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Abstract

We study the long time behavior of solutions of the Cauchy problem for
semilinear parabolic equations with the Ornstein-Uhlenbeck operator in RV,
The long time behavior in the main results is stated with help of the corre-
sponding to ergodic problem, which complements, in the case of unbounded
domains, the recent developments on long time behaviors of solutions of (vis-
cous) Hamilton-Jacobi equations due to Namah, Roquejoffre, Fathi, Barles,
and Souganidis. We refer to [N, NR, R, F, BS1, BS2] for these develop-
ments. We also establish existence and uniqueness results for solutions of the
Cauchy problem and ergodic problem for semilinear parabolic equations with
the Ornstein-Uhlenbeck operator.
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1 Introduction

We study the long time behavior of solutions of the Cauchy problem for the parabolic
PDE with the Ornstein-Uhlenbeck operator

(1.1)  wy(x,t) — Au(z,t) + ax - Du(x,t) + H(Du(z,t)) = f(z) in RY x (0, 00),
(1.2) u(-,0) =uy on RY,

where u : RY x [0,00) — R is the unknown function, « is a given positive constant,
A denotes the Laplace operator in RY, Du denotes the gradient of u, and H, f, and
ug are given functions on RY. We refer the operator A — ax - D on C?(R") as the
Ornstein-Uhlenbeck operator.

As we will see, the “stationary states” of solutions u of (1.1) and (1.2) or “asymp-
totic solutions of (1.1) and (1.2)” are described by the following PDE

(1.3) ¢ — Av(x) + ax - Dv(x) + H(Dv(z)) = f(z) in RY,

where the unknown is the pair of a constant ¢ € R and a function v : RY — R.

These PDE arise typically as the dynamic programming equations for stochastic
optimal control or stochastic differential games of the systems described by con-
trolled Ornstein-Uhlenbeck processes. In this regard, PDE (1.3) corresponds to
ergodic control or ergodic differential games in which players try to optimize the
long time average of costs or gains. In this view point we often call (1.1) a viscous
Hamilton-Jacobi equation, H a Hamiltonian, and problem (1.3) an ergodic problem.

There has been a great interest on the behavior of solutions to nonlinear parabolic
PDE by many authors. This investigation was strongly influenced by the recent
developments on Hamilton-Jacobi equations and viscous Hamilton-Jacobi equations
due to Namah, Roquejoffre, Fathi, Barles, Souganidis. In these developments they
studied the asymptotic behavior of solutions of PDE on compact manifolds, for
instance, torus TV. We refer to [N, NR, R, F, BS1, BS2| for these developments.

A typical result in this line is stated as follows: if u is a (unique) viscosity solution
of Hamilton-Jacobi equation

(1.4) wi(x,t) + H(x, Du(x,t)) =0 in TV,
satisfying the initial condition
u(-,0) =uy on TV,

where ug € C(RY), H € C*(TY x RY), and H(z,-) is uniformly convex on R" for
all 2 € TV, then there is a constant ¢ € R and a viscosity solution v € C(TV) of

c+ H(x,Dv(x)) =0 in TV,
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such that u(-,t) — (ct +v) — 0 in C(T") as t — co. Here ¢ does not depend on u,
but v depends on uy. Here the function ¢t + v is a solution of (1.1) having a special
form which is frequently called a traveling front.

Our main interest here is if a similar long time behavior (i.e., the convergence
to traveling fronts) of solutions of PDE on unbounded domains is valid or not. Our
results in this paper answer affirmatively to this question. Indeed, we will show
the convergence to traveling fronts of solutions of viscous Hamilton-Jacobi equation
(1.1) as t — 0.

The paper is organized as follows. We establish existence and uniqueness results
for the Cauchy problem (1.1) and (1.2) in Section 2. In Section 3 we show local
Holder continuity of solutions of (1.1) and (1.2) in the spatial variables x uniform in
the time variable t. In Section 4 we establish an existence result for ergodic problem
(1.3) as well as estimates on local Holder continuities of the solutions. In Section
5, we establish a long time behavior of solutions of the Cauchy problem (1.1) and
(1.2). One of basic assumptions in Sections 2-5 is that Hamiltonian H is Lipschitz
continuous on RY. In Section 6 we remove this restriction by assuming stronger
requirement on f and wug, i.e., the Lipschitz continuity of f and wq.

We collect here the notation we use in this paper.

Notation: we write

Q=RY x(0,00), Qr=RY x(0,T), and Ry =RYx[0,7).

Let € be a subset of R™. Lip(£2) denotes the space of Lipschitz continuous functions
on §2. For g € L>*(2) we write ||g|lc = [|gl/z()- For g: Q@ — R, ¢* and g, denote,
respectively, the upper semicontinuous and lower semicontinuous envelopes of g, i.e.,

g'(x) = limsup{g(y) [y €Q ly—a|<r} forzel
9. = —(=g9)".

For v € (0,1] and k = 0,1,2, ..., C*™(Q) denotes the space of those functions
u € C*(Q) whose k-th derivatives are Holder continuous with exponent v on compact
subsets of . When 0 < v < 1, we write C7(Q2) for C*™(Q) as well. For Q C Q,
C?+71%+2(Q) denotes the space of those functions u(z,t) whose second derivatives
in x and first derivative in t are both Holder continuous with exponent v in x and
with exponent I in ¢ on compact subsets of € and whose first derivatives in x
is Holder continuous with exponent HT” in ¢ on compact subsets of 2. Similarly,
C73(Q) denotes the space of those functions u(x,t) which are Holder continuous
with exponent v in 2 and with exponent 3 in ¢ on compact subsets of Q. For z,y €

RY, z -y and (x)s, where § > 0, denote, respectively, the Euclidean inner product



of z, y and (|z|? 4+ 02)/2. SV denotes the set of N x N real symmetric matrices.
For a € RY and r > 0, B(a,r) denotes the closed ball {z € RY | |z —a| < r}.
We call a function w : [0, 00) — [0, 00) a modulus if it is upper semicontinuous and
nondecreasing on [0, c0) and satisfies w(0) = 0.

2 Comparison and existence theorems for the Cauchy
problem

In this section we study the Cauchy problem for the semilinear parabolic PDE
(2.1) uy — Au+ az - Du+ H(Du) = f(x) in Q,

with initial data
(2.2) u(-,0) =up on RY.

Here o > 0 is a given constant, H, f, and ug are given continuous functions on RY ,
and u is the unknown function on Q).
For ;1 > 0 we define the function ¢, € C=(R") by

(2.3) Pu(z) = e for z € RV,

Let T € (0,00). We introduce the spaces £ (), £, (2), £,(2), with p > 0, of

- 1
functions on Q@ = RY, Ry, or Q as follows:

EFRY) = {v ‘RY - R ‘ h|£:l\1—s>ip ;j&?) < O}

' v(z,t)
ET(R _ v:Rr - R lim sup su :
" (Rr) { T ‘ |x|_,oop OgtET ¢u()

<0},

_ _ t)
Er = {v:Q — R | limsup su vlz, <0 forT>0¢,
@) { © ‘ |x|~>oop0§t£T Gu(w) — }

and for Q@ = RY, Ry, or Q,
£, (Q) = —EJ(Q), E,(Q) = EJ(Q) NE,(Q).
Throughout this section p denotes a fixed constant satisfying

(2.4) O<pu< %,



and we assume that
(2.5) H € Lip(R™).

We write simply ¢ and Ly for ¢, and ||DH ||, respectively, in this section.
We are now ready to state a comparison result for viscosity solutions of (2.1)
and (2.2).

Theorem 2.1. Let 0 < T < oo and let uw € USC(Ry) and v € LSC(Rr) be a
viscosity subsolution and a wviscosity supersolution of (2.1), respectively. Assume
that

(2.6) ue & (Ry) and ve&, (Rr)

and that u(z,0) < v(x,0) for all z € RY. Then u < v on Ry.

Proof. 1. We may assume that 7" < oco. Indeed, once we know that the assertion
is valid for all 0 < T' < oo, then we conclude immediately that the assertion for
T = oo is valid as well.

We compute that for z € RY,

Dé(x) = 2ud(x)r,  Ap(w) = 2u(2ple]? + N)o(a),
—A@(x) + ax - D§(x) — LuD(x)| = 2ué(x)[(a — 24)[x]> = N — Lyle]]

to deduce that there is a constant B > 0, depending only on u, «, N, and Ly, such
that
(2.7) —A¢(x) + ax - Dp(x) — Ly|Do(x)| > ¢(x) — B for z € RY.

2. Choose a constant B > 0 so that (2.7) holds. Fix any ¢ > 0, and define the
functions u. € USC(Rr) and v, € LSC(Rr) by

ue(xa t) = U(ZE, t) - €¢($) - EBt?
ve(x,t) = wv(x,t) + ep(x) + eBt.
Observe that u., —v. € USC(Rr) and that u. and v, are, respectively, a viscosity

subsolution and a viscosity supersolution of (2.1) in Q7. Indeed, using (2.7), we
may compute formally that for U = u,,

U, — AU + ax - DU + H(DU)
u — Au+ ax - Du+ H(Du) — eB — e(—A¢ + ax - D¢ — Ly|Dg)|)
f(x) —€eB +eB = f(x),

VARVAN

which can be easily justified by using standard arguments in viscosity solutions
theory. Similarly we can easily verify that v, is a viscosity supersolution of (2.1) in

Qr-



3. We observe by (2.6) that

lim sup uc(z,t) = —o0,
|z[—00 0<t<T
lim inf v (z,t) = oo.
|z|—00 0<t<T

Hence, there is a constant R, > 0 such that
uc(z,t) < ve(z,t) for (z,t) € (RY \ intB(0, R.)) x [0,T).

We apply a standard comparison theorem for viscosity sub- and supersolutions (e.g.,
Theorem 8.2 of [CIL]) on B(0, R,) x [0,7), to find that u. < v, on B(0, R.) x [0,T)
(and hence on Rr). Sending € — 0 allows us to conclude that v < v on Ry. O

The next theorem is one of main results in this section and establishes the exis-
tence and uniqueness of a solution of (2.1) and (2.2).

Theorem 2.2. Assume that

(2.8) u, f € E,(RY)NCRY),
(2.9) f e CcO (RN

for some constant v € (0, 1]. Then there is a unique solution u € £,(Q) N C(Q) N
C*1(Q) of (2.1) and (2.2).

For the proof of the above theorem, we use the following lemma.

Lemma 2.3. Let v € £,(RY) N C(RY). Then for each € > 0 there is a constant
K = K(€) > 0 such that

[v(2) = v(y)| < e(du(@) + Gu(y)) + Klo =yl forz,y e RY.

Proof. Fix any € > 0. Observe that

lim (v(x) — €d(x)) = —o0,

|z|—o0

and hence v — e¢ is bounded above on RY. Similarly, the function v+ e¢ is bounded
below on RY. Choose a constant M > 0 so that

v(r) —ep(xr) <M and  wv(z) +ep(x) > —M for x € RY.
Next, choose a constant R > 0 so that

v(r) —ep(x) < —M and v(z) +ep(x) > M for x € RV \ B(0, R).
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Since v is uniformly continuous on B(0, R), there is a constant K = K (¢) > 0 such
that
v(z) —v(y) <e+ K|z —y| for z,y € B(0, R).

It follows that for all z,y € B(0, R),
v(z) —v(y) < e(d(x) + o(y)) + Klz —yl.

Let z,y € RY. If 2 € RN \ B(0, R), then

v(z) —ed(z) < =M < v(y) + €9(y),
and hence
v(r) —v(y) < e(d(z) + o(y)) + Klz —yl.
Similarly, if y € RY \ B(0, R), then
v(r) —v(y) < e(d(z) + o(y)) + Klz —yl.

All together we have for all z,y € RY,

v(z) —v(y) < e(o(z) +o(y)) + Ko —yl,

which completes the proof. O

Proof of Theorem 2.2. 1. Uniqueness of solutions of (2.1) and (2.2) follows
from Theorem 2.1. For the proof of the existence of a solution, we use the Perron
method. For the Perron method in viscosity solutions theory, we refer for instance
to Theorem 4.1 of [CIL].

By virtue of Lemma 2.3, for any € € (0, 1) there is a constant K (¢) > 0 such that
for all z,y € RY,

|uo(x) — uo(y)| < e(p(x) + d(y)) + K(e)|lz —yl.

Fix such a collection {K(¢) | € € (0,1)} of positive numbers.
Let y € RY, €,6 € (0,1), and A > 0, and set

g@,t) = uo(y) + e(d(x) + d(y)) + K(e){z —y)s + At for (2,t) € Q.
We compute that for (z,t) € Q,

gi(z,t) — Ag(z,t) + ax - Dg(x,t) + H(Dg(z,t))
> A+ e(—A¢(z) + ax - Dp(x) — Ly |Do(z)|)



N eyl ez (@—y) 0 Ty
Ml I e il e ) Ry o ]+H<K” )
> A+e(=A¢(z) +ax - Do(x) — Lu|Do(x)|)
[N (z—y)i -0 = yllz -y

+K(e) _—? + a =005

> A+ e(—A¢(:c) + ax - Do(x) — LH|D¢<:C>’)

] _H(0)] - LuK()

~K(0)[5 + a6+ lyl) + La] ~ 1HO)L

We choose a constant B > 0 so that (2.7) holds. Since f € &,(RY), for each e € (0,1)
we may choose a constant C'(¢) > 0 so that

(2.10) 1f(2)] < ep(x) + C(e) for x € RY.
Also, for each € € (0,1), we choose a constant d(¢) € (0,1) so that K(e)d(e) < e.
For each y € RY and € € (0, 1) we set

Ay, e) = K(e) <5]<V€> +a(l+y|) + LH> + |H(0)| +eB + C(e),

and define the functions ¢ € C*°(Q), parametrized by vy, €, by
O (@t y,€) = uo(y) + e(o(@) + d(y)) + K(e){x — y)se) + Aly, e)t.

Observe that, for any y € RY and € € (0,1), the function h(z,t) := ¢¥*(x,t;y, €)
satisfies

hi(x,t) — Ah(x,t) + ax - Dh(x,t) + H(Dh(z,t))
> Aly,€) +e(o(x) — B) = K(e) (N +a(d(e) + lyl) + LH) — |H(0)|

d(e)
> ed(z) +C(e)
> f(z) for (z,t) € Q.

That is, the functions ¢ (-; y, €) are classical (and hence viscosity) supersolutions of
(2.1). Observe also that

O (w19, €) > uoly) + e(o(@) + d(y) + K(e){x — y)se) > uo(z) for (z,1) € Q,
and

Y1 (2,02, €) = up(x) + 2ep(x) + K(€)d(e) < up(w) + 2ed(x) +¢ for v € RY.
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2. We define the function U € USC(Q) by
Uz, t) = inf{y"(z,t;y,¢) | y € RY, e € (0,1)}.

Then U, the lower semicontinuous envelope of U, is a viscosity supersolution of
(2.1) (see, e.g., Lemma 4.2 of [CIL] for this) and

ug(r) < Uz, t) < U(x,t) for (z,t) € Q.
Also, noting that
U(z,0) < (z,0;2,¢) < ug(x) +2e¢(x) + ¢ for z € RY and €€ (0,1),

we see that
U(x,0) = U,(2,0) = ug(z) for z € RY.

3. Similarly we define the function V' € LSC(Q) by
V(x,t) =sup{e (z,t;y,¢) |y € RY, e € (0,1)},
where
V(@ 5y, €) = uo(y) — e(o(x) + ¢(y)) — K(e)(x — y)se) — Alys )t

and then observe as before that V* is a viscosity subsolution of (2.1) and that for

(z,t) € Q,
up(z) > V*(x,t) > V(z,t) and V(z,0)=V"(x,0) = up(z).
4. Define u : Q — R by
u(x,t) =sup{v(z,t) |V <v < Uon Q, vis a viscosity subsolution of (2.1)}.

Then u* and w, are a viscosity subsolution and a viscosity supersolution of (2.1),

respectively, and o
V<u<U onQ@.

In particular, we see that as ¢ ™\, 0,
w(z,t) — up(x), u*(z,t) — up(x), u(x,t) — ug(z) locally uniformly on RY.
5. Next we show that u € £,(Q). Indeed, we have

|u(@, ) — uo(0)]
max{U(x,t) — up(0),ue(0) — V(z,t)}

<
< e(p(x) + ¢(0)) + K(€){x)se) + A0, €)t  for (z,t) € Q, €€ (0,1),
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which guarantees that u € £,(Q).
Now, we apply Theorem 2.1 to v* and u,, to find that

u* <u, inQ,

that is, u € C(Q).

6. Schauder theory for parabolic PDE (see the appendix or [LSU]) assures
that for each R > 0 there is a classical solution v € C'(Qg) N C?*1*+2(Qp), where
Qg :=int B(0, R) x (0, R), of

(2.11) { vy — Av+ax - Dv+ H(Dv) = f(z) in Qg,

v=u on Op{lg,

where 0,00 := (0B(0, R) x (0, R))U(B(0, R) x {0}). This and standard comparison
results for viscosity solutions yield that u = v on Qg, which show that u € C*!(Qg).
Since R > 0 is arbitrary, we find that u € C*!(Q). The proof is now complete.
O

Remark 2.4. In the above proof, since V < u < U on Q, we get

lu(z, t) — up(z)| max{U(z,t) — up(z),up(z) — V(x,t)}

<
< Oi<I€l£1(26¢(ZL') + e+ A(z,e)t) for (z,t) € Q.

Setting
Agr(e) = max{A(z,e) |z € B(0,R)}

K(e)(({i\z) +a(R+1) —i—LH) +|H(0)|+eB+ C(e) for R >0,

and
(2.12) pr(t) = 0i<11£1[€(1 +2e") + Ag(e)t| fort>0 and R >0,
we have

(2.13)  |u(z,t) — uo(z)| < pgr(t) for (z,t) € B(0,R) x [0,00) and R > 0.

Note that pr € USC([0,00)) and pg(0) = 0 for all R > 0 and that we may select
d(e) for € € (0,1) by the formula

) 1
(2.14) d(e) = emln{l, 7 } O



3 Estimates of uniform continuities

In the following we investigate estimates on local uniform continuities of solutions
of (2.1).

In this section, as in the previous section, let u be a fixed constant satisfying
(2.4) and assume the Lipschitz continuity (2.5) of H. We write ¢ and Ly for ¢, and
| DH||, respectively.

We introduce the operators = : C?(R*") — C(R*Y) by

N 2

Zg(x,y) = Apglz,y) + Ayg(e,y) +2Y ——g(x,y).
g(z,y) 9(z,y) + Ayg(x,y) ;axiayﬂ( y)

Note that —Z is a degenerate elliptic operator on R*Y | ie., if g € CQ(RQN) attains
a maximum at (0,0), then

N 2

Z d— tez, teZ

[I]

>0
t=0

I

where e; denotes the unit vector with unity as its ¢-th entry for ¢ = 1,2, ..., N. Note
also that for u,v € C2(R"), if we set g(z,y) := u(z) — v(y), then

Zg(z,y) = Au(z) — Av(y) for 2,y € RY,
and that for p € C2(RY), if we set g(z,y) := p(x — y), then
Zg(z,y) =0 for z,y € RY.
Let @, 41,1y € C*(RY). Setting

g(z,y) = p(x —y)(i(z) +Pa(y)),

we compute that

Dg(w,y) = (P1(z) +¥2(y))(Dp(z —y), —Do(z —y))
(2 —y) (D1 (), Diba(y)),

Digtes) = o)+l pEETY )
n ( Dy(r —y) @ Din(r) —Do(x —y) @ Dipy(z) )
Dp(z —y) ® Dip(y) —Dp(x —y) @ Diba(y)
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N ( Dy () @ Dop(z —y)  Dipa(x) ® Dop(x — ) )
—Dipy () ® Dp(x —y) —Dips(r) @ Do(x —y)

D2y (z) 0
—l—gO(ZL‘ - y) ( 0 D2¢2(y) ) )
(3.1) ZEg(z,y) = oz —y)(Avi(z) + Aa(y)).

Theorem 3.1. Let u € C(Ry) N C*Y Q1) be a solution of (2.1) and (2.2). Let
v € (0,1] and assume that

(3.2) u e E(Ry),
(3.3) f (@) = f(y)] < Crle =yl (¢u(x) + du(y)) for z,y € RY
(3.4) uo(x) — uo(y)| < Colz — y"(Pu(x) + ¢uly)) for z,y € RY.

Then there exists a constant Cy > 0, depending only on «, 7, p, Co, Cf, ||DH ||,
and N, such that

(3.5) lu(z,t) — u(y, t)] < Cilz — y["(¢u(x) + ¢u(y)) forz,y e RN, t€0,T).

Proof. 1. We use the notation: Pp = R*¥ x (0,7) and Sp = R* x [0,T). We
define the function w € C(Sy) N C*'(Pr) by

w(z,y,t) = u(z,t) —uly,t),
and observe that for all (z,y,t) € Pr,
(3.6) wy —Zw+ ar - Dyw+ oy - Dyw — Ly|Dyw + Dyw|
< f(2) = fy) < Crle =y (0(2) + ¢(y))-

2. Let 0 >0,e>0, A>0, and C' > 0 be constants to be fixed later on. Define
the function ¢ € C'(Sr) by

C(z,y,t) = C(lz —y[" + 0)(o(z) + o(y) + A) +

€
T—t

Using (3.1), we compute that for (z,y,t) € Pr, if x # y, then
G = s 2o
L (T -2 T T
2¢ = Cz =yl +)(Ad(x) + Ad(y)),
ar - DoCHoay-Dy¢ = ayCle—y["(6(z) + ¢(y) + A)
+C(|lz —y[" + d)(azx - Do(z) + ay - Do(y)),
Ly|DoC+ Dy¢l < CLp(|z —y|" +0) (|Do(x)| + [Do(y)l)
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and

G—=C+ax-Dy(+ay- Dy, — Ly|DyC+ Dy|
=5+ C(lz =y +8)[(=A¢(x) + az - Dé(x) — Lu| Do (x)])
+H(=Ad(y) + ay - Dé(y) — Lu| Dé(y)])] + axCle — y|"(6(z) + $(y) + A).

We choose a constant B = B(a, i, Ly, N) > 0 so that (2.7) holds. Then we have

gt_EC"f_axD$C+O‘yDyC_LH|DxC+Dy§|

2 % —20B+ Clz — y|"(¢(z) + ¢(y) + ayA — 2B) if x £ y.

We fix constants A and C' as
2B
A = — g
e C = max{Cy, Cr},

so that

w(z,y,0) < ((z,y,0) for z,y € RY,
G—Z=C+ax- D, +ay- Dy — Ly|DyC + Dy(|

> % —20B + Cflz — y|"(¢(z) + ¢(y)) if x #y.

3. We want to show that
(3.7) w(z,y,t) < Clr —y["(¢(x) + ¢(y) + A) for (z,y,t) € Sr.

Note that (3.7) yields (3.5), with C; = C(1 + A), since ¢(z) > 1. To show (3.7), we
argue by contradiction and thus suppose that

sup{w(z,y,t) — Clz —y|"(é(x) + ¢(y) + A) | (x,y,t) € Sp} > 0.

Then we can choose a constant € > 0 so that
sup{w(w,y,t) — C(lz —y|" + €)(d(z) + o(y) + A)

€

T —t | (l’,y,t) 6ST}>0'

We fix
0= emin{l 1}
N "3BT? /"’

Note that 0 < § < € and
€

e > 208,
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and consequently,

sup(w — ¢) > 0,
St
and
(3.8) G—Z2(+ar-Dy(+ay- Dy — Lg|D,¢+ Dy(|

> Cle —yl"(0(x) + o(y)) if x#y.
Since u € £,(Rr), we have

lim  sup (w—¢)(z,y,t) = —o0.
2| +lyl—o0 o<t<T

Also, for each R > 0 we have

lim sup w—()(z,y,t) = —o0.
t/T (z,y)eB(O,R)xB(O,R)( ) )

Thus the function w — ¢ attains a positive maximum at a point (Z,,t) € Sy. Since
w(z,y,0) < ((z,9,0) for all 2,y € RY, we find that £ > 0. Since w(z,z,t) —
((x,z,t) = —=((x,z,t) <0 for all (x,t) € Qr, we see that T # y. By the maximum
principle, we have

(w_C)t(a_:?g:ﬂ:O’ D(w—C)(i‘,y,ﬂ:O, DQ(U)—C)(J_?,Q,BSO.

These together with (3.6) yields

(3.9) G —ZC+ax- Dol +ay- DyC — Ly|DuC + Dy
< Cplz =yl (o(x) +o(y))  at (z,9,t) = (Z,3,1).
This contradicts (3.8), which proves (3.7) and hence (3.5). O

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, assume that for each
e € (0,1) there is a constant M(€) > 0 such that

(3.10) lu(z,t)| < ep,(x) + M(e) for (x,t) € Ry.
Then for each R > 0 there is a modulus pr such that

(3.11)  |u(z,t) —u(z,s)| < pr(|t —s|) forx € B(0,R) and t,s € [0, 00).
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Proof. 1. By Theorem 3.1, we have
[u(z,t) —u(y,t)] < Cile — y"(é(2) + ¢(y)) for 2,y € R and ¢ € [0, 00)

for some constant C; > 0.
2. We show that for each € € (0, 1) there is a constant K (e) > 0 such that for all
z,y € RV and t > 0,

(3.12) u(z,t) —uly, )] < e(d(x) + 6(y)) + K(e)|z —yl.

For this fix any € € (0,1), 2,y € RY, and t > 0. If C}|z — y|” < ¢, then we have
(3.12) for any K(e) > 0. If Cy|x — y|” > €, then we have

1< (2) -yl
€
and hence, by (3.10),

|u(z, ) —uly, )] < e(d(x) + ¢(y)) + M(e)

1

Cy
< o) +oly) + M) () o -l
Thus we find that (3.12) holds with

K(e) = M(e) (C’;l) .

3. Now fix s > 0. Recalling Remark 2.4 and applying estimate (2.13), with
u(z,t+ s) and u(zx, s), respectively, in place of u(zx,t) and ug(z), we find a modulus
pr for each R > 0 such that

(3.13) lu(z,t +s) —u(z,t)| < pgr(t) for (x,t) € B(0,R) x [0, 00).
Indeed, the function pg : [0,00) — [0, 00) defined by
_ pR?
pr(t) = 0221[6(1 +2e") 4+ Ag(e)t]

has the required properties, where

Ag(e) = K(e) ((SJ(VE) +a(R+1)+ LH> + [H(0)| + eB + C(e)
with function ¢ : (0,1) — (0,1) given by

1

5(6) B Emin{l, m},
and with constant B and function C' : (0,1) — (0,00) selected so that (2.7) and
(2.10) hold. From (3.13) we conclude immediately that (3.11) holds. O
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4 FErgodic problem
In this section we study the ergodic control problem
(4.1) ¢ — Av(z) + ax - Dv(z) + H(Dv(z)) = f(x) in RY,

where the unknown is a pair of a constant ¢ and a function v € C?(R™). This is the

equation which will describe the traveling fronts of solutions of (2.1) as ¢t — oo.
Throughout this section we assume (2.5), that is, the Lipschitz continuity of H

and that

(4.2) f € E(RY)NCO(RY),

for some constants 0 < p < a/2 and v € (0, 1], where &,(R") denotes the space
introduced in Section 2. Furthermore let Ly and ¢ denote the Lipschitz constant of
H,ie., Ly = |DH|, and ¢, respectively.

In order to solve (4.1), we first consider the approximate problem

(4.3) M) — AvMx) + ax - Dv(z) + H(Dv(x)) = f(z) in RY,

where A € (0,1) is a given constant to be sent zero. If H is a convex function,
(4.3) may be regarded as the dynamic programming equation of an optimal control
problem, where X\ represents the discount factor. In this view point, especially when
we call (4.1) an ergodic problem, we call (4.3) a discounted problem.

Theorem 4.1. Let u € USC(RY) and v € LSC(R™) be a viscosity subsolution and
a viscosity supersolution of (4.3), respectively. Assume that

(4.4) ueEFRY) and v e & (RY).

Then u < v in RN, O

Proof. Recall (2.7) and fix a constant B > 0 such that
—~A¢+ax-Dp— Ly|Do|>¢—B inRY.

Fix such a constant B and, for € € (0,1), define the functions u., v, on RY, respec-
tively, by

u(z) = u(x) —e(op(x) + X 'B),

ve(r) = w(z) +e(d(z) + A7 B).



Observe that u., —v, € USC(RN ) and that u. and v, are a viscosity subsolution
and a viscosity supersolution of (4.3), respectively. We examine these just for u. by
calculating formally

e — Aue + ax - Due + H(Du)
< M —Au+ax-Du+ H(Du) — (B —A¢p+ ax - Do — Ly|Dg|)
< f(x) forxzeRY.

By (4.4) we have

lim u.(zr) =—o00 and lim v.(x) = oo,

|z|—o0 |z|—o0

and hence, we find a constant R = R(e) > 0 such that u. < v. on RY \ int B(0, R).
We apply a standard comparison result to u, and v. on B(0, R), to conclude that
ue < v on B(0, R). Therefore we have u, < v, in RY. Since € > 0 is arbitrary, we
conclude that u < v in RY. O

Theorem 4.2. There is a unique solution v* € C*(RM)NE,(RY) of (4.3). Moreover
there is a constant C' > 0, independent of A\, such that

(4.5) At (0)] < C.

Proof. We will apply the Perron method to find a viscosity solution of (4.3). In
view of (2.7), we fix a constant B > 0 so that

—A¢(z) + ax - Do(x) — Ly|Do(x)| > ¢p(x) — B for all z € RV,
Since f € &,(RY), there is a function M : (0,1] — (0, 00) such that
1f(2)] < ep(x) + M(e) for x € RY and € € (0, 1].
For € € (0,1], we set
g(r) = ep(x) + A for x € RY,
where A := A" (M (€) + eB + |H(0)|), and calculate that

Ag(z) — Ag(z) + ax - Dg(x) + H(Dg(z))
> M +e(¢p(x) — B) — |H(0)| = ep(x) + M(e) > f(z) for x € RY.
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We define the functions U € USC(RY) and V € LSC(R") by

Ulx) = int [eo(z) + X' (M(e) + B + [H(0)])
V() = ~U).

It is easy to check that U, and V* are a viscosity supersolution and a viscosity
subsolution of (4.3), respectively.
Next define v : RY — R by

v(z) =sup{w(z) | V(z) <w(zr) <U(z) for z € RY,

w is a viscosity subsolution of (4.3)}.

Then, in view of the Perron method, v* and v, are a viscosity subsolution and a
viscosity supersolution of (4.3), respectively. Note that, since V < v < U in RV,

(4.6) [v(2)] < ep(x) + A7 (M(e) + eB +[H(0)]),

for all e € (0,1] and z € RY. Consequently, v*, v, € SM(]RN). Now we apply Theorem
4.1, to find that v* < v, in RY. That is, v € C(RY). By virtue of Schauder theory
(see the appendix or [LSU]), we find that v € C?(R™).

Uniqueness of solutions of (4.3) is a direct consequence of Theorem 4.1. Finally,
(4.5), with C' =1+ M(1) + B + |H(0)|, follows from (4.6). O

Theorem 4.3. Assume that (3.3) holds for some constant Cy > 0. Let v* €
C2(RM) N ELRYN) be the unique solution of (4.3). Then there is a constant K > 0,
independent of X € (0,1), such that

47)  [oM2) =M (Y)] < Klo =yl (6(x) + 6(y))  forz,y € RY, A€ (0,1).

Proof. The following proof parallels that of Theorem 3.1. Set w(x,y) := v*(z) —
v (y) for z,y € RY. Note that for z,y € RY,

A —Zw+ ax - Dyw + ay - Dyw — Ly |Dyw + Dyw| < f(z) — f(y),

where, as in Section 3, Z denotes the operator: C?(RY) — C(R"Y) given by

N 2

Zg(z,y) = Apg(z,y) Z

1

9(x,y) + Ayg(z,y).
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Recall that when we set g(x,y) = o(z — y)(¢1(x) + ¥2(y)), where ¢ € C*(Q),
Q c RY is an open set, and 1, 1y € CQ(RN), we have for z,y e RN, if z —y € Q,

Ag—Zg+ax-Dyg+ay-Dyg — Lu|Dyg + Dyl
> Ag+@(x —y)(=A¢y + ax - DYy — Lg|Diy|)
+o(x — y)(—Avs + ax - Dy — Ly| D)
+a(z —y) - Do(x —y)(¥1 + o).

Let B > 0 be a constant such that
~A¢(z) + ax - Dé(z) — Ly|Do(x)| > ¢(x) — B for all z € RY,

Let 6 > 0 be a constant to be sent to zero and A > 0 a constant to be fixed later.
Define g € C(R*Y) by

g(@,y) = Cpld + (lz =y + ) ((x) + o (y) + A)].
Then, for z,y € R, if z # y, we have

ANg—ZEg+ar-Dyg+ay-Dyg— Ly|D.g+ Dygl
> Mg+ Cplle =y + 6*)(o(x) + o(y) — 2B)
+ayCrlr —y|"(d(z) + d(y) + A)
> Cp(A + (Jz —y[" + 0%)(o(x) + d(y) — 2B) + ayAlz — y|")
> Cf[0(A=20B) + |z — y|"(¢(z) + &(y)) + (ayA — 2B)|z — y|"].

Now, we assume that 6 < A/(2B) and fix

2B
A=
ay

so that ayA = 2B and A > 26B. Observe that for z,y € RY, if x # y, then
(4.8) \g—Eg+az-Dyg+ay-Dyg— Lu|D.g+ Dyg| > Crlz — y["(é(z) + ¢(y)).

We argue by contradiction, in order to prove that w < g on R*. Thus we
suppose that

sup(w — g) > 0.

R2N

Noting that

Iim (w—g)(z,y) = —o00,
i (w=g)(z,y)
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we find an open bounded set G C R* such that w < g on R* \ G. Let (2,9) € G
be a maximum point of the function w — g over G. Then we have (w — g)(&,9) > 0,
which assures that (Z,79) € G and & # §. Since

A —Zw+ ax - Dyw + ay - Dyw — Ly |Dyw + Dyw|
< Cylz —y"(¢(x) + ¢(y)) for 2,y € RY,

by the maximum principle we get

AN —Eg+ar-Dyg+ay-Dyg— Ly|Dyg+ Dyg|
< Cflz —y["(d(x) + ¢(y) at (z,y) = (2,9),

which contradicts (4.8). This shows that w < g on R*" and moreover that

) — M) < Crl — " (<z><as> L o)+ ifj) for all 2,y € BY,

which guarantees (4.7), with K = C¢(1 4+ 2B/(a)). O

We are ready to prove the following assertion.

Theorem 4.4. Assume that (3.3) holds for some constant Cy > 0. Then there is
a solution (c,v) € R x C2(RY) of (4.1) such that

(4.9) ve ) ERY).

V>

Proof. Let v* € C?2(RV)NE,(RY), with A € (0, 1), be the unique solution of (4.3).
In view of Theorems 4.2 and 4.3 there is a constant C' > 0 independent of A € (0,1)
such that

Al (0)]
(4.10) [v* (@) — v (y)]

C,

<
< Cle—y|"(¢(x) + 6ly)) for z,y € RY.

Define w?, z* € C?(RY), with A € (0, 1), by w(z) := v*(z) —v*(0) and 2*(z) :=
M (2), respectively. Then we have for all z,y € RY,

20 < C,
(4.11) [2Mz) = 2M0)] < AC|a|"(¢(x) + 1),
(4.12) [wi(@)] < Cla['(é(2) +1),
(@) —w ()] < Clz—y'(¢(@) + o(y)).
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Accordingly, {w*} Ae(0,1) is a uniformly bounded and equi-continuous family on any
balls of RY. Thus we can choose a sequence {\;};jen C (0, 1) such that, as j — oo,

Aj— 0, 2% (0) — ¢,

wd — v in C(RY)
for some ¢ € RY and v € C(R"). By (4.11) we have, as j — oo,
2% (x) — ¢ uniformly on balls of RY.

By the stability of viscosity solutions (see, e.g., Lemma 6.1 of [CIL]), we find that v
satisfies (4.1) in the viscosity sense. By using Schauder estimates (see the appendix
or [LSU]), we deduce that v € C*(RY). Let v > . Since

v
lim 2P u() =0,
jal—o0 ¢y ()
we see from (4.12) that v € &,(RY). The proof is now complete. 0

Theorem 4.5. Let (c,v), (d,w) € Rx C*(R") be solutions of ergodic problem (4.1)
such that v,w € &,(RY) for some v < a/2. Then ¢ = d and there is a constant
C € R such that v —w = C in RY.

As a consequence of Theorems 4.4 and 4.5, we have the following structure
theorem on the solutions of ergodic problem (4.1).

Corollary 4.6. Under the hypotheses of Theorem 4.4, let (c,v) € R x C*(R") be a
solution of (4.1) such that v € &,(RY) for some constant v < /2. Then the set of
solutions in E,(RY) of (4.1) is given by

{(c,v+C) € R x C*(RY) | C € R}.

Proof of Theorem 4.5. 1. To show that ¢ = d, we argue by contradiction.
Thus we suppose that ¢ # d. We may assume that ¢ > d. Define u € C?*(R") by
u(r) = v(x) — w(x) and note that

(4.13) —Au+ax-Du— Lyg|Dul <d—c inR"Y.

By adding a constant to u we may assume that supgpy u > 0.
Recall that there is a constant B, > 0 such that

(4.14)  —Ad,(z) +ax- D¢, (x) — Ly|Dé,(x)| > ¢,(x) — B, for x € RY.
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Choose a constant € > 0 small enough so that eB, < ¢ —d and set U(z) = €¢,(z)
for € RY. By the growth condition on v and w, we have

lim (u—U)(z) = —oc.

|z|—o0

Hence there is an open bounded set 2 C R" such that u < U in RY \ Q. By (4.13)
and (4.14), setting n = u — U, we have

—An(x) + ax - Dn(z) — Ly|Dn(x)| < d—c—e(é,(z) — B,) <0 for z € RY.
By the maximum principle applied to n on the domain €2, we have
n<0 1inQ,

which shows that u < U in RY. If we let € \, 0, we find that v < 0 in RY, which is
a contradiction. Thus we see that ¢ = d.
2. Next we show that for some constant C' € R,

(4.15) v—w=C inR",
In view of (4.14), there is a constant R > 0 such that
~A,(z) +ax - D, (z) — Ly|Dé,(x)] >0 for x € RV \ int B(0, R).
We write u = v — w as before and show that

4.16 = .
(10 WP R

For € > 0 we set n(z) = u(z) — €p, () and observe that
—An(x) + azx - Dy(z) — Ly|Dn(x)] <0 for z € RN\ int B(OR).

By the maximum principle, this shows that 7 cannot attain a maximum over R \
int B(0, R) at any point in its interior. Noting that
|1‘im n(zr) = —oo,

we see that (4.16) holds.

3. Now, to show (4.15), we utilize the strong maximum principle (see [PW] for
a general reference). By (4.16) we have

Slélj\}?u = g(lgf)u for any r > R.

We apply the strong maximum principle to v on B(0,r), with arbitrary r > R,

to conclude that u is a constant function on B(0,r), with » > R, which clearly
guarantees that u(z) = u(0) for all z € RY. This completes the proof. O
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Remark 4.7. The above proof shows that if v € £HRY) N C*(RY) and w €
E;(RY) N C*(RY) are a subsolution and a supersolution of (4.1) with a common
constant ¢, then the same conclusion as Theorem 4.5 holds, i.e., v = w + C in RY
for some constant C' € R. Moreover, since the strong maximum principle (see [BD])
still holds for viscosity subsolutions u € USC(R") of

—Au+ax-Du— Ly|Du| <0

on any balls of RY | the above argument with minor modifications guarantees that if
v e EF(RY)NUSCRY) and w € £ (RY) N C*RY) (or v € EHRYN) N C*(RY) and
w € &£, (RY)NLSC(RY)) are a viscosity (resp., classical) subsolution and a classical
(resp., viscosity) supersolution of (4.1) with a common constant ¢, then v — w = C
for some constant C' € R.

5 Long time behavior of solutions

In this section we study the long time behavior of solutions of (1.1). The main result
in this section is stated as follows.

Theorem 5.1. Let pu be a constant satisfying (2.4). Assume (2.5), (2.8), and that
(3.3) and (3.4) hold for some constants v € (0,1], Cy > 0, and Cy > 0. Let v be
a constant satisfying p < v < a/2. Let u € £,(Q) N C(Q) N C*1(Q) be the unique
solution of (2.1) and (2.2) and (c,v) € R x (C*(R™) N &E,(RY)) a solution of (4.1).
Then there s a constant a € R such that

(5.1) Jim inax lu(z,t) — (ct +v(z)+a)|=0 for all R > 0.

Remark 5.2. Of course, such solutions v and (c¢,v) as in the above theorem exist
due to Theorems 2.2 and 4.4. Note that (2.9) follows from (3.3).

In this section we devote ourselves to proving Theorem 5.1, and we henceforth
assume the hypotheses of the theorem.
As before, we write Ly for |DH||~. Set

foz) = f(x)—c forxecRY,
u.(z,t) = wu(z,t)—ct for (z,t) € Q.

Then u,. and (c,v) solve, respectively, the Cauchy problem (2.1) and (2.2) and the
ergodic problem (4.1), with f. in place of f. Assertion (5.1) now reads

tlirgo Erzl(lo%() luc(x,t) — (v(z) +a)|=0 for R > 0.
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Replacement of u and f by wu. and f., respectively, reduces the proof of Theorem
5.1 to the case of ¢ = 0. Therefore we assume in the remainder of this section that
c=0.

In what follows we denote by 7 the function defined by

n(x,t) = u(x,t) —v(x) on Q.

Since v satisfies
(5.2) ~Av+az-Dv+ H(Dv) = f(z) inRY,

we have
n— An+ax-Do— Ly|Dn| <0 inQ.

We write ¢ and ¢ for ¢, and ¢,, respectively. Fix a constant B > 1 so that
—AY(z) + ax - Dy(x) — Ly|Dy(z)| > ¢(z) — B for 2 € RY.
Let ¢ denote the function defined by ¢(z,t) = (¢(z) — B)e™ on Q. It follows that
01— Ap+ax-Dp — Lg|De| >0 in Q.
We divide the proof of Theorem 5.1 into several lemmas.

Lemma 5.3. There is a function L : (0,1] — (0,00) and for each R > 0 a modulus
or such that

(5.3) lu(z,t)] < ep,(x)+ L(e) for (z,t) € Q, e € (0,1],
(5.4) lu(z,t) —u(z,s)| < ogr(|t—-s|) forxe B(0,R),tsec[0,00), R>D0.

Proof. Once (5.3) has been shown, (5.4) is a consequence of Theorem 3.2. Thus
we only need to prove (5.3).
Fix € € (0,1]. Since n € &,(Q), we have

In(z,0)] < ep(x) + My(e) for v € RY,
lim sup (n—ep)(z,t) =—oc0 forT >0

|z|—00 o<t<T

for some constant My (e) > 0. For each T' > 0 we choose a constant R > 0, which
depends on 7" and ¢, so that

n < ep on (RN \ B(0,R)) x [0,T].

Note that
ep(z) + My(e) = ep(x,0) + eB + My(e) for z € RY
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and hence

n(z,t) < ep(z,t) +eB+ My(e) for (z,t) € (0B(0,R) x [0,7]) U (B(0, R) x {0}).
Applying the maximum principle, we obtain
n(z,t) < ep(z,t) +eB+ My(e) for (z,t) € B(0,R) x [0,T].
Consequently we get
n(z,t) < ep(x,t) +eB + My(e) for (z,t) € RN x [0,7],

and furthermore

n(z,t) < ep(x,t) +eB+ My(e) for (z,t) € Q.
Similarly, we get

D@, t) = —ep(a,t) — B — My(e) for (x,1) € Q.
Thus we have

[n(z,t)] < e(x) + B+ My(e)  for (x,1) € Q,

which was to be shown. a

Lemma 5.4. The sets {u(-,t) | t > 0} and {u(-,- +1t) | £ > 0} are precompact in
C(RY) and C(Q), respectively.

Proof. By Theorem 3.1 and (5.3), the collection {u(-,¢) | ¢ > 0} is uniformly
bounded and equi-continuous on bounded subsets of RY. Similarly, by Theorem
3.1, (5.3), and (5.4), the collection {u(-,- +t) | ¢ > 0} is uniformly bounded and
equi-continuous on bounded subsets of (). Therefore, the Ascoli-Arzela theorem
guarantees the needed precompactness. O

We define the functions v, v~ : RY — R by

vi(z) = limsupu(z,t),
t—o0
v (z) = lim inf u(z,t).

Let C7 > 0 be the constant from (3.5) and L a function from Lemma 5.3. It follows
from (3.5) and (5.3) that for g = v and v,

(5.5) l9(2) =g < Cilz —y[(¢(x) + () for z,y € R,
(5.6) lg(z)] < e(x)+ Le) for z € RY and € € (0, 1].

In particular, we have v* € C7(R™).

25



Lemma 5.5. The functions v* and v~ are solutions in C*(R™) of (5.2).

Proof. We only give the proof for v since the proof for v~ is similar.
For T > 0 we define u” € C(Q) by u” (z,t) = u(x,t+T). Note that the functions
u” are classical solutions of (2.1). Next, for T > 0 we define v7 : Q — R by

v?(x,t) = sup{u(z,t) | S > T}.

Then (5.3) and (5.4), with v* in place of u, hold for all T > 0, which shows that
vl € C(Q) for all T > 0, and the functions v” are viscosity subsolutions of (2.1).
The convergence

v (,t) = vt (),

as T — o0, is monotone for all (z,t) € @ and hence, by the Dini lemma, it is uniform
on bounded subsets of Q. Regarding v* as a function on @ which is independent of
the t-variable, we see by the stability of viscosity subsolutions in the local uniform
convergence that v* is a viscosity subsolution of (2.1). Since v™ is independent of
the t-variable, v is a viscosity subsolution of (5.2).

Finally let v € C?(RY) N &,(RY) be a solution of (5.2). As we have already
remarked in Remark 4.7, v*(z) = v(z) + C for all z € RY and some constant
C € R. Hence, v is in C?(R") and satisfies (5.2). O

We introduce the w-limit set Q(u) of u as the set of those functions w € C(Q)
for which there is a sequence {¢;};eny C (0,00) such that, as j — oo, t; — o0
and u(x,t + ¢;) — w(z,t) uniformly on bounded subsets of Q). By the stability of
viscosity solutions of (2.1) in C(Q), we see that any w € Q(u) is a viscosity solution
of (2.1), which is a classical solution of (2.1) as well. By definition, it is obvious that

v () <w(z,t) <ovt(x) for (z,t) € Q and w € Q(u).
Lemma 5.6. There is a function w™ € Q(u) such that w=(0,1) = v~ (0).

Proof. By the definition of v~(0), there is a sequence {t;}jen C (1,00) such
that u(0,t;) — v~=(0) as j — oo. In view of Lemma 5.4, there are a subsequence
{s;}jen C {t;}jen and a function w~ € C(R"Y) such that as j — oo,

u(,-+s;—1) —w  inC(Q).

It is clear that w~ € Q(u) and v~ (0) = w=(0, 1). O
Now, we are ready to prove Theorem 5.1

Proof of Theorem 5.1. 1. By Lemma 5.5, the functions v* and v~ are a viscosity
subsolution and a viscosity supersolution of (5.2), respectively. Hence, Remark
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4.7 ensures that there are constants a,b € R such that v"(x) = v(z) + a and
v=(z) = v(x) + b for all z € RY. Since v*(z) > v=(z) for all z € RY, we have
a > b. If a = b, then we find by the definition of v* and by the precompactness
of {u(-,t) | t > 0} in C(RY) (due to Lemma 5.4) that u(-,t) — v+ a in C(R") as
t — 0.

2. Thus we only need to show that a = b.

Now, we prove that there is a sequence {t;};en C (0, 00) such that

(5.7) u(-,t;) — v~ in C(RY) asj— oo.

By Lemma 5.6, there is a function w~ € Q(u) such that w=(0,1) = v=(0). Since
w™(z,t) > v~ (z) for all (x,t) € Q, the function ¢ € C(Q) N C*1(Q) defined by
((z,t) = v (z)—w (x,t) attains a maximum at the point (0, 1) € Q. This function
( satisfies

G—AC+ar-DC—Ly|DE| <0 in Q.

By applying the strong maximum principle to ¢, we find that
C(z,t) =C(0,1) =0 for (x,t) € RY x [0,1).

That is, w™(z,t) = v~ () for all (x,t) € RY x[0,1). By the definition of Q(u), there
is a sequence {¢;}en C (0, 00) such that as j — oo, t; — oo and

u(-,t;) —w (-,0) =v~ in C(RY),

which shows (5.7).
3. For T > 0 we define the function 7 € C?Y(Q) by n’(z,t) = u(x,t +T) —
v(z) — b. Note that for any 7' > 0 the function 5’ satisfies

nf — An" +ax- Dyt — Ly|Dn'| <0 in Q.
Fix any € > 0 and note that
ep(x,0) +eB >0 for z € RY.
Recalling (5.3), we may choose a constant C' = C'(€) > 0 such that
\Mﬂmggw@+c for (z,t) € Q.
We may choose a constant R = R(e) > 0 such that

S0(@) +C —v(@) b < ep(z,0)  for w €RY\ B(O, R).
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Then we get
0" (x,0) < ep(z,0) for z € RY\ B(0,R), T > 0.
According to (5.7), we may fix a constant 7'= T'(¢) > 0 so that
n"(z,0) <e forx € B(0,R).

We now have
0" (2,0) < ep(z,0) +eB+e for x € RV,

By (5.3), we have

lim sup (n”(z,t) — ep(z,t) — (14 B)) = —0o  for S > 0.

|z]—00 0<t< S

We apply the comparison principle to 7 and ep + ¢(1 + B) as usual, to conclude
that
n"(z,t) < ep(a,t) +e(l+B) for (z,t) € Q.

In particular, we have
w(0,t+7T) <v(0) +b+ep(0,t) +€e(1 +B) <v(0)+b+e€(l+B) fort>0.
Here we used the fact that ¢(0,¢) < 0. Sending t — oo along a sequence yields
v(0) < v(0) + b+ e(1+ B),

which guarantees that a < b as € > 0 is arbitrary. This completes the proof. O

6 Locally Lipschitz Hamiltonian H

In this section, under the weaker assumption that H is locally Lipschitz continuous
on R and the stronger assumption that f, uy € Lip(R"), we establish the compari-
son, existence, regularity results for the Cauchy problem (2.1) and (2.2) and ergodic
problem (4.1), as well as and the long time behavior of solutions for the Cauchy
problem. The proof of these results will be based on the results obtained in the
previous sections.

We assume throughout this section that

(6.1) H € C*Y(RY),
(6.2) f € Lip(RY),
(6.3) uy € Lip(RY).
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We set
(6.4) M = maX{HDuOHOO,

|Dfllo }

> .

In this section we will frequently consider PDE
(6.5) ur — Au+ax - Du+ Hy(Du) = f(x)  in @,
where H); is a fixed function Hy; € Lip(RY) having the property:
(6.6) Hy(p) = H(p) for p € B(0, M).

Theorem 6.1. Problem (2.1) and (2.2) has a unique solution u € C(Q) N C*Y(Q)
such that

ju(z, t)]
: T > 0.
(6.7) S]g}) E <oo forT >
Moreover,
(6.8) |Du(z,t)] < M for (z,t) € Q,
(6.9) lu(z,t) —u(z,s)] < wg(|t—-s|) forze B(0,R), t,s € [0,00),

for all R > 0, where wg is a modulus and M is the constant given by (6.4).

Proof. 1. We show first the existence of a solution u € C(Q) N C*'(Q) of
(2.1) and (2.2) which satisfies (6.8). In view of Theorem 2.2, there is a solution
u e C(Q)NC*H Q)N ELQ) of (6.5) and (2.2). If u satisfies (6.8), then, because of
(6.6), u satisfies (2.1) as well. Thus it is enough to show that u satisfies (6.8). For
this we follow the proof of Theorem 3.1 with minor modifications.

2. Fix 0 < T < oo. We define w € C(Sy) N C*Y(Py), where Sp = R*N x [0,7T)
and Pr = R* x (0,7), by w(z,y,t) = u(x,t) — u(y,t), and observe that

(6.10) wy — Zw ~+ ax - Dyw + ay - Dyw — L|Dyw + Dyw|
< f(x) = fly) <aMlz—y| in Pr,

where L := ||[DH||o and Z : C?(RY) — C(RY) is the operator defined by

Eg(z,y) = Apg(z,y) + Ayg(z,y) +2§:ﬁ(w Y).
9 ) Yy Y — 8xzayz 9

For B > 1 large enough, the function ¢(z,t) := (¢.(x) — B)e '+ B on @ satisfies
(6.11) o — Ap+ax-Dp—LIDp| >0 inQ,
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as we saw before, and ¢ > 0 on (). Fix any € > 0 and set

1
0y, t) = Mz =yl +e(p(e.0) + oy, t) + =) for (z,4,1) € Sr.

Using (6.11), we then calculate that for (x,y,t) € Qr, if z # y, then

(6.12) n—ZEn+ax- D+ ay- Dyn— L|IDn+ Dyn)
€
> ﬁ+aM\x—y\ > aMlx —y|.

By our choice of M, we have

w(z,y,0) < M|z —y| < n(x,y,0) for (z,y) € R*N.

Since u € £,(Q), we have

lim Sup{w(‘r’:%t) - n(xayvt) | (l'ayvt) € ST? |l’| + |y| > R} = — .

R—o0

In view of (6.10) and (6.12), we may apply the maximum principle to w — 7 on
B(0,R) x B(0,R) x [0,T), with R > 0 sufficiently large, to conclude that

w(z,y,t) <n(x,y,t) for (z,y,t) € Sr,
from which, since € > 0 and T" > 0 are arbitrary, we obtain
u(z,t) —u(y,t) < M|z —y| for (x,y,t) € R* x [0,00).

This immediately yields (6.8).

3. Now we turn to the uniqueness assertion. Let v € C*1(Q) N C(Q) be another
solution of (2.1) and (2.2) satisfying (6.7), and we show that v = v on Q. It is
enough to show that u = v on Q for all 0 < T' < oo.

Fix any 0 < T < oo. We only show that u < v on Q7 since the proof of the
inequality u > v on Qp is similar. Let A > 0 be a constant to be fixed later. Fix
any 0 < € < 1 and set

w(z,t) = u(x,t) —v(z,t) —e(|z)* + At)  for (z,t) € Q.

In view of the growth condition (6.7) on u and v, we see that this function w attains
a maximum over Q,. Fix a maximum point (Z,t) € Qr of w and observe that

02
0= w(0.0) < w(E. 1) < Cu(fa] + 1) — 7’ < ~SJa + SL+
€
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where C] > 0 is a constant such that
u(z, )| + [v(z,t)] < Ci(lz| + 1) for (2,1) € Q.

Consequently, we have

(6.13) E|z)? < C1(2¢ + Cy) < 20, + CF.
We want to prove that
(6.14) max w = 0.
Qr

For this we need to show that ¢ = 0. Indeed, if ¢ = 0, then

0 <w(0,0) < maxw = w(z,0) < u(z,0) —ov(z,0) <O0.
Qr

We argue by contradiction and thus suppose that ¢ > 0. By the maximum principle,
we have
(6.15) Dw(z,t) =0, w(z,t)>0, —Aw(z,t)>0.

In particular, we have
|Du(z,t)| = |Du(z,t) — 2¢x| < M + R,

where R := 2,/2C} + C?. Here we have used that |Du(z,t)| < M for all (z,t) € Q
by (6.8).
Now, setting Ly := || DH||r(B(0,m+R)), We compute that, at (z,1),

0 = (u—v)y—A(u—v)+azx-D(u—v)+ H(Du) — H(Dv)
> w, — Aw + ax - Dw — Ly|Du — Dv| + ¢(A — 2N + 2a|z|?)
> w; — Aw+ az - Dw — Li|Dw| + (A — 2N + 2alz|* — 2L, |z]).
We fix

L2
A:Qmax(—ar2+L1r—|—N)—|—152—1+2N+1.
a

reR

Then we have
wy — Aw + ax - Dw — Li|Dw| < 0 at (z,1).

On the other hand, by (6.15) we must have

wy — Aw + ax - Dw — Li|Dw| >0 at (z,1).
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These two inequalities are contradictory, which shows that ¢ = 0 and hence (6.14)
is valid. Sending € — 0 yields

u(x,t) <wv(w,t) for (z,t) € Qp.

As noted before, we may conclude the desired uniqueness.

4. Since u satisfies (6.5), estimate (6.9) is a direct consequence of Theorem 3.2.
O

Remark 6.2. In order to get (6.8), one may use the standard Bernstein method as
well.

The uniqueness assertion in the above theorem can be extended to the following
comparison theorem for viscosity sub- and supersolutions of (2.1).

Theorem 6.3. Let v € USC(Q) and w € LSC(Q) be a viscosity subsolution and a

viscosity supersolution of (2.1), respectively. Assume that for each T > 0 there is a
constant Cr > 0 such that

(6.16) v(x,t) VvV (—w(z,t)) < Cr(1+|z|)  for (z,t) € Qr,
and that v(z,0) < ug(x) < w(z,0) for all z € RY. Thenu <wv in Q.

For the proof, we can easily adapt the argument for the uniqueness in Theorem
6.1 to show that v < u < w, where u is the unique solution of (2.1) and (2.2)
satisfying (6.8). We omit here the details of the proof of Theorem 6.3.

Next, we discuss the ergodic problem (4.1).

Theorem 6.4. (a) There exists a solution (c,v) € R x C2(R™) of (4.1) such that

(6.17) 1Dv]o < 1 lee.
(0%

(b) Let (c,v), (d,w) € R x (C*(R™) N Lip(RY)) be solutions of (4.1). Then we have
c=d and v—w=C onRY

for some constant C' € R.
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Proof. 1. Let R := max{||Dv/c, ||[Dw||s}. Assertion (b) is an immediate
consequence of Theorem 4.5, since (¢,v) and (d,w) are solutions of (4.1), with H
replaced by a function Hgr having the properties

Hp € Lip(RY) and Hg(p) = H(p) for p € B(0,R).

2. Due to Theorem 6.1, there is a (unique) solution u € C'(Q) N C*1(Q) of (2.1)
satisfying

D
(6.18) w(x,0) =0 forz € RY and |Du(x,t)| < (122413 for (z,t) € Q.

(07

Let L = % and choose a function Hy, € Lip(RY) so that H(p) = H(p) for all
p € B(0,L). By Theorem 4.4, there is a solution (c,v) € R x C*(RY) of (4.1), with
Hy in place of H, such that v € £,(R"Y) for some v € (0,a/2). By Theorem 5.1
there is a constant a € R such that

li — —ct—a)| = fi .
tLI&éI(loaJ)%()"U(:E) (u(z,t) —ct —a)l=0 for R>0

This together with (6.18) yields
lv(z) —v(y)| = tlim \(u(z,t) —ct —a) — (u(y,t) —ct —a)| < Llz —y| for z,y € RY.

This shows that || Dv||s < L and hence that (¢,v) is a solution of (4.1). O
Finally we state the long time behavior of solutions of (2.1).

Theorem 6.5. Let u € C(Q) N C*1(Q) be the unique solution of (2.1) and (2.2)
satisfying growth condition (6.7). Let (c,v) € R x (C?(RY)NLip(RY)) be a solution
of (4.1). Then there is a constant a € R such that

(6.19) Jim tnax lu(z,t) — (ct +v(x) +a)|=0 forall R > 0.

Proof. Noting that u satisfies
|Du(z,t)| < M for (z,t) € Q

by (6.8) and hence satisfies (6.5) and that (c,v) solves (4.1), with Hj; in place of
H, we conclude immediately from Theorem 5.1 that (6.19) is valid for some a € R.
O
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Appendix
Here we discuss briefly the solvability of the initial-boundary value problem

(A.1) ur — Au+ ax - Du+ H(Du) = f(z,t) in Qr,
(A.2) u=1 on Jd,Qr
in C(Q;)NC*'(Qr), where Qp := U x (0,T), U is an open ball in RY, 0 < T < oo,
H € Lip(RY), f € C(Qr), and v € C(Qr) are given functions, and 9,Qr :=
(OU x [0, T]) U (U x {0}).

Our arguments will be based on Schauder theory for parabolic PDE presented

in Chapter IV of [LSU].
Let 0 < v < 1. We first assume that

(A3) f e CT*(Qy),
(A4) ¢ € CPIH2(Qy),
(A.5) (x,0) — A(x,0) + ax - DY(z,0) + H(DY(z,0)) = f(z,0) for z € IU.

Theorem A.1. Under the assumptions (A.3)~(A.5) there is a unique solution u €
CHr192(Q) of (A1) and (A.2).

Outline of proof. We show that there is a constant 7 > 0, independent of T', f,
and 1, such that there exists a solution u € C**177/2(Qy) of (A.1) and (A.2) in Qs,
with S = min{r, T'}, from which we conclude the proof by an induction argument.
Let 7 € (0, 1] be a constant to be fixed later on and set S := min{r, T}.
Let X be the closed subset of C*™1*7/2(Q4) consisting of all functions v sat-
isfying v = ¢ on 0,Q)s. Fix any v € X and set g(z,t) = f(z,t) — H(Dv(x,t)) for
(z,t) € Qg. It is clear that g € C7/2(Qg) and

Py(z,0) — Ap(z,0) + ax - Dip(x,0) = g(x,0) for x € OU.

This last equality is the first compatibility condition for the initial-boudary value
problem

(A.6) u — Au+ ax - Du= g(z,t) in Qg,
(A.7) u=1 on J,Qs.

By virtue of Theorem 5.2 of Chapter IV in [LSU], there is a unique solution u €
CH11H9/2(Q4) of (A.6) and (A.7). Moreover there is a constant C' > 0 independent
of ¢ and ¢ such that

(A.8) [ull gzivsrizigyy < CUYlczrrnenz@,qs + 119lcramg,)):
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Thus we may define the mapping F': X — X by setting F(v) := u.

Fix any vy,v; € X and set w := F(v;) — F(vy) and g;(z,t) = f(x
H(Duv;(x,t)) for (z,t) € Qg and i = 1,2. Noting that w satisfies (A 6) and (A.7),
with g = g1 — g2 and ¥ = 0, we get from (A.8)

(A9)  [[F(v1) = F(v2)llgosvaiar gy < ClH (Dvi) — H(Dva)llgvsag)-

Since v(z,t) = t||g1 — 92||z~(gs) and —v are a supersolution and a subsolution
of (A.6) and (A.7), with ¢ = g1 — g» and ¥ = 0, we find by the maximum principle
that

(A10) [[F'(v1) = F(v2)llz(@s) < Sllgr = gallze@s) < SLID(01 — va2)|[(@s)

where L > 0 is a positive constant such that ||[DH ||, < L. From (A.9), we get

(F(v1)) = Fa)55 < Clgr — 92)5) + g1 — gallz~(0s))
< CL((D(v, — U2)>QS + | D(v1 — v2)|| 1 (@s)):

where, for 3 € (0,1) and functions v on Qg,

WED = (D) + (D)) + ),

08 = )0 + ).,

0%, = sl "SI 00,00 € Qs 0 20,
O, = s"E )N 0, ) € G 1453

Hence, by using the interpolation lemma (see Lemma 3.2 of Chapter II in [LSU]),
for any w € C**1+7/2(Qg), we have

1 _m
(Dw)g) < Co(S2(w)ST + 575w =),
14y
|Dw]| ) < Co(S T (w)5T™ + 572 |w| 1 (qs))-

for some constant Cy > 0 independent of S. These, (A.9), and (A.10) together yield

(A1) (F(v) — Flu)55" +5 1||F<v1> F(02)| 2 (qs)
< LG (052 +(C+L)S) (o — w57
+ LGy (CST +(C+1)S7) S o1 — vall = (s
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Now, we fix 7 € (0, 1] so that
LCy (Cr2 +(C+ L)72) <
Since S <7 <1, from (A.11) we get

2 _
(A12) (F(or) = F2))g?” + ST F (@) = F(vz)l1=(q)
1 2 _
< 5 (= )G + 57 o — vall (00
This shows that F'is a contraction mapping on X, equipped with the metric

p(v1,v2) = (v1 — U2>8:7) + 5—1”1}1 — Vsl Lo (Qs)-

By the contraction mapping theorem, there is a unique fixed point u € X of F. It
is easily seen that u is a unique solution of (A.1) and (A.2) in Qs. 0

Remark A.2. We have the following estimate in the above theorem: if u is the
solution of (A.1) and (A.2), then

(A.13) [ullgztaaivrg,y < CUYllc2evivrzo,e0 + 1 lororg,))

for some constant C' > 0, independent of ¢ and f. We first note that for any
@ € CH11IH7/2(9,Qr) there is an extension of ¢ to @, denoted again by ¢, which
satisfies
(A.14) ||<P||c2+m1+v/2@T) < OOHSOHCQW’H“//?((?,,QT),
where Cy > 0 is a constant independent of ¢. To prove (13), we may assume that
(A.14) is satisfied with ) in place of ¢. Going back to the proof of Theorem A.1,
the solution u of (A.1) and (A.2) in Qg can be obtained as the limit of the sequence
{u,} in C*1+7/2(Qg) defined by u; = 1 and u,, = F(u,) for n € N. Then, using
the interpolation inequalities, (A.8), and (A.12), we get

n—1

[unll ez, < D Nkt — wellgorniinregy) + ltalloorireg,)

k=1
n—1
< Oy Y p(ukyn, ug) + [wrll g2
k=1
< 2C1p(uz, wr) + [[wr]|gzarainre gy
< GlIFW) = Ylczianng + 1Wllczmarsgy)
< GllE@)czrrinngy + (Co + DYl carirezgy)
< CO([¢llcaimnsnrngy + If = HDY) | grarg.))
+(Cy + 1)H¢HCQ+%1+W/2@5)
<

C3(||1/J||02+«/,1+w/2(65) + ||f||C%v/2(@S))
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for some positive constants Cy, Cy, and C5. This guarantees (A.13).

Next, we just assume that

(A.15) f e C(@Qy),

(
(A.16) )€ C(Qr)

Theorem A.3. Under the assumptions (A.15) and (A.16) there is a unique solution
u € C(Qp) NCH1IH2(Qr) of (A1) and (A.2).

Outline of proof. We begin by noting that there is a sequence {1, }nen C
C>(Qy) such that
¥, = inC(Qp) asn— oo,

Unt — Ay, +ax - D, + H(Dp,) = f on OU x {0} for n € N.

Fix such a sequence {,}. By virtue of Theorem A.1, for each n € N there is a
unique solution u,, € C**1+7/2(Q;) of (A.1) and (A.2), with v, in place of .

Fix any 0 < Ty, < T and U, be an open ball such that U, C U. Set Qo =
Uy x (To,T). We will show that

(Al?) ||Un||02+771+7/2(60) S C() forne N

for some constant Cy = Cy(Uy, Tp) > 0, independent of n. By the comparison
principle, we have

(A.18) [tn — Ul o@r) < U0 — Umllo@,Qry  for n,m e N.

Conceding for the moment that (A.17) is valid, we see by using (A.18) that for
some function u € C(Qr) N C**1+7/2(Q,),

u, —u in C(Qr)NC*(Q,) asn— oo.
In particular, u satisfies

{ u — Au+ax - Du+ H(Du) = f  in Q,
(u - ¢)‘8pQT = 0.

In view of the arbitrariness of U, and Ty, we conclude that u is in C%t7:1+7/ 2(Qr)
and is a solution of (A.1) and (A.2).

Thus we only need to show that (A.17) holds.

We follow the arguments at pp. 352-355 in [LSU]. To show (A.17), we fix n € N
and write u for u,,. Choose R > 0 and 2y € R" so that U = {z € RY | |z —z| < R}.
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For 0 < A < 1weset QM = {z € RV | |z — 20| < R(1—3)} x (’\%T,T). We may
choose ¢* € C*(Qr) so that

*>0, Mxt)=1 for (z,1) € QW, PMa,t) =0 for (z,t) € Qp \ Q)

DM poe@ry) < CLATF for k=0,1,2,  [[¢Mre(on < C1A~2

for some constant C; > 0 independent of \.

Define N : C%1(Qr) — C(Qr) by
N(g)(x,t) = g(x,t) — Ag(x,t) + ax - Dg(x,t) + H(Dg(x,1)).

We may assume by replacing H and f by H(p)—H(0) and f(z)— H(0), respectively,
that H(0) = 0. The function v := (*u satisfies

{ v, — Av+ax - Dv+ H(Dv) = N(Cu) — (N (u) — f(x))  in Qr,
U|apQT =0.

Setting fo := N(CPu) — (PN (u) + ¢* f, in view of (A.13), we have
(A.19) [0l c2tv102@p < Cllfollcrnrz@y):-
We have

N(Cu) = PN (u) = Gu— (A u—2DC* - Du+afz - D
H(uD¢* + ¢*Du) — ¢*H(Du).

Following arguments in [LSU], we obtain

|Gl < CoOOT Nl gy + A0y
1AMl < CoA> Tl gy + A7) 0y
||DCA'DU||mn/2@T) < Cy(AT WHDUH (@3 )) <DU>Q( A )
lox - DCull g,y < GO ull )
1 llonra@y < Cod W||f||Lm<QT>+<f>g3%)>

for some constant Cy > 0, independent of A\. Also, noting that

IH (D¢ + ¢ D)l crnag,y < IDH |ocl[uDC* + ¢*Dulloro 2,
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and replacing C5 by a larger constant if necessary, we get

lH (uDC* + D)l e g,y

< GOl g, + AN +A ) )

Lo Q( Lo Q( ))

Similarly we have

I H(DW)l a2,y < Co(A 1D +(Du) )

L=(QD)
Recalling that 0 < A < 1 and summing up the above inequalities, we get

+ A7 D]

(A2O> HfOHC'Y"V/Q(QT) S CB<)\ - 'YHUHLOO Q( )) [,o© Q( ))

+A % {u > y TAT <Du)Q(%)
)
+)\ ’YHfHLOO Q( ))+<f>Q(%))

for some constant C5 > 0 independent of A\. Hence, using (A.19) and interpolation
inequalities (see Lemma 3.2 of Chapter II in [LSUJ), we get

(Yot < 2731y > D CoAT )

T

e T AN flevare @)

for some constant Cy > 0, which yields

2+ _3_ 2+
A2+v<u)(Qm7) <93 7)\2+7<u>i2<%7)) + C4(||“||Loo(Q<%>) + 1 fllevarz@,)-

Recall that u = u,, depends on n € N, and choose a constant M > 0 so that
”uTZHL‘X’ (Q7) + “fHCv 2Qp) = <M forneN.

Then

1 A 2+
N ()0l < 5 (2> (n >Sﬂ +CM  forn €N.

Since u, € C?+147/2(Q), this yields

MV u,)08) < 20,M forn €N, A e (0,1],

which guarantees (A.17).
Uniqueness is a consequence of the standard maximum principle. O

39



References

[BC] M. BARDI AND I. CAPUZZO DOLCETTA, Optimal Control and Viscosity Solu-
tions of Hamilton-Jacobi-Bellman equations, Systems & Control: Foundations
& Applications. Birkhauser Boston, Inc., Boston 1990.

[BD] M. BARDI AND F. DA Li10, On the strong mazimum principle for fully nonlin-
ear degenerate elliptic equations, Arch. Math. (Basel) 73 (1999), no. 4, 276-285.

[BS1] G. BARLES AND P. E. SOUGANIDIS, On the large time behavior of solutions
of Hamilton-Jacobi equaitons, STAM J. Math. Anal. 31 (2000), no. 4, 925-939.

[BS2] G. BARLES AND P. E. SOUGANIDIS, Space-time periodic solutions and long-

time behavior of solutions to quasi-periodic parabolic equations, SIAM J. Math.
Anal. 32 (2001), no. 6, 1311-1323.

[CIL] M. G. CRANDALL, H. IsHil, AND P.-L. LIONS, User’s guide to viscosity
solutions of second-order partial differential equations, Bull. Amer. Math. Soc.

(NS), 27 (1992), no. 1, 1-67.

[F] A. FATHI, Sur la convergence du semi-groupe de Laz-Oleinik semigroup, C. R.
Acad. Sci. Paris Sér. I Math. 327 (1998), no. 3, 267-270.

[LSU] O. A. LADYZENSKAJA, V. A. SOLONNIKOV, AND N. N. URALTCEVA,
Linear and quasilinear equations of parabolic type, Translated from the Rus-
sian by S. Smith. Translations of Mathematical Monographs, Vol. 23 American
Mathematical Society, Providence, R.I. 1967.

IN] G. NamaH, Asymptotic solution of a Hamilton-Jacobi equation, Asymptotic
Anal.; 12 (1996), no. 4, 355-370.

INR] G. NAMAH AND J.-M. ROQUEJOFFRE, Remarks on the long time behavior of

the solutions of Hamilton-Jacobi equations, Comm. Partial Differential Equa-
tions, 24 (1999), no. 5-6, 883-893.

[PW] M. H. PROTTER AND H. F. WEINBERGER, Maximum principles in differ-
ential equations, Springer-Verlag, New York, 1984.

[R] J.-M. ROQUEJOFFRE, Comportement asymptotique des solutions déquations

de Hamilton-Jacobi monodimensionnelles, C. R. Acad. Sci. Paris Sér. I Math.
326 (1998), no. 2, 185-189.

40



