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Abstract. Following [I2] we discuss the large time behavior of solutions of
the Cauchy problem for the Hamilton-Jacobi equation u; + H(z, Du) = 0 in
R"™ x (0,00), where H(x,p) is continuous on R"™ x R™ and strictly convex in
p. We present a general convergence result for viscosity solutions u(z,t) of the
Cauchy problem as ¢t — oo.
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1. Introduction

In the last decade, there has been much interest on the asymptotic behavior of
viscosity solutions of the Cauchy problem for Hamilton-Jacobi equations or viscous
Hamilton-Jacobi equations. Namah and Roquejoffre [NR] and Fathi [F2] were the first
those who established fairly general convergence results for the Hamilton-Jacobi equa-
tion u.(x,t)+ H(x, Du(x,t)) = 0 on a compact manifold M with smooth strictly convex
Hamiltonian H. The approach by Fathi to this large time asymptotic problem is based
on weak KAM theory [F1, F3, FS1] which is concerned with the Hamilton-Jacobi equa-
tion as well as with the Lagrangian or Hamiltonian dynamical structures behind it.
Barles and Souganidis [BS1, BS2] took another approach, based on PDE techniques, to
the same asymptotic problem. The weak KAM approach due to Fathi to the asymp-
totic problem has been developed and further improved by Roquejoffre [R] and Davini-
Siconolfi [DS]. It should be remarked here that the same kind of asymptotic behavior of
solutions of Hamilton-Jacobi equations has already been studied by Kruzkov [K], P.-L.
Lions [L], and Barles [B1].

In this review we are concerned with the Cauchy problem for the Hamilton-Jacobi
equation

us + H(x,Du) =0 in R" x (0, 00),
u(-,0) = u, (1.2)
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where H is a scalar function on R™ x R", u = u(x,t) is the unknown scalar function
on R™ x [0,00), and ug is a given function on R™.

The function H(x,p) is assumed here to be convex in p, and we call H the Hamil-
tonian and then the function L, defined by L(z,{) = sup,cgr~(§ - p — H(z,p)), the
Lagrangian.

We are also concerned with the additive eigenvalue problem:

H(z,Dv)=c¢ inR", (1.3)

where the unknown is a pair (¢,v) € R x C(R"™) for which v is a viscosity solution of
(1.3). This problem is also called the ergodic control problem due to the fact that PDE
(1.3) appears as the dynamic programming equation in ergodic control of deterministic
optimal control. We remark that the additive eigenvalue problem (1.3) appears as well
in the homogenization of Hamilton-Jacobi equations. See for this [LPV].

For notational simplicity, given ¢ € C1(R"™), we will write H[¢](x) for H(z, Dé(x))
or H[¢] for the function: = — H(x, D¢(x)) on R™. For instance, (1.3) may be written
as H[v] = c¢in R". Also, we denote by S}, (resp., Sj;, and Sy) the space of all viscosity
supersolutions (resp., subsolutions, and solutions) u of H[u] =0 in R".

The paper is organized as follows: in Section 2 we state our assumptions on H and
then the main result in [I12] (Theorem 1 below). In Section 3 we present an outline of the
proof of Theorem 1. In Section 4 we discuss basic properties of Aubry sets. In Section
5 we give examples of H to which Theorem 1 applies, an example and two propositions
related to equilibrium points in Aubry sets, and an example for which the desirable
asymptotic behavior does not hold.

2. Main results

We make throughout the following assumptions on the Hamiltonian H.
(Al) He C(R" x R").
(A2) H is coercive, that is, for any R > 0,

lim inf{H(z,p) | z € B(0,R), p€ R"\ B(0,r)} = 0.

(A3) For any = € R", the function: p — H(z,p) is strictly convex in R™.
(A4) There are functions ¢; € C°*1(R") and o; € C(R"), with i = 0, 1, such that for

1=0,1,
H(z,D¢;(x)) < —oi(x) almost every z € R",
| llim o;(x) = oo, | llim (po — &1) () = oc.

By adding a constant to the function ¢y, we assume henceforth that
do(z) > ¢1(x) for x € R™.

We introduce the classes &3 and ¥ of functions defined, respectively, by

2o = {u€ C(R") | inf(u — o) > —oo},

Uy ={u e C(]0,00) x R") | (u(x,t) — ¢po(x)) > —oo for any T > 0}.

inf
(z,t)ER™ x[0,T]
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We call a function m : [0,00) — [0, 00) a modulus if it is continuous and nondecreas-
ing on [0,00) and satisfies m(0) = 0. The space of all absolutely continuous functions
v [S,T] — R™ will be denoted by AC([S, T],R™). For z,y € R™ and t > 0, C(z,1)
(resp., C(z,t;y,0)) will denote the spaces of all curves v € AC([0,t],R™) satisfying
v(t) = x (resp., v(t) = = and v(0) = y). For any interval / C R and v : I — R", we
call v a curve if it is absolutely continuous on any compact subinterval of I.

We have established the following theorem in [I12].

Theorem 1. (a) Letup € ®¢ and assume that (A1)—(A4) hold. Then there is a unique
viscosity solution u € Wo of (1.1) and (1.2)and the function u is represented as

u(z,t) = in { [ 269395 + wr(0) | € c<x,t>} (2.1)

for (z,t) € R™ x (0,00).

(b) There is a solution (c,v) € R x ®g of (1.3). Moreover the constant c is unique
in the sense that if (d,w) € R x ®q is another solution of (1.3), then d = c.

(c) Let u € Wy be the viscosity solution of (1.1) and (1.2). Then there is a solution
(c,v) € R x ®g of (1.3) for which, as t — oo,

u(z,t) +ct —ov(z) -0 in C(R").

Motivated by recent developments due to [BS1, BS2, F2, R, DS] concerning the
large time behavior of solutions of Hamilton-Jacobi equations, the author jointly with
Y. Fujita and P. Loreti (see [FIL1, FIL2]) has recently investigated the asymptotic
problem for viscous Hamilton-Jacobi equations with Ornstein-Uhlenbeck operator and
the corresponding Hamilton-Jacobi equations. The above theorem generalizes main
results of [FIL2]. The new feature in [FIL1, FIL2, 12| is that we deal with Hamilton-
Jacobi equation (1.1) on R™ x (0, 00) and the domain R™ is noncompact while in [BS1,
BS2, F2, R, DS] the auhtors studied (1.1) on © x (0,00) with © being compact. Barles
and Roquejoffre [BR| have recently studied the large time behavior of solutions of (1.1)
and (1.2) and obtained, among other results, a generalization of the main result in [NR]
to unbounded solutions. See also [II] for results in the same direction. The large time
behavior of solutions of Hamilton-Jacobi equations with boundary conditions has been
studied by [B1, R, M].

We will see in Example 4 of Section 5 that if H(x,p) does not satisfy strict convexity
(A3) and is just convex in p, then in general assertion (d) does not hold.

Assertion (b) of the above theorem determines uniquely a constant ¢, which we will
denote by cg, for which (1.3) has a viscosity solution in the class ®y. The constant cy is
called the additive eigenvalue (or simply eigenvalue) or critical value for the Hamiltonian
H. This definition may suggest that ¢ depends on the choice of (¢g, ¢1). Actually, it
depends only on H, but not on the choice of (¢g, ¢1), as the characterization of ¢y in
Proposition 9 below shows. It is clear that if (¢, v) is a solution of (1.3), then (c,v + K)
is a solution of (1.3) for any K € R. As is well-known (see [LPV]), the structure
of solutions of (1.3) is, in general, much more complicated than this one-dimensional
structure.



For any solution (¢,v) € R x ®q of (1.3), we call the function v(z) — ct an asymptotic
solution of (1.1). It is clear that any asymptotic solution of (1.1) is a viscosity solution
of (1.1) and (1.2). On the other hand, if u is a viscosity solution of (1.1) and (1.2),
(c,v) € R x ®g, and, as t — oo, we have

u(-,t)+ct—v—0 in C(R"),

then (c,v) is a solution of (1.3) and hence an asymptotic solution of (1.1).

Note that L(z,§) > —H(x,0) for all z € R™ and hence inf{L(x,§) | (z,§) €
B(0,R) x R"} > —oco for all R > 0. Note as well that for any (x,t) € R™ x (0, c0) and
v € C(x,t) the function: s — L(7(s),%(s)) is measurable. Therefore it is natural and
standard to set

Amewmwzw

with v € C(z,1), if the function: s +— L(vy(s),5(s)) on [0, t] is not integrable. In this
sense the integral in formula (2.1) always makes sense.

In order to prove (c) of Theorem 1, we take an approach close to and inspired by the
generalized dynamical approach introduced by Davini and Siconolfi [DS] (see also [R]).
However our approach does not depend on the Aubry set for H and is much simpler
than the generalized dynamical approach by [DS].

In the following we always assume unless otherwise stated that (A1)—(A4) hold.

3. Outline of proof of Theorem 1.
We give here a brief description of the proof of Theorem 1. We begin with a lemma
(see [12, Proposition 2.4]).

Lemma 2. Let Q be an open subset of R™, ¢ € C°T1(Q), and v € AC([a,b],R"),
where a, b € R satisfy a < b. Assume that v([a, b]) C Q. Then there is a function
q € L>®(a,b,R™) such that

S6or(t)=a(t) 3(t) e 1€ (a,b)
q(t) €0.0(y(t)) a.e. t € (a,d).

Here 0.¢ denotes the Clarke differential of ¢ (see [C]), that is,

0:0(x) = n co{D¢(y) |y € B(z,r), ¢ is differentiable at y}  for x € Q.
r>0

Lemma 3 ([I2, Proposition 2.5]). Let Q be an open subset of R™ and w € C(Q) a
viscosity solution of Hw] < 0in Q. Leta,b € R satisfy a < b and let v € AC([a, b], R™).
Assume that y([a, b]) C Q. Then

M%W—wmeS/LW®d@M&
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Proof. By Lemma 2, there is a function ¢ € L*(a, b, R™) such that

%w('y(s)) =q(s)-4(s) and gq(s)€ d.w(vy(s)) a.e. s€ (a,b).

Noting that H(x,p) <0 for all p € d.w(x) and all z € ), we calculate that

b d

b
wO®) - wih@) = [ LutE)s= [ - ils)ds

a

b

b
S/EM%%%+M%%WM®S/LM$%W® 0

a

Proof of (a). A way of proving the existence of a viscosity solution u € ¥y of (1.1)
and (1.2) is to show that the function u on R™ x (0, 00) given by

uwxrzm%[;uw@n@»@+mdwmﬂvecwxﬁ (3.1)

is a viscosity solution of (1.1) by using the dynamic programming principle.
In the proof of (a), u denotes always the function given by (3.1).

Lemma 4. There exists a constant Cy > 0 such that

u(x,t) > ¢o(x) — Co(1+t)  for all (x,t) € R™ x [0, 00).

Proof. We choose Cy > 0 so that ug(z) > ¢o(x) — Cp and H(x, Dog(z)) < Cy a.e.
x € R". Fix any (z,t) € R™ x (0,00). For each € > 0 there is a curve v € C(z,t) such
that

wwﬂf>ALM%Mm®+wW@)

By Lemma 3, we have

n(a(0) = 6020 < [ 6615660 + Cul s,
and hence
u(est) + & > do(3(8)) — 0(1(0)) — Cot + uo(2(0)) = o) — Coll +2),
which shows that u(z,t) > do(z) — Co(1+1). O
Lemma 5. We have
u(z,t) <wug(x) 4+ L(z,0)t  for all (z,t) € R™ x (0,00).
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We remark here that, thanks to (A1) and (A2), for each R > 0 there is an ¢ > 0
such that supg o ryxp(0,e) L < 0.

Proof. For 7(s) := x, we have
u(z,t) < /0 L(v(s),%(s))ds + uo(7(0)) = up(x) + L(x,0)t. O

Lemma 6. For each R > 0 there exists a modulus mpgr such that

u(z,t) > up(x) —mp(t) for all (z,t) € B(0,R) x [0,00).

Proof. Let Cy > 0 be as in the proof of Lemma 4. We choose C; > 0 so that
H(z,D¢q(z)) < Cy ae. x € R". Fix R > 0, (z,t) € B(0,R) x (0,1), and € € (0,1).
There is a curve v € C(x,t) such that

u(yc,t)—i—€>/0 L((s), 4(s))ds + u(7(0)). (3.2)

By the dynamic programming principle, for any 7 € [0, ¢], we have
t

u(:zc,t)—|—8>/ L((s),5(s))ds + u(v (), 7).

T

Fix 7 € [0,t]. Using Lemmas 3 and 4, we get

u(z,t) + 1> 1(y(t) — ¢1(y(7)) — C1(t — 7) +ul(y(7),7)
> ¢1(z) — d1(v(7)) — C1(t = 7) + ¢o((7)) — Co(T + 1).

Consequently, using Lemma 5, we have
$o(V(7)) — d1(7(7)) < wo(x) + |L(x,0)| + 1 — ¢1(x) + C1 + 2C%.
From this we see that there is a Cr > 0 depending only on R, Cy, C1, ¢, ¢1, ug, and
L(-,0) such that |y(7)| < Cg for all T € [0, ].
There is an A. > 0, depending only on ¢, ug, and Cg, such that

lug(y) —uop(z)| <e+ A:ly —z| forall y,z € B(0,Cgr).

Observe by (A1) that for any r > 0,

lim  inf L, ):
|€|— o0 z€B(0,r) ‘f‘

Hence there is a B, > 0, depending only on Cr, A., and L, such that L(z,§) > A.|¢|—B:
for all (x,&) € B(0,Cgr) x R™.



From (3.2), we get
t .
u(z,t) > —e + / (A:|€(s)| — Be)ds + ug(x) — e — Ac|y(0) — 2| > —2e — Bt,
0

from which we conclude that for any R > 0 we have u(x,t) > ug(z) — mp(t) for all
(x,t) € B(0,R) x [0,00) and for some modulus mgr. 0O

By the dynamic programming principle, we infer (see [I2, Appendix| for the details)
that w is a viscosity solution of (1.1) in the sense that its upper (resp., lower) semi-
continuous envelope u* (resp., u,) is a viscosity subsolution (resp., supersolution) of
(1.1).

Setting u(z,0) = up(z) for x € R™, we extend the domain of definition of u to
R"™ x [0,00). The resulting u is continuous at every point (z,0) with x € R".

We have the following comparison theorem for solutions of (1.1) and (1.2).

Theorem 7. Let T € (0,00) and 2 be an open subset of R™. Let u, v :Qx[0,T) —
R. Assume that u, —v are upper semicontinuous on 2 x [0,T) and that v and v are,
respectively, a viscosity subsolution and a viscosity supersolution of

ug + H(z,Du) =0 in Q x (0,7). (3.3)
Moreover, assume that

lim inf{v(z,t) — ¢1(2) | (2,) € (2\ B(0,)) x [0,T)} = 0, (3.4)

r— 00

and that u < v on (Q x {0}) U (92 x [0,T)). Then u <wv in Q x [0,T).

Proof. We choose a C > 0 so that
H(z,D¢1(x)) <C ae xzecR",

and define the function w € C(R™ x R) by w(x,t) := ¢1(x) — Ct. Observe that
wy + H(z, Dw(z,t)) <0 a.e. (z,t) € R,
We need only to show that for all (x,t) € Q and all A > 0,

min{u(z,t), w(x,t) + A} <ov(z,t). (3.5)

Fix any A > 0. We set wa(z,t) = w(x,t) + A for (z,t) € R*""1. The function wa
is a viscosity subsolution of (3.3). By the convexity of H(z,p) in p, the function u
defined by u(x,t) := min{u(x,t), wa(z,t)} is a viscosity subsolution of (3.3). Because
of assumption (3.4), we see that there is a R > 0 such that u(z,t) < v(z,t) for all
(z,t) € (Q\ B(0,R)) x [0,T). We set Qg := QNint B(0,2R), so that u(z,t) < v(z,t)
for all x € 0Qpr x [0,T). Also, we have u(z,0) < u(x,0) < v(x,0) for all x € Qp.
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Next we wish to use standard comparison results. However, H does not satisfy the
usual assumptions for comparison. We thus take the sup-convolution of @ in the variable
t and take advantage of the coercivity of H. That is, for each ¢ € (0,1) we set

— 5)2 _
u®(x,t) ;= sup <ﬂ(m,s) U > for all (z,t) € Qr x R.
s€[0,T) 2e

For each 6 > 0, there is a v € (0, min{d, 7/2}) such that @(z,t) — § < wv(z,t) for
all (z,t) € Qp x [0,7]. As is well-known, there is an ¢ € (0, §) such that u® is a
viscosity subsolution of (3.3) in Qg X (v, T'—~) and u®(x,t) — 26 < v(x,t) for all (x,t) €
(Qr % [0,7]) U (8Qr X [y, T —9]). Observe that the family of functions: ¢ — u®(z,1)
on [y, T —~], with 2 € Qg, is equi-Lipschitz continuous, with a Lipschitz bound C. > 0,
and therefore that for each t € [y, T'— ~|, the function z : x +— u®(z,t) in Qr satisfies
H(z,Dz(z)) < C. a.e., which implies that the family of functions: = — u®(x,t), with
t € [y, T — 7], is equi-Lipschitz continuous in Qg.

Now, we may apply a standard comparison theorem, to get u®(z,t) < v(x,t) for all
(z,t) € Qr x [y, T — ~], from which we get @(z,t) < v(z,t) for all (z,t) € Q x [0,T).
This completes the proof. 0O

Using the above comparison theorem, we conclude that u € C(R™ x [0,00)) and
hence u € ¥y. We have thus proved assertion (a). 0O

Proof of (b). In order to show the existence of a solution of (1.3), we let A > 0 and
consider the problem

Aoy (z) + H(x, Duy(x)) = App(z) in R™. (3.6)

Thanks to the coercivity of H, it is not hard to construct a function ¥y € C1(R"™)
such that
H(x, Dypo(x)) > —Co and ¢o(z) > ¢o(x) in R"

for some constant Cy > 0. We may assume that H[pg] < Cp in R™ in the viscosity
sense.
We define the functions vj\t on R" by
v (z) =o(z) + A\'Co  and v} (z) = do(z) — A" Co.

It is easily seen that vj\r and v, are viscosity supersolution and a viscosity subsolution
of (3.6). Since ¢g < 9o in R™, we have vy (z) < v{(z) for all x € R™. By the Perron
method, we find a viscosity solution vy of (3.6) such that

vy () <wvr(z) <vi(z) forallz e R (3.7)
We formally compute that

Apo(x) = Avy(z) + H(z, Duy(x)) > Apo(z) — Co + H(x, Dvy(x)),
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and hence H(x, Dvy(z)) < Cy. This together with the coercivity of H yields the local
equi-Lipschitz continuity of the family {vy}x>0. As a consequence, the family {v) —
vA(0)}aso € C(R™) is uniformly bounded and equi-Lipschitz continuous on bounded
subsets of R".

By (3.7), we have Ago(x) —Co < Avyr(z) < Mpo(z)+Cp for all x € R™. In particular,
the set {AvA(0)}re0,1) C R is bounded. Thus we may choose a sequence {\;}jen C
(0, 1) such that, as j — oo,

)\j — 0, - )\jU)\j (O) — C,
vy; — vy, (0) —v  in C(R")

for some ¢ € R and some function v € C°T1(R"™). Since
IA(va(z) —va(0))| < ALg|z| forallz € B(0,R), R >0

and for some constant Lr > 0, we find that —\;vy, — ¢ in C(R") as j — co. By the
stability of the viscosity property, we deduce that (c,v) is a solution of (1.3). We need
to show that v € ®,. For this we just refer to [I2].

It remains to prove the uniqueness of the constant ¢. We have the following com-
parison theorem.

Theorem 8 ([I2, Theorem 3.2]). Let 2 be an open subset of R™ and ¢ > 0. Let
u, v: Q — R be, respectively, an upper semicontinuous viscosity subsolution of H[u] <
—e in Q and a lower semicontinuous viscosity supersolution of H[v] > 0 in Q. Assume
that v € ®¢ and u < v on 0. Then u < v on €.

We skip the proof of the above theorem. Using the above theorem, it is easy to
conclude the uniqueness of the constant ¢. 0O

The following characterization of ¢y is valid.

Proposition 9. We have: cg = inf{a € R | S;;_, # 0}, where H — a denotes the
function: (x,p) — H(z,p) — a.

Proof. We write ¢ temporarily for the right hand side of the above equality. It is
clear that ¢ < cpy.

To complete the proof, we suppose that ¢ < cy and will get a contradiction. By
(b) of Theorem 1, there is a function v € &9 N Sy_.,. It is obvious that v € S;{I_c.
Note by the stability of the viscosity property that Sy, # 0. Fix w € S __.. We may
choose a C' > 0 so that the function u(z) := min{w(x), ¢1(z)+C} is a viscosity solution
of H[u] < ¢ in R™. Moreover we may assume by replacing C by a larger constant if
necessary that u — C' < v in R"™. We apply the Perron method to find a ¢ € Sg_., but
this contradicts the uniqueness assertion of (b) of Theorem 1. 0O

Proof of (c). We assume that cy = 0 in the following proof. Indeed, this condition
can be achieved by replacing H and L by H — cy and L + cg, respectively.
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Let {S¢}+>0 be the semi-group of mappings on ® defined by Siug = u(-,t), where
u € Wy is the unique viscosity solution of (1.1) and (1.2).

Let I C R be an interval and ¢ € ®( a viscosity subsolution of H[¢] =0 in R™. We
denote by £(I, ¢) the space of all curves v € C(I,R™) such that for any [a,b] C I,

v € AC([a,b],R") and / L((),¥(t)) dt < ¢(v(b)) — ¢(v(a)).

Such an element v € £(I, ¢) is called an extremal curve.
We need the following lemma.

Lemma 10 ([I2, Corollary 6.2]). Let x € R" and ¢ € Sy N ®y. Then there exists a
curve v € E((—o0, 0], ) such that v(0) = x.

The following lemma is a variant of [DS, Lemma 5.2].

Lemma 11 ([I2, Proposition 7.1]). Let K be a compact subset of R™. Then there
exist a constant § € (0, 1) and a modulus w for which if ug € ®o, ¢ € S, v €
£(0, T], 8), 7(0. 7)) C K, T > 7> 0 and 7= < 8, then

T —

Sruo(1(T)) = Syuo(1(0)) < S((T)) — $(x(0)) + ——o (TT )

T—71 -

We skip here the proof of the above two lemmas.

We fix any ug € ®g and define the functions u* : R® — R by

u™ (x) = lim sup Syuo(z), u () = litrn inf Syug ().
t—oo o0
It is not hard to see that the function u(x,t) := Syug(x) is bounded and uniformly

continuous on B(0,R) x [0,00) for any R > 0, the proof of which we refer to [12,
Lemmas 5.1, 5.6, and 5.7]. From this, we see that u* € C(R") and that u™(z) =
limsup;_, . u(x,t) and v (x) = liminf,,_,u(z,t) for all z € R™. As is standard in
viscosity solutions theory, we have u™ € S;; and u™ € S;;. Moreover, by the convexity
of H(z,-), we have u~ € S (and hence u~ € Sy). Also, we have u™ € ®q (see [I2,
Lemma 5.1]).

To conclude the proof, it is enough to show that u™(z) = v~ (x) for all x € R™.

We fix any z € R"”. By Lemma 10, we find an extremal curve v € £((—o00,0], u™)
such that v(0) = z.

We show that v((—o0, 0]) is bounded in R™. To see this, let C' > 0 be a constant and
set ¥ (x) = min{¢ (z) + C,u™ (z)} for z € R™. We then fix C so that H(z, Dy(x)) <0
a.e. x € R™. Using Lemma 3, we get

0
P(1(0)) =P (y(=1)) < / L(y(s),¥(s)) ds < u™ (7(0)) —u™ (y(=t)) for all £ > 0.

—t
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Hence we have u™(y(—t)) — ¢(y(—t)) < u (x) — ¢(z) for all ¢ > 0. Since
lim|y| oo (u™ (y) — ¥ (y)) = 00, we see that v((—o0,0]) is a bounded subset of R".

By the definition of u*, we may choose a divergent sequence {t;} C (0,00) such
that lim; . u(z,t;) = u(z). Since the sequence {y(—t;)} is bounded in R™, we may
assume by replacing {t;} by one of its subsequences if necessary that v(—t;) — y as
7 — oo for some y € R".

Fix any € > 0, and choose a 7 > 0 so that v~ (y) + & > u(y,7). Let 6 € (0, 1) and w
be those from Lemma 11. Let j € N be so large that 7(¢t; — 7)~! < §. We now apply
Lemma 11, to get

u(z,tj) = u(v(0),t;) < u(y(=t;),7) +u” (v(0)) —u™ (v(—t;)) + thiij (tj T_ T) :

Sending j — oo yields
u (@) Suly,7) +u (@) —u (y) <u”(y) +etu () —u (y) =u () +e

from which we conclude that u*(z) < v~ (z). This completes the proof. O

4. Aubry sets
Let ¢ = cy. Following [FS2], we introduce the Aubry set for H[u] = ¢. We define
the function dg € C(R"™ x R") by

dp(2,y) = sup{v(z) [ v € Sy _, v(y) = 0} (4.1)

and Ajg as the set of those y € R™ for which the function dg (-, y) is a viscosity solution
of H[u] = ¢ in R™. We call Ay the Aubry set for H or for H[u] = c.

Unless otherwise stated, we henceforth assume as in the proof of (c¢) of Theorem 1
that ¢ = 0.

The following proposition describes some of basic properties of dy (see [I12, Section

8]).

Proposition 12. We have:

(a) dg is locally Lipschitz continuous in R™ x R™.

(b) du(y,y) =0 for ally € R™.

(c) du(-,y) € Sy for ally € R™.

(d) du(-,y) is a viscosity solution of H =0 in R™\ {y} for ally € R".
(e) du(x,2) <dpg(z,y)+du(y,z) for all z,y,z € R".

We see from (d) of the above proposition that
yeR"\ Ay <= 3dpe D;du(y,y) suchthat H(y,p) <0, (4.2)

where D d(x,y) denotes the subdifferential at = of the function: = — d(x,y).
We have the following variational formula for dg.
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Proposition 13 ([I2, Proposition 8.2]). The following formula is valid for all z, y €
R":

dy(x,y) = inf{/o L(v(s),¥(s))ds | t>0, v € C(a:,t;y,())}. (4.3)

We skip here the proof of the above proposition.

Proposition 14. We have y € R™\ Ay if and only if there are functions ¢,0 € C(R™)
such that o > 0 in R™, o(y) > 0, and H[p] < —o in R™ in the viscosity sense.

Proof.  Assume that y € R"\ Ag. Set u = dy(-,y). In view of (4.2), there is a
function ¢ € C1(R™) such that u(y) = ¥(y), u(z) > ¥(x) for all z € R™\ {y}, and
H(y, Dy (y)) < 0. We may moreover assume that lim|,|—, o (u—1)(x) = oo. If we choose
e > 0 sufficiently small and set ¢(x) = max{u(z),y(z) + €} for x € R", then ¢ € Sy
and moreover there is a function o € C(R™) satisfying ¢ > 0 in R™ and o(y) > 0 such
that H(z, Dg(x)) < —o(z) in R™ in the viscosity sense.

Next, assume that there are functions ¢, o € C'(R"™) such that 0 > 0in R"™, o(y) > 0,
and H(z,D¢(x)) < —o(x) in R™ in the viscosity sense. We may choose a compact
neighborhood V' of y so that o(z) > 0 in V. By a small perturbation of ¢ if necessary,
we may assume that dy(z,y) > ¢(z) — ¢(y) for all z € V' \ {y}. We need to show that
y € R™"\ Ag. For this, we suppose that y € Ay and will get a contradiction. Let
{¢r}ken C CH(R™) be a sequence converging to ¢ in C(R™) such that H(z, Doy (z)) <
—o(x)/2in V. Let y, € V be a minimum point of dg (-, y) — ¢y, over V. Since dy (-, y)—¢
has a strict minimum at y over V', we deduce that y, — y as k — oo. Consequently, for
sufficiently large k, we have H (yr, Do(yx)) > 0, which is a contradiction. 0O

Proposition 15. The Aubry set Ag is a nonempty compact subset of R™.

Proof. By Proposition 14, it is easy to see that R™ \ Ay is an open subset of R",
which says that Ap is a closed subset of R".

Since ¢y = 0, by (b) of Theorem 1, there is a function ¢ € Sy N Py. Since
lim|z| oo 01(2) = 00, we may choose a C' > 0 so that the function (z) :=
min{¢(z), ¢1(z) + C} is a viscosity subsolution of H[¢)] = 0 in R". Since lim,|_ (¢ —
¢1)(z) = oo, we see that H(z, DY(x)) < —o1(z) in R™\ B(0, R) in the viscosity sense
for some R > 0. We choose r > R so that o1(z) > 0 for R" \ B(0,7) and conclude by
Proposition 14 that Ay C B(0, 7).

It remains to show that Ay # 0. To do so, we suppose that Ay = () and will get a
contradiction. Let ¢) and » > 0 be as above. In view of Proposition 14, there are finite
sequences {y;}7_; C B(0,7) and {¢;}},, {f;}72, € C(R") such that f; > 0 in R™ for
all j, H[¢;] < —f; in R™ in the viscosity sense for all j, and B(0,r) C Ujvzl{x € R" |
fj(z) > 0}. Set u = ﬁ (@ZJ + Z;-V:l %‘)a and observe by the convexity of H that w is

a viscosity solution of H[u] < —ﬁ (O’ + Z?Zl f]-) in R", from which we deduce that

there is a € > 0 such that v € S __. This is a contradiction in view of Proposition 9.

O
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In the PDE viewpoint, the following uniqueness property features Aubry sets.

Theorem 16. Letv € Sy and w € 8;_} N®q. Assume that v < w on Ag. Then v < w
on R™.

Proof. Fix any ¢ > 0. Choose a compact neighborhood V' of Ag so that v(z) <
w(x) + ¢ for all z € V. As in the proof of Proposition 9, we may find a ¢ € C'(R™) and
a 6 > 0 such that H[¢p)] < —§ in R™ \ V in the viscosity sense and ¢ (z) = ¢1(z) for all
x, with |z| sufficiently large. Let A € (0, 1) and set vy(z) = (1 — A)v(x) + A\p(z) — 2¢ for
x € R™. Observe that H[vy] < —Aé in R™\ V and that for A € (0, 1) sufficiently small,
ua(z) < w(x) for all x € V. We may apply standard comparison results, to get vy (x) <
w(z) for all z € R™ \ V and all A sufficiently small. Hence, for A € (0,1) sufficiently
small, we have vy (z) < w(zx) for all z € R™. From this, we obtain v(z) < w(x) for all
rxeR" O

The above theorem has the following corollary.

Corollary 17. Let u € Sy N ®y. Then

u(z) = inf{u(y) + du(z,y) |y € Ay}  for all x € R". (4.4)

5. Examples

We give two sufficient conditions for H to satisfy (A4).
Example 1. Let Hy € C(R" x R") and f € C(R"). Set H(z,p) = Ho(z,p) — f(x)
for (z,p) € R™ x R™. We assume that

lim f(z) = oo, (5.1)

|z|—o00
and that there exists a § > 0 such that

sup  |Hp| < o0. (5.2)
R x B(0,6)

Fix such a § > 0 and set C5 = Supgra x p(0,6) [Hol- Then we define ¢; € C°+H(R™),

with i = 0,1, by setting ¢o(z) = —2|z| and ¢1(z) = —6|z|, and observe that for i = 0,1,

Ho(z,D¢;i(x)) < Cs for all x € R™\ {0}.

Hence, for ¢ = 0,1, we have

1

Ho(z,D¢;i(x)) < =f(z) +Cs — 5 rﬁinnf for all z € R™ \ {0}.

N

If we set 1 ]
oi(x) = §f(33) - Cs + 5nf1{innf forz € R" and i =0, 1,
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then H satisfies (A4) with these ¢; and o;, i = 0,1. It is clear that if H, satisfies
(A1)—(A3), then so does H.

Example 2. Let o > 0 and let Hy € C(R") be a strictly convex function satisfying
the superlinear growth condition

lim Ho (p) =0

lp|—oco [P

Let f € C(R™). We set
H(x,p) =ax-p+ Ho(p) — f(x) for (z,p) € R" x R".

This class of Hamiltonians H is very close to that treated in [FIL2].

Clearly, this function H satisfies (A1)—(A3). Let Lo denote the convex conjugate
H} of Hy. By the strict convexity of Hy, we see that Lo € C'(R"™). Define the
function ¢ € C*(R™) by ¢(z) = —1 Ly(—az). Then we have Dy)(z) = DLo(—az) and
therefore, by the convex duality, Hy(Dv(x)) = Di(z)-(—ax)— Lo(—ax) for all x € R™.
Consequently, for all x € R", we have

H(x, Di(x)) = ar - Dip(a) + Ho(Dh(xr)) — () = —Lo(—awr) — f(x).

Now we assume that there is a convex function [ € C(R"™) such that

Jim (I(~az) + f(x)) =oe. (5.3)
Jim (Lo = D(€) = . (5.4)

Let h denote the convex conjugate of I. We define ¢ € COTH(R™) by ¢(z) = —1(—ax)
for x € R™. This function ¢ is almost everywhere differentiable. Let x € R"™ be any
point where ¢ is differentiable. By a computation similar to the above for v, we get

ar - Do(x) + h(Dé(z)) — f(x) < —l(-ax) — f(z). (5.5)

By assumption (5.4), there is a C' > 0 such that Lo(§) > [(§) — C for all £ € R™. This
inequality implies that Hy < h 4+ C in R™. Hence, from (5.5), we get

H(z,D¢(x)) < —l(—ax) — f(z) + C.

We now conclude that the function H satisfies (A4), with the functions ¢g = ¢, ¢1 = 1,
oo(z) =l(—ax) + f(z) — C, and o1(x) = L(—az) + f(x).

It is assumed here that Hj is strictly convex in R™, while it is only assumed in [FIL2]
that Hy is just convex in R", so that Ly may not be a C' function.

The reason why the strict convexity of Hy is not needed in [FIL2] is in the fact that
Hamiltonians H in this class have a simple structure of the Aubry sets. Indeed, if ¢ is
the additive eigenvalue of H, then min,ern H(x,p) = c for all x € Ay. Given such a
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property of the Aubry set, the proof of (c¢) of Theorem 1 can be simplified greatly and
does not require the C* regularity of Lo (see [FIL2]), while such a regularity is needed
in the proof of Lemma 11 in the general case. Any x € Ay is called an equilibrium point
if min,er» H(z,p) = c. A characterization of an equilibrium point x € Ay is given by
the condition that L(xz,0) = —c. The property of Aubry sets Ay mentioned above can
be stated that the set Ay comprises only of equilibrium points.

The following example illustrates the fact that Aubry sets may not contain any
equilibrium point.

Example 3. We consider the two-dimensional case. We fix o, 6 € Rsothat 0 < a < 3
and choose a function g € C(]0,00)) so that g(r) = 0 for all r € [, 5], g(r) > 0 for all
€ [0,a) U (B, 00), and lim, o, g(r)/r? = co. We define the functions Hy, H € C(R?)
by
Ho(z,p) = (p1 — 22)* + (po + 21)* — |2,

H(x,p) = Ho(z,p) — g(|z|).

It is easily seen that the function H satisfies (A1)—(A3). Let 6 > 0 and set ¢)(z) = —d|z|?
for x € R?. We observe that Dy(x) = —26x and Hy(z, Di(z)) = 462|x|? for all € R?.
Therefore, for any § > 0, if we set ¢g(x) = —6|z|? and ¢1(z) = —26|x|? for 2 € R?,
then (A4) holds with these ¢g and ¢;.

Noting that the zero function z = 0 is a viscosity subsolution of H[z] = 0 in R?, we
find that the additive eigenvalue cy is nonpositive. We fix any r € [a, 3] and consider
the curve v € AC([0,27]) given by ~(t) := r(cost,sint). We denote by U the open
annulus int B(0, 8) \ B(0, «) for simplicity of notation. Let ¢ € C°T1(R?) be a viscosity
solution of H[¢] = cy in R™. Such a viscosity solution indeed exists according to (b)
of Theorem 1. Due to Lemma 2, there is a function ¢ = (q1,¢2) € L*(0, 2w, R?) such
that for almost all ¢ € (0, 27),

Sol(0) = r(—a(®)sint + @ty cost) and (1) € 0660

The last inclusion guarantees that H(z(t),q(t)) < cy a.e. t € (0,27). Hence, recalling
that a < r < 3, we get

exr > Ho(a(t), (1)) = [a(t)® — 200 (1) + 21 (Da(t) . € (0,27).
We calculate that for all T € [0, 2],
60T = 61 (0) =7 [ (=6 sint + aa(t) cost)

— [ a0+ aOm®) d <5 [ o la@P) d < et

This clearly implies that ¢y = 0 and also that the function: ¢ — ¢(7y(t)) is a constant.
Thus we find that ¢(x) = h(|z|?) for some function h € C°*1([a, 3]).
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Next, we show that ¢ is a constant function in U. For any r € (a,) and any
x € OB(0,r), we have Dp(x) = 21/ (|z|?)x, and, in particular, 220¢/dx1—110¢ /x5 = 0.
Therefore, for almost all z € U, we have

0> Ho(w, D¢(x)) = (9¢/0x1 — w2)* + (0 /0w + x1)* — |z = | Dg|*.

That is, we have D¢(x) = 0 a.e. € U, which assures that ¢ is a constant in U.

Now we know that for any y € U, the function: = — dg(z,y) is a constant in a
neighborhood of y, which guarantees that U C Ay and moreover that U C Ag. For
the function z = 0, we have H[z] = —g(]z|) in R™ in the viscosity sense, which shows
that Ay € U and hence Ay = U.

Finally, we note that H(z, (z2, —x1)) = Ho(z, (x2, —21)) = —|z|?> < 0 for all 2 € U,
and conclude that any € Ay = U is not an equilibrium points.

The following two propositions give sufficient conditions for points of the Aubry set

Ap to be equilibrium points.
Proposition 18. Ify is an isolated point of Ap, then it is an equilibrium point.

Proof. Let y be an isolated point of Ay. Since dy(-,y) € Sy, according to Lemma
10, there exists a curve v € E((—o0, 0],dg(+,y)) such that v(0) = y.
We show that v(t) € Ag for all t < 0, which guarantees that

v(t)=vy forallt<O0. (5.6)

For this purpose we fix any z € R"™ \ Ag. By Proposition 14 there are two functions
¢ € Sy NPy and o € C(R") such that H[¢] < —o in R" in the viscosity sense, o > 0
in R", and o(z) > 0. By Lemma 3, for any fixed ¢ > 0, we have

0 0

L((s),4(s))ds — / o(7(s)) ds

—t

o)~ otr(-1) < |

—t
0

=dpu(y,y) — du(v(-1),y) —/ o(v(s))ds.
—t
Accordingly we have

/ o(y(s))ds +dua(v(=1t),y) < d(y(=1)) — ¢(7(0)) < du(v(—1),y).

—t
Hence we get fi)ta('y(s))ds < 0, which implies that v(s) # z for all s < 0. Thus we
conclude that (5.6) holds.

Now we have

0
0= dut(y,y) — du((=1), ) = / L((8), 5(t))dt = L(y,0),

which shows that y is an equilibrium point. O
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Proposition 19. Assume that there exists a wviscosity solution w € C(R™) of
H(z, Dw) = minyecrn H(z,p) in R™. Then Ap consists only of equilibrium points.

For instance, if H(z,0) < H(x,p) for all (z,p) € R?", then w = 0 satisfies
H(z, Dw(z)) = min,er» H(z,p) for all z € R™ in the viscosity sense. If H has the
form H(x,p) = ax-p+ Ho(p) — f(x) as before, then H attains a minimum as a function
of p at a unique point ¢ satisfying ax + D~ Hy(q) > 0, or equivalently ¢ = DLo(—ax),
that is,

min H(z,p) = ax - q+ Ho(q) — f(z),

peR™
where L denotes the convex conjugate H; of Hy. Therefore, in this case, the function
w(z) = —(1/a)Lo(—ax) is a viscosity solution of H|[w] = minyern H(x,p) in R™. In
these two cases, the Aubry sets consist only of equilibrium points.
Proof. Let cy =0 as usual. We have min,cr» H(z,p) < 0 for all z € R". Note that
the function o(z) := —min,ern H(x,p) is continuous on R" and that w is a viscosity
solution of H[w| = —o in R™. Applying Proposition 14, we see that if y € R™ and
min,ern H(y,p) < 0, then y ¢ Ag. That is, if y € Ay, then min,cr» H(y,p) = 0,
which is equivalent that y is an equilibrium point. 0O

The following example shows that one cannot replace the strict convexity (A3) in
(c) of Theorem 1 by the convexity of H(z,p) in p.

Example 4. Consider the Hamiltonian H € C(R? x R?) given by

H(z,p) = Ho(x,p) — ||| = 1],

where Ho(z,p) = \/(p1 — 22)? + (p2 + z1)? — |z|. It is clear that H satisfies (A1) and
(A2). Also, H satisfies (A4) with ¢o(x) = 0 and ¢1(z) = —|z|. Moreover, H(z,p) is
convex in p on R2. However, it is not strictly convex in p, i.e., (A4) does not hold.

It is easily checked that the function ¢g(x) = 0 is indeed a viscosity subsolution of
H(x, Déo(z)) = 0 in R?, which implies that ¢y < 0 by Proposition 9.

Let L denote the Lagrangian of H, and we observe that

L(.f,&) :LO(xvf) + ‘1 - |$H,

Lo(z,§) := SGUPISQ(p -§ — Ho(z,p)) = 0p0,1)(§) + 2261 — 182 + |2,
p

Lo(x,§) >dp(0,1)(§) >0,
where dp denotes the indicator function of the set B, i.e., 65(§) =0 for £ € B and = oo
for £ € R™\ B.

Let ¢ € C(R?) be a subsolution of H(x, Dé(z)) < cy in R% Consider the curve
v(t) = (cost,sint), with ¢t € [0, 27|, and observe that

27
0=6(1(2m)) ~ 61 (0) < [ (LY. 3(0) + car) e = 2,
0
from which we see that cg > 0. We now conclude that cg = 0.
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Let ug € BUC(R™) be such that ug(e;) = 0, where e; = (1,0), and ug(z) > 0 for all
r € R?\ {e1}, and we consider the Cauchy problem

ug(x,t) + H(xz, Du(z,t)) =0 in R? x (0,00) and wu(-,0) = ug. (5.7)

The formula (2.1) for the solution u of (5.7) tells us that u(x,t) > 0 for all (x,t) €
R? x [0,00), and for any k € N,

uler, 2h) < / " L4(8), (1)) dt + uo(~(0)) = 0,

where y(t) = (cost,sint) for all ¢ > 0. In particular, we have u(eq,2km) = 0 for all
k € N.
We show that there is a € > 0 such that

u(er, (2k +1)m) > e for all k € N. (5.8)

Indeed, as we will show, (5.8) holds with ¢ = min{1/8, m/2}, where m = min{ug(z) |
x € K} and K = {(z1,22) € B(0,3/2) | z1 < 0}.

Let k € N. Weset ¢ = min{1/8,m/2} and T' = (2k+1)m. We argue by contradiction
that u(e;,T) > ¢, and thus suppose that u(e;,T) < e. We can choose a v € C(x,T) so
that

e > / L(£), 4(t)) dt + uo(1(0)). (5.9)

Next, noting that 4(t) € B(0,1) and hence |(d/dt)|y(t)|| < 1 a.e. t € (0,T), we
compute that for any ¢ € [0, 7],

(o) =17 = =2 [ (6o - 7 as,
and therefore, by (5.9),

T

()] —1)? §2/0 lv(s)| — 1| ds < 2e.

1

Hence we have ||y(t)| — 1| < (2¢)2 < 1/2 for all ¢t € [0,T]. That is, we have 1/2 <
|v(t)| < 3/2 for all t € [0, T].

We now use the polar coordinates, that is, we choose functions r,6 € AC([0,77])
so that v(t) = (r(t) cos6(t),r(t)sinf(t)) and r(t) > 0 for all t € [0,7] and 6(T) = 0.
Such functions r and 6 exist because y(t) # 0 for all t € [0,T]. Note that |¥(¢)|> =
#(t)2 4+ r(£)20(t)% < 1 and Lo(y(t),5(t)) = r(t)(1 — r(t)4(t)) a.e. ¢t € [0,T]. Inequality
(5.9) reads

g>/O [r(t)(1—r(t)é(t))+|r(t)—1\ dt + ug((0)).
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From this, since r(t) > 1/2 for all ¢t € [0,T], we get ¢ > %fOT(l —r(t)0(t)) dt. Note also
that |0(t)| < 1/r(t) < 2 a.e. t € (0,T). Combining these observations, we get

/T(l—é(t))dt < /T(l—r(t)é(t))dt + /T(r(t)—l)é(t)dt

T T
<26+/ |r(t)—1||9'(t)|dtsze+2/ Ir(t) — 1| dt < 4e,
0 0

from which we obtain |7+ 0(0)| < 4e < 1/2 < 7/2. Hence we have 0(0) € [—2k7 —
3w /2,—2km — m/2]. Thus we get v(0) € K and moreover € > uy(y(0)) > m, but this
contradicts our choice of e. We conclude that (5.8) holds and that the limit, as ¢ — oo,
of u(e1,t) does not exist.

6. Characterizations of the asymptotic solutions
The function v in assertion (c) of Theorem 1 is characterized as follows.

Theorem 19 ([I2, Theorem 8.1]). Let v € C(R") be the function from (c) of Theo-
rem 1. Then, for any x € R™,

v(z) =inf{dy(z,y) +du(y,2z) + uw(z) |y € Ay, 2 € R"}. (6.1)

We do not give here the proof of the above theorem.

Theorem 20. Let ug and v be from Theorem 1. Assume that cg = 0. Then
v(z) =inf{p(z) | ¢ € Sg, ¢ >uy in R"}  forallz € R", (6.2)
where ug 1s the function on R"™ given by
uy () =sup{y(z) | Y € Sy, ¥ <up in R"}.

The formula (6.2) has been obtained in [II, Theorem 2.2] under slightly different
assumptions.

Proof. We write temporarily

f(z) = inf{dy(x,y) +uo(y) |y € R"} for z € R,
g(x) = inf{p(z) | p € Su, ¢ >u, inR"} forze R".

By Theorem 19, we have v(z) = inf{dy(z,y) + f(y) | y € Au} for all x € R". Thus,
we need to show that

g(x) =inf{dy(z,y) + f(y) |y € Ag} forallz € R™. (6.3)
We write h(x) for the right hand side of (6.3).
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We first observe that f = u; . Indeed, since f € S;; and f < up in R", we see that
f < uy in R™. On the other hand, since u, € S5 and u; < up in R", we see that
ug () < dp(x,y) +uo(y) for all z,y € R™ and therefore uy < f in R™. Thus we have
u, = fin R™.

Next we observe that dg (x,y) +ug (y) > ugy (x) for all z,y € R™, du (-, y) +ug (y) €
Sy for all y € Ay and hence g(z) < inf{dy(z,y) +ug (y) | y € Ay} = h(x) for all
z € R™. In particular, we have u; (z) < g(x) < h(z) < ug (z) for all z € Ay. Hence,
g(x) = h(x) for all x € Ap. Since uy € g, we may choose a C' > 0 so that ug > ¢pg—C
in R". We may assume without loss of generality that ¢9 € S;. By the definition
of uy, we see that uy > ¢9 — C in R". This ensures that g > ¢9 — C and therefore
g, h € ®¢. Finally, noting that g,h € Sy, we apply Theorem 16, to conclude that g = h
inR*. 0O
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