.
Since (5.5) implies that
a(x,u(z,t)) < as(x) forall (z,t) € 2 x [exp(ur/ex), exp(Ax/ex)], k € N,
setting

{vk(x,t) = uk(z,t + exp(pr/cr)) — b1 — 7,
aF(z,t) = a(z,u (2, t + exp(ur/cr))),

we see that
v = gy tr[a®(z,t) D*0F] + b(z) - DV*  for all (z,t) € Q.
Furthermore, we have
o (2,0) <0 forall z € 2,
which ensures that
vF(2,0) <0 forall z e X.
An application of Theorem 10, with ej, v* and ~ in place of €, v and §, respectively,
guarantees that, for sufficiently large k, we have
v*(0,t) < for all ¢ € [0, exp(Ar/ex) — exp(ux/er)],

which, in particular, yields

" (0, exp(Ar/er) — exp(ur/ex)) < 7.
This shows that
ut (0, exp(A/ex)) < B1 + 27 < P,
which is a contradiction. O

Next, we prove the assertions of Theorem 2 concerning (B) and (B’), which we state as
follows.

Theorem 13. Assume (1.5), (1.2), (1.10) and (1.18) and, for e € (0, 1), let u® € C(Q) N
C?Y(Q) be a solution of (1.1) and (1.2). Assume further that there exist sequences py < A
and e, € (0, 1) and constants 0 < a1 < ag and B1, S2 € [gmin, Gmax] Such that limy_,o e = 0,
and, for all k € N,

0<ar <pp < <ag, u(0,exp(ur/cr)) =pF1 and u(0,exp(Ax/cr)) = Po.
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If Gmin < 51 < 52 < OGmax; then

lim sup G(c) > B,
r—0+ |C—,32‘§T

and Zf Jmin < /82 < /81 < Ymax; then

lim  inf G(e) < .
A, G < B

Proof. Since the arguments are similar, here we only consider the case where gmiy < B2 <
51 < gmax holds.

We suppose that

5.6 lim inf  G(c) > B,
(5.6) Jim nf  G(e) > B

and obtain a contradiction.

For a small constant § > 0 to be chosen later, define iy and H; as in Section 3, with cg
replaced by (32, let Vi~ be the quasi-potential corresponding to (aj ,b), that is the maximal
subsolution of

Hs (z,Du) =0 in 2 and u(0)=0.
and V72 the quasi-potential corresponding to the pair (a(-, 32),b), set
My = Hali(zn Vi, Iy =argmin(Vy |0f2) and ' = argmin(V?2)02),

and observe that, in view of assumptions (1.12) and (1.15),

lim inf G(c)=ming.
r—0+ |c—B2|S7~ ]“fo

Hence, by (5.6), we get
ming > [s.
rf2
Furthermore, in view of (3.5), we may choose ¢ > 0 so that

(5.7) ming > B2 + 9.
Iy

Finally replacing, if necessary, 51, ur and A; we may assume
B1 > uf(0,t) > By for all t € [exp(uk/ek), exp(Ax/er)], k €N,
and
(5.8) B1 < Ba+0/2.

Since the maximum principle gives gmin < 4% < gmax in @, we find that Theorem 8 yields
g0 € (0, 1) such that, if € € (0, €9), then

(5.9) |u®(x,t) —u(0,2)] < 6/2 forall (x,t) € £25/2 x [exp(a1/e), 00).
Consequently, if £ € N is sufficiently large, then ¢, < g9 and
(5.10) [uk(z,t) — Bo| <& forall (x,t) € 25,5 x [exp(pr/ek), exp(Ai/ek)]-

Henceforth, passing if necessary to a subsequence, we assume that (5.10) holds for all
k € N and, thus

(5.11)  a; (z) < a(z,u*(z,t)) forall (z,t) € 2 x [exp(ur/cr), exp(A\i/ex)], k € N.
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Weset IT = {z € 912 : g(x) > B2+0} and note by (5.7) that IT is an open neighborhood,
relative to 92, of I';” and

{zeQ :Vi(@)<M;}={zeR:V(z)<M;}yul; c
and deduce that, for v > 0 sufficiently small,
(5.12) {xr e V{(m)ﬁM{—i—’y}C(LIy].
We fix v > 0 so that (5.12) and 5y < 8; — B2 hold, set
Y={ze:V;(x) <My +~},
and select a sequence {vk}ren so that
(5.13) {,uk < v < Mg, usk(0,exp(vg/er)) = 1 — 3y forall k€N,
B1 > uk(0,t) > By — 3y forall ¢ € [exp(ux/ek), exp(vi/ex)], k € N.
Furthermore, observe that
>l
and, in view of (5.7) and (5.8),
(5.14) glx)>p1+d/2>p1 forall xell
Similarly to (5.9), using Theorem 8, we may assume that, for some r € (0, 7¢),
|u* (z,t) — u*(0,t)| <y for all (z,t) € B, x [exp(ai/ex),o0) and k € N.
We set
o¥(x,t) = uk (x,t + exp(up/er)) — b1+ for (z,t) €Q, k €N,

and note that
v*(x,0) >0 forall =€ B,.

We apply Theorem 10, with e, u and « replaced respectively by e, —v* and 0y 7, to
deduce that, for sufficiently large £ € N and for some p > 0,

—o*(0,t) <~ forall te]0,exp(p/er)],
that is,
uk(0,t) > 1 — 2y for all ¢ € [exp(ur/cr), exp(ur/cr) + exp(p/er)],
In view of the choice of vy, this implies that for sufficiently large k € N,
(5.15) exp(vk/er) > exp(uk/er) + exp(p/er).
Next we set
wh(z,t) = u* (z,t + exp(up/er)) — f1 + 3y for (z,t) €Q, k€N,
and note that, in view of (5.13) and (5.14),
wk(0,t) >0 for all ¢ € [0, exp(vg/er) — exp(ur/cx)]
{wk(:c,t) =g(x)—pP1+3y>0 forall (z,t) €l x [0, ).

Recalling (5.15), we apply Theorem 7, with £ and u® replaced by e} and —wy, to get, for
sufficiently large k,

—wF(z,exp(vy/e) — exp(pup/ex)) <~ forall =€ Q,IYY,
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which reads
uk(x,exp(vg/e)) > p1 —4y forall x € Qg
Finally, we set

K, t) = u(x,t + exp(vp/ep)) — L+ 4y for (z,t) € Q,

observe that
{zk(:r,O) >0 forall z€ X,

Fat) =g(x) — B +4y >0 forall (x,t) € I x [0, 00),

and invoke Theorem 11, to conclude that for sufficiently large k € N,
(0, exp(Ae/er) — exp(/er)) = =7,

and, hence,

u* (0,exp(Ax/er)) = B1 — 5y > Bo,
which is a contradiction. O

6. PROOF OF THE MAIN THEOREM

The proof of Theorem 1 is an easy consequence of Theorem 2 as shown in [6,8]. For the
reader’s convenience, we reproduce it here. We begin with an introductory lemma.

Lemma 5. Assume (1.5), (1.10) and (1.4) and let v¢ € C(Q) N C*1(Q) be a solution of
(1.1) and (1.2). For any 6 > 0 there exist \g > 0 and eo € (0, 1) such that

(6.1) [u®(0,t) — g(0)| <0 for all t €0, exp(No/e)] and e € (0, ).
Proof. Let V € Lip(£2) be the quasi-potential associated with (6;'1,b). We choose m > 0

small enough so that m < ming, V' and
{r e :V(z)<m}c{re2:|g(x)—g(0)] <d/2}.

Applying Theorem 10, with a°(z,t) = a(z, u®(z,t)) and a(r) = 0;'T and u® replaced by
+(u® — g(0)) — 6/2, we get that, for each v > 0, there is g9 € (0, 1) such that

+(u(0,t) —g(0)) —6/2 <~ forall tel0,exp((m—-)/e)] and e € (0, &o).
We fix v > 0 small enough so that v < min{d/2, m}, and we get (6.1) with \g = m—y. O
Proof of Theorem 1. In view of Theorem 8, we only need to show that

(6.2) ii_r)r(l)ua(o,exp()\/a)) = c(N).

The comparison principle yields that
Jmin < u® < Jmax ON Q
We fix A > 0 and we consider first the case A < M(cp), which implies that ¢(\) = ¢p, and
prove that

(6.3) lim sup u® (0, exp(A/e)) < ¢(N) = co.
e—0
We argue by contradiction and suppose that
(6.4) lim sup u®(0, exp(A/¢€)) > co.

e—0
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Using the continuity of the function M, we choose 51, 52 € R so that
co < P1 <2< hmjélp u®(0,exp(A/e)) and M(B2) > A,
e

and note that, in view of Lemma 5, there are constants Ao € (0, A\) and g9 € (0, 1) such
that
(6.5) u®(0,exp(Ng/e)) < 1 for all € € (0, ).

On the other hand, (6.4)

uk(0,exp(A/e)) > f2  forall keN,

yields a sequence {ej}ren C (0, €9) such that ¢ — 0 and

while, (6.5) gives
uk(0,exp(Xo/er)) < f1 for all k € N.
The continuity of ¢ — u®*(0,¢) implies that, for each k € N, there exist g, A € [Ao, A
such that A\g < pp < A < A and

uk(0,exp(ur/er)) = f1 and  u(0,exp(Ag/ek)) = Ba.
Hence we have

Imin < ¢p < B1 < P2 < limsupu®(0,exp(A/€)) < gmax and Ay < A < M(B2) for allk € N,
e—0

which contradicts the assertion of Theorem 2 concerning condition (A).
A similar argument shows that

lim inf u° (0, exp(A/€)) > ¢(N),
e—0

and, thus, we have (6.2) in the case where A < M (cp).

Next we consider the case where A > M (cg) and ¢; = ¢ and recall that, by definition,

c(A) = ¢p. We first suppose that
lim sup u®(0, exp(A/e)) > co.
e—0

We use (1.16) and the piecewise continuity of G to select 2 € R so that G is continuous
at [, co < P2 < limsup,_,ou(0,exp(A/e)) and G(fB2) < [2, and, hence, for § > 0 small
enough, we have G(c) < By — 6 for all ¢ € [By — 6, B2 + J].

Choosing, for instance, 81 = (co + B2)/2, so that ¢y < 1 < 2, and, using Lemma 5 as
in the previous case, we may choose sequences ¢ — 0, and {ux}, {Ax} such that, for some
Ao > 0 and for all k € N,

Ao < pue < A < A, ut(0,exp(pr/er)) =F1 and  u(0,exp(Ap/ck)) = Po.

This is a situation that condition (B) of Theorem 2 holds, which is a contradiction. Thus,
we conclude that

lim sup u®(0, exp(A/g)) < ¢p.

e—0
A similar argument shows

e S
hlan_}(l)lfu (0,exp(A/e)) > co,

and, hence, we have (6.2) when A\ > M(cy) and ¢1 = cp.

Now we consider the case where A > M (cg) and ¢; > ¢p. The definition of ¢; implies that
G(c) > c for all ¢ € [¢g, ¢1) and min{G(c) —c¢ : ¢ € (¢1, c2)} <0 for all 3 > ¢1. Moreover,
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c¢(N) € [eo, c1], M(c) # A for all ¢ € [cg, ¢(N)), and, if ¢(\) < ¢1, then M(c¢(\)) = A. Since
M is continuous and A > M(cy), it follows that A > M (c) for all ¢ € [cg, c(N)).
Suppose that

lim sup u®(0, exp(A/e)) > c(N).

e—0

We assume first that ¢(\) = ¢1, which implies that ¢; < gmax- Then (1.16) yields 82 € R
so that G is continuous at B2, G(f2) < f2 and ¢; < B2 < limsup,_,qu®(0,exp(A/e)). Fixing
B1 € (c1, B2), we argue, as in the previous case, with ¢; in place of ¢y and find sequences
er — 0, {pr} and {A\;}, and constants A\g > 0 and 6 > 0 such tha for all £ € N,

Ao < pe < Ak <A, utR(0,exp(pr/ex) = B,  u(0,exp(Ar/ex)) = Ba,
and
G(c) < fBa—0d forall ce[fBs—0, B2+ ],
which together contradict Theorem 2.
Assume next that ¢(\) < ¢;. As noted above, we have M (c(A)) = X and M(c) < A\ for
all ¢ € [co, ¢(N\)), and, in particular,

(6.6) M(c) <X forall cé€ [cg, c(N)].

Since the function c¢ is continuous at A, we may choose n > 0 so that c¢(r) < ¢; for all
r € [A, A+n]. For any r € (A, A+n], noting that r > M(cp), we find by the definition of ¢(r)
that M (c(r)) = r, which together with (6.6) implies that ¢(r) > ¢(\). We choose v € (0, 1)
small enough so that ¢(\ + ) < limsup,_,ou®(0,exp(A/e)). If we set S = c¢(A + ) and fix
B1 € (c(N), B2), then we have c¢(A\) < 1 < a2 < limsup,_,o u®(0,exp(A/g)).

As before, we choose sequences ¢, — 0, {pr} and {A;} such that, for some A\g > 0 and
for all k € N,

Ao S < A <A, utR(0,exp(pr/ex)) = B, uF(0,exp(Ap/ex)) = Ba-

Furthermore, noting that M (B2) = M(c(A + 7)) = A+ > A, we may choose § > 0 so
that A\, < M(B2) — 0 for all k € N. This contradicts Theorem 2.
Thus, in the case when A\ > M(cp) and ¢ > ¢p, we have

lim sup ©®(0, exp(A/e)) < ¢(N),

e—0

and, by similar considerations, we find
lim inf u® (0, exp(N\/€)) > ¢(N),
e—0

and we conclude that (6.2) holds when A > M(cp) and ¢ > co.

A similar argument proves that (6.2) holds when A\ > M(cp) and ¢; < ¢p, and the proof
is complete. O

APPENDIX A. A SUBSOLUTION PROPERTY
For T > 0 and a (relatively) open subset IT of 9f2, we consider the problem
U <b(z)-DU in 2 x(0,T],
(A1)

min{U; — b(z) - DU, U} <0 on II x (0, 7).
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Lemma A.1. Let U € USC(Qr) be a subsolution of (A.1), fix z € 27 and set
u(t) =U(X(T —t,z),t) forte]0,T).

Then uw € USC([0, T]) and, if z € £2, it is a subsolution of

(A.2) W' <0 in (0, 7]

and, if z € 1I, it is a subsolution of

{u'go in (0,T),
(A.3)
min{v’,u} <0 on {T}.

We note that observations like the lemma above concerning the restriction of viscosity
solutions to lower dimensional manifolds go back to Crandall and Lions [4, Proposition
1.13].

Proof. Let ¢ € C'((0, T]) and assume that u — ¢ has a strict maximum at £ € (0, T7.

For o > 0 consider the function ® : Q7 — R given by

(D(.’L',t) = U(l’,t) - (Zs(t) - Oé’(L' - X(T —t, Z)‘27

let (Za,ta) € Q7 be a maximum point of ®, set & = X (T — £,2), and observe that, as
a — 00, (Ta,ta) = (£,1), a|zq — X (T — to, 2)|?> = 0 and U(zqa, ta) — U(d,1).

Then, for « sufficiently large, we may assume that (xq,ts) € 2 x (0, T] if either z € 2
ort < T, and (za,ta) € 27 x (0, T) if z € II.

If (za,ta) € Q@ x (0, T], (A.1) yields

¢ (ta) — 20( X (T — ta, 2) — xa) - X(T — ta,2) < 20b(24) - (a — X(T — ta, 2)),

and then
¢ (ta) <2a(rg — X(T —ta,2)) - (b(xs) — b(X(T — ta, 2)))

< 2| Db oo ()@l za — X (T~ ta, 2))[*.

Similarly, if (zq,ta) € II x (0, T, then we get
¢'(ta) < 2||Db|| Lo (yt] e — X (T — ta, 2))]? or  U(za,ta) <O0.
Sending o — oo yields
#'(t) <0 ifeither z€ 82 or t<T,

and
#(t)<0 or wu()<0 if z€Il and t="T.

APPENDIX B. THE SUPERSOLUTION PROPERTY UP TO THE BOUNDARY
For H(x,p) = a(x)p-p+b(z) - p and a € C(£2, S*(0y)) consider the

{H(az,Du)zO in (2,

(B-1) u(0) = 0.

Lemma B.1. The mazimal subsolution V € Lip(£2) of (B.1) with V(0) = 0 satisfies, in
the viscosity sense, B
H(z,DV) >0 on 2.
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Note that the importance of the lemma above is that the viscosity inequality holds up to
the boundary.

Proof. Let ¢ € C(£2) and assume that V — ¢ has a strict minimum at # € 2 and V(%) =
o(%).

To prove the assertion of the lemma, we argue by contradiction and suppose that H (&, D¢p(2)) <
0

Indeed, if £ = 0, then
H(#, Do(#)) = a(0)De(0) - DG(0) > 0,
and, henceforth, we may assume that & # 0.

We may choose constants r > 0 and € > 0 so that 0 ¢ B,(&) and
(B.2) H(z,D¢) <0 forall x € 2N B, (%),
(B.3) e+ ¢(x) < V(z) forall d € 2NIB.().

It follows from (B.2) that, in the viscosity sense,

H(z,D¢) <0 in 02N B,(z).
Set
W(z) =max{V(z), e+ ¢(z)} for ze€ (2,
and observe that 2 = NUM, where N = 2N B, (%), M ={z € 2 : V(z)>ec+¢(x)}
(note that N, M are both open subsets of 2),
H(xz,DW)<0 in N in the viscosity sense,

W =V in M and & € M. Hence, W is a subsolution of (B.1), such that W(z) > V (%),
which contradicts the maximality of V. O

APPENDIX C. A COMPARISON THEOREM

We follow the arguments of [10, Corollary 2.2 & Remark 2.4] to give a proof of following
lemma.

Lemma C.1. Let ag € C(R",S"(0y)) and H(z,p) = ao(z)p-p + b(x) - p. If v € Lip(§2)

and w € LSC(S2) are respectively a subsolution and a supersolution of the state-constraints
problem

H(z,Du)=0 in {2,
that is, v and w satisfy, respectively,
H(z,Dv) <0 in§ and H(x,Dw)>0 on 2,
and v(0) < w(0), then u <wv on §2.

Note that the viscosity property of v and w at the origin is indeed not required in the
lemma above. That is, it is enough to assume that v and w are a subsolution of

H(z,Dv) <0 in )\ {0},

and a supersolution of
H(x,Dw) >0 on £\ {0}.
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Proof. Fix € > 0 and choose r € (0, ry) sufficiently small so that

maxv < minw + €,
OBy 0By

set 2(r) :== 2\ B, define h € C(9§2(r)) and v, € Lip({2) by

mingp, w if x € 0B,,
ve =v+e¢e and h(x)=
maxgn v if z € 012,

and observe that v. and w are, respectively, a subsolution and a supersolution of the Dirichlet
problem in the viscosity sense (see [10]):

H(x,Du)=0 in £2(r),
u=h or H(x,Du)=0 on 00(r).

It follows from [11, Corollary 4] that there exists ¢ € Lip(£2(r)) which is a subsolution
of H(xz,Dy) < —n in §2(r) for some n > 0 and note, that we may assume by adding, if
necessary a constant, that ¢ < v on £2(r).

Define v* € Lip(§2(r)) by v°(z) = (1 — )v(z) + e3p(x) and note that v° is a subsolution
of
H(z,Du) < —en in 2(r),
u<h or H(x,Du)<—en on 08(r).

It is clear that the domain {2(r) satisfies the uniform interior cone condition and, hence,
we apply [10, Corollary 2.2 & Remark 2.4] to v® and w, to conclude that v® < w. in £2(r),
from which, after sending ¢ — 0, we get v < w on 2. O
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