Asymptotic solutions for large time of
Hamilton-Jacobi equations
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Abstract. We study the large time behavior of solutions of the
Cauchy problem for the Hamilton-Jacobi equation u; + H(xz, Du) = 0
in R" x (0,00), where H(z,p) is continuous on R” x R™ and convex in p.
We establish a general convergence result for viscosity solutions u(z,t) of
the Cauchy problem as t — oo.

1. Introduction and the main results

In recent years, there has been much interest on the asymptotic behavior of viscosity
solutions of the Cauchy problem for Hamilton-Jacobi equations or viscous Hamilton-
Jacobi equations. Namah and Roquejoffre [NR] and Fathi [F2] were the first those
who established fairly general convergence results for the Hamilton-Jacobi equation
ut(x,t) + H(x, Du(x,t)) = 0 on a compact manifold M with smooth strictly convex
Hamiltonian H. Fathi’s approach to this large time asymptotic problem is based on weak
KAM theory [F1, F3, FS1] which is concerned with the Hamilton-Jacobi equation as
well as with the Lagrangian or Hamiltonian dynamical structures behind it. Barles and
Souganidis [BS1, BS2] took another approach, based on PDE techniques, to the same
asymptotic problem. The weak KAM approach due to Fathi to the asymptotic problem
has been developed and further improved by Roquejoffre [R] and Davini-Siconolfi [DS].
Motivated by these developments the author jointly with Y. Fujita and P. Loreti (see
[FIL1]) has recently investigated the asymptotic problem for viscous Hamilton-Jacobi
equations with Ornstein-Uhlenbeck operator

uy — Au+ ax - Du+ H(Du) = f(z) in R" x (0, 00),
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and the corresponding Hamilton-Jacobi equations
us + ax - Du+ H(Du) = f(z) in R"™ x (0, 00),

where H is a convex function on R™, A denotes the Laplace operator, and « is a positive
constant, and has established a convergence result similar to those obtained by [BS, F2,
R, DS].

In this paper we investigate the Cauchy problem

us + H(x,Du) =0 in R" x (0, 00), (1.1)
u(+,0) = up, (1.2)

where H is a scalar function on R™ x R", u = u(z,t) is the unknown scalar function
on R" x [0, 00), uy = Ou/0t, Du = (Ou/0z1,...,0u/0x,), and ug is a given function on
R" describing the initial data. The function H(x,p) is assumed here to be convex in p,
and we call H the Hamiltonian and then the function L, defined by
L(x,&) = sup (§-p— H(z,p)),
peER™
the Lagrangian. We refer to [Rf] for general properties of convex functions.
We are also concerned with the additive eigenvalue problem:

H(x,Dv)=¢ inR", (1.3)

where the unknown is a pair (¢,v) € R x C(R"™) for which v is a viscosity solution of
(1.3). This problem is also called the ergodic control problem due to the fact that PDE
(1.3) appears as the dynamic programming equation in ergodic control of deterministic
optimal control theory. We remark that the additive eigenvalue problem (1.3) appears
in the homogenization of Hamilton-Jacobi equations. See for this [LPV].

For notational simplicity, given ¢ € C1(R"™), we will write H[¢](x) for H(z, Dé(x))
or H[¢] for the function: x — H(z, Dp(x)) on R™. For instance, (1.3) may be written
as H[v] = ¢ in R™.

We make the following assumptions on the Hamiltonian H.

(Al) He C(R™ x R").
(A2) H is coercive, that is, for any R > 0,

lim inf{H (z,p) | v € B(0,R), pc R"\ B(0,r)} = oo.

(A3) For any =z € R", the function: p — H(z,p) is strictly convex in R™.
(A4) There are functions ¢; € CYTH(R") and o; € C(R"™), with i = 0, 1, such that for

i=0,1,
H(z,D¢;(x)) < —o;(x) almost every x € R",
| llim o;(x) = oo, | llim (po — &1) (x) = oc.



By adding a constant to the function ¢g, we assume henceforth that
do(x) > ¢p1(x) for x € R".
We introduce the class ®¢ of functions by
®o = {u € C(R") | inf(u — ¢o) > —oo}.

We call a modulus a function m : [0,00) — [0,00) if it is continuous and nonde-
creasing on [0,00) and if m(0) = 0. The space of all absolutely continuous functions
v : [S,T] — R™ will be denoted by AC([S, T],R™). For z,y € R™ and t > 0, C(x,1)
(resp., C(z,t;y,0)) will denote the spaces of all curves v € AC([0,¢],R™) satisfying
~(t) = x (resp., v(t) = x and v(0) = y). For any interval I C R and v: 1 — R", we
call v a curve if it is absolutely continuous on any compact subinterval of I.

We will establish the following theorems.

Theorem 1.1. Let ug € ®¢ and assume that (A1)-(A4) hold. Then there is a unique
viscosity solution u € C(R™ x [0,00)) of (1.1) and (1.2) satisfying

inf{u(z,t) — ¢o(x) | (z,t) € R" x [0,T]} > —o0 (1.4)

for any T € (0,00). Moreover the function u is represented as

u(z,t) = inf { [ 2636 ds +unt0) 7 € c<x,t>} (15)
for (z,t) € R x (0,00).

Note that L(z,§) > —H(«x,0) for all z € R™ and hence inf{L(x,¢) | (z,§) €
B(0,R) x R"} > —oo for all R > 0. Note as well that for any (x,t) € R™ x (0, o0) and
v € C(z,t) the function: s — L(v(s),¥(s)) is measurable. Therefore it is natural and
standard to set

/0 L((5),4(s)) ds = oo,

with v € C(z,1), if the function: s +— L(vy(s),5(s)) on [0, t] is not integrable. In this
sense the integral in formula (1.5) always makes sense.

Theorem 1.2. Let (A1)—(A4) hold. Then there is a solution (c,v) € R x ®q of (1.3).
Moreover the constant c is unique in the sense that if (d, w) € R x ®q is another solution

of (1.3), then d = c.

The above theorem determines uniquely a constant ¢, which we will denote by cy,
for which (1.3) has a viscosity solution in the class ®q. The constant cp is called the
additive eigenvalue (or simply eigenvalue) or critical value for the Hamiltonian H. This
definition may suggest that ¢ depends on the choice of (¢g, ¢1). Actually, it depends
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only on H, but not on the choice of (¢, ¢1), as the characterization of ¢ in Proposition
3.4 below shows. It is clear that if (¢, v) is a solution of (1.3), then (¢, v+ K) is a solution
of (1.3) for any K € R. As is well-known (see [LPV]), the structure of solutions of (1.3)
is, in general, much more complicated than this one-dimensional structure.

After completing the first version of this paper the author learned that Barles and
Roquejoffre [BR] had studied the large time behavior of solutions of (1.1) and (1.2) and
obtained, among other results, a generalization of the main result in [NR] to unbounded

solutions.

Theorem 1.3. Let (Al)—(A4) hold and ug € 9. Let u € C(R™ x [0,00)) be the
viscosity solution of (1.1) and (1.2) satisfying (1.4). Then there is a viscosity solution
vo € ®g of (1.3), with ¢ = cy, such that as t — oo,

u(x,t) +ct —vo(x) — 0 wuniformly on compact subsets of R".

We call the function vg(x)—ct obtained in the above theorem the asymptotic solution
of (1.1) and (1.2). See Theorem 8.1 for a representation formula for the function vy.

In order to prove Theorem 1.3, we take an approach close to and inspired by the
generalized dynamical approach introduced by Davini and Siconolfi [DS]. However our
approach does not depend on the Aubry set for the Lagrangian L and is much simpler
than the generalized dynamical approach by [DS].

In the following we always assume that (A1)—(A4) hold.

The paper is organized as follows: in Section 2 we collect some basic observations
needed in the following sections. Section 3 is devoted to the additive eigenvalue problem
and to establishing Theorem 1.2. In Section 4 we establish a comparison theorem for
(1.1) and (1.2), from which the uniqueness part of Theorem 1.1 follows. Section 5
deals with the existence of a viscosity solution u of the Cauchy problem (1.1)—(1.2)
together with an estimate on the modulus of continuity of u. In Section 6 we prove the
existence of extremal curves for variational problems associated with the Lagrangian
L. Section 7 combines the results in the preceding sections, to prove Theorem 1.3. In
Section 8 we show a representation formula for the asymptotic solution for large time of
(1.1) and (1.2) and introduce and study the Aubry set for the Hamiltonian H (or more
appropriately for Lagrangian L). In Section 9 we give two sufficient conditions for H
to satisfy (A4) and a two-dimensional example in which the Aubry set contains a non-
empty disk, with positive radius, consisting of non-equilibrium points. In Appendix we
show in a general setting that value functions (or in other words the action functional)
associated with Hamiltonian H are viscosity solutions of the Hamilton-Jacobi equation
H = 0. A proposition concerning the Aubry set is presented in Appendix.

Acknowledgments. I would like to thank the referee for his suggestion on the
treatment of the Cauchy problem (1.1) and (1.2) as well as other critical comments which
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helped me to improve the presentation. In the previous versions I took a generalized
dynamical approach, which is very close to the one in [DS], to proving main results. A
strong indication for the new approach taken in the present version has come up in a
recent joint work [II] with Dr. Naoyuki Ichihara. T would like to thank him for bringing
me such a fortune as well as for his pointing out many errors and misprints in previous
versions of this paper.

2. Preliminaries

In this section we collect some basic observations which will be needed in the fol-
lowing sections.

We will be concerned with functions f on R™ x R". We write D f and D, f for the
gradients of f, respectively, in the first n variables and in the last n variables. Similarly,
we use the symbols Dli f and D2jE f to denote the sub- and superdifferentials of f in the
first or last n variables.

We remark that, since H(z, -) is convex for any x € R", for any u € C°T1(Q), where
Q C R™ x (0,00) is open, it is a viscosity subsolution of (1.1) in € if and only if it
satisfies (1.1) almost everywhere (a.e. for short) in Q. A similar remark holds true for
the stationary problem (1.3).

Also, as is well-known, the coercivity assumption (A2) on H guarantees that if
v € C(Q), where  is an open subset of R", is a viscosity subsolution of (1.3) in €,
then it is locally Lipschitz in €.

Another remark related to the convexity of H is that given nonempty, uniformly
bounded, family S of subsolutions of (1.3) in 2, where €2 is an open subset of R", the
pointwise infimum u(z) := inf{v(z) | v € S} gives a viscosity subsolution u of (1.3) in
Q). For instance, this can be checked by invoking the notion of semicontinuous viscosity
solutions due to Barron-Jensen [BJ1, BJ2]. Indeed, due to this theory (see also [B,
BC,I]), v € C9T(Q) is a viscosity subsolution of (1.3) if and only if H(z,p) < ¢ for all
p € D ov(x) and all x € Q. It is standard to see that if p € D™ u(x) for some z € Q,
then there are sequences {z}ren C Q, {vi}tren C S, and {pr}ren C R”™ such that
pr € D7 ug(xy) for all £ € N and (xg, pr, vi(zr)) — (z,p,u(z)) as k — oco. Here, we
have H(zy,pr) < c for all k € N and conclude that H(xz,p) < ¢ for all p € D~ u(z)
and all z € Q. If, instead, S is a family of viscosity supersolutions of (1.3) in 2, then
a classical result in viscosity solutions theory assures that u, defined as the pointwise
infimum of all functions v € S, is a viscosity supersolution of (1.3) in €. In particular,
if S is a family of viscosity solutions of (1.3) in 2, then the function u, defined as the
pointwise infimum of v € S, is a viscosity solution of (1.3) in €.

Proposition 2.1. For each R > 0 there exist constants g > 0 and Cr > 0 such that
L(z,¢) < Cg for all (z,§) € B(0,R) x B(0,0R).
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Proof. Fix any R > 0. By the continuity of H, there exists a constant Mz > 0 such
that H(z,0) < Mg for all z € B(0,R). Also, by the coercivity of H, there exists a
constant pr > 0 such that H(z,p) > Mr+1 for all (z,p) € B(0, R) x0B(0, pr). We set
6r = pgr'. Let £ € B(0,g) and = € B(0, R). Let ¢ € B(0, pr) be the minimum point
of the function: f(p) := H(z,p) — & -p on B(0, pr). Noting that f(0) = H(x,0) < Mg
and f(p) > Mg+ 1— dgpr = Mg for all p € IB(0, pr), we see that ¢ € int B(0, pr)
and hence & € D, H(x,q), which implies that L(z,§) = £ -q — H(z,q). Consequently,
we get

L <4 — min H =1- i H.
(z,€) < Orpr min (z,p) .

Now, choosing Cr > 0 so that 1 — ming(,r)xr» H < Cr, we obtain
L(z,§) < Cg forall (x,£) € B(0,R) x B(0,dR). O

Proposition 2.2. Let (z,§) € R™ x R". Then (x,§) € int dom L if and only if
¢ € D, H(x,p) for some p € R".

Proof. Fix 2, € R". Suppose first that £ € D5 H(z,p) for some p € R™. Define the
function f on R™ x R™ by

Note that the function f(z,-) attains the minimum value 0 at p and it is strictly convex
on R". Fix r > 0 and set

m = min z,p),
pebuin f(E,p)

and note, because of the strict convexity of f(z,-), that m > 0. Note also that the
function: x +— min,cpp s f(2,p) is continuous on R™. Hence there is a constant
0 > 0 such that

min{ f(z,p) | z € B(&,0), p € 0B(p,r)} > %, (2.1)
max{f(z,p) | z € B(#,0)} < % (2.2)

Fix any (z,€) € B(Z,6) x B(0,2) and consider the affine function g(p) := r~1¢ -
(p — p) + 2. We show that

f(z,p) > g(p) forallpeR"™\ B(p,r). (2.3)

To see this, we fix any p € R™ \ B(p,r) and set ¢ = p+r(p —p)/|p — p| € OB(p, 7).
Then, by (2.1), we have

m
f(fl?,(]) > 5
Using the convexity of f(z,-) and noting that ¢ = (1 — lp_iﬁl)f) + |p—iﬁ|p, we get
r r
fx7q S(l_ A>fxaﬁ+ Afxap
(#:9) lp — Pl (@) @—pl( )
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and hence, by using (2.2), we get

flx,p) =r"p—plf(x,q) + (X —r~|p—p|)f(z,p)
_ m -~ m m _ .
> 1|p—p|3+(1—7° 1!p—p!)z=z(1+r Yp —p). (2.4)

On the other hand, we have

g(p) < - (r"Hp -l +1).

This combined with (2.4) shows that (2.3) is valid.
Next, observing that f(z,p) — g(p) < G — g(p) = 0 by (2.2) and using (2.3), we see
that the function: p — f(z,p) — g(p) attains its global minimum at a point in B(p,r).

m
4

Fix such a minimum point p, ¢ € B(p,r), which is indeed uniquely determined by the
strict convexity of f(z,-). We have

0 € Dy f(2,Pag) — Dg(pag) = Dy H(w,pa) — € — 17 €.

That is,
E4+r7Ye € Dy H(x,pog),

which is equivalent to saying that
Pae € Dy Lz, €+ r71E).

In particular, we have (z,€ +r~'¢) € dom L and (&, €) € int dom L.

Next, we suppose that (z, f) € int dom L. Then it is an easy consequence of the
Hahn-Banach theorem that there is a p € R™ such that € € D; H(z,p). 0O

Remark. Let (z,£) € int dom L. According to the above theorem (and its proof),
there is a unique p(z,§) € Dy L(x,€). That is, on the set int dom L, the multi-valued
map D, L can be identified with the single-valued function: (x,¢) — p(z,§). By the
above proof, we see moreover that for each r > 0 there is a constant § > 0 such that
p(y,m) € B(p(z,&),r) for all (y,n) € B(x,d) x B(£,0). From this observation, we easily
see that the function: (z,&) — p(x,§) is continuous on int dom L. Indeed, one can show
that L is differentiable in the last n variables and D5 L is continuous on int dom L.

Proposition 2.3. Let K C R™ x R™ be a compact set. Set
S={(z,§) e R" xR" | £ € Dy H(z,p) for some p € R" such that (z,p) € K}.

Then S 1s a compact subset of R™ x R™ and S C int dom L.

Proof. We choose a constant R > 0 so that K = B(0, R) x B(0, R).
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To see that S is compact, we first check that S C R?" is a closed set. Let
{(x1, &) ken C S be a sequence converging to (rg,&y) € R*®. For each k € N there
corresponds a point pi € B(0, R) such that

&k € Dy H(xy, pr)-

This is equivalent to saying that

§k - pr = L(wg, &) + H(zk, pr)- (2.5)

We may assume by replacing the sequence {(xx, &k, pr)} by one of its subsequences if
necessary that {py} is convergent. Let py € B(0, R) be the limit of the sequence {py}.
Since L is lower semicontinuous, we get from (2.5) in the limit as k — oo,

o - po > L(w0,&0) + H(x0,P0),

which implies that { € D5 H(zo,po). Hence, we have (z9,&) € S and see that S is
closed.

Next we show that S is bounded. Since H € C(R?") and the function: p — H(x,p)
is convex for any x € R"™, we see that there is a constant M > 0 such that the functions:
p+— H(x,p), with z € B(0, R), is equi-Lipschitz continuous on B(0, R) with a Lipschitz
bound M. This implies that

€| < M for all (z,€) € S,

since if (z,€&) € S, then £ € Dy H(z,p) for some p € B(0,R) and || < M. Thus we
have seen that S C B(0,R) x B(0,M). The set S is bounded and closed in R?" and
therefore it is compact.

Finally, we apply Proposition 2.2 to (z,§) € S, to see that (z,£) € int dom L. 0O

Proposition 2.4. Let Q) be an open subset of R™, ¢ € C'TH(Q), and v € AC([a,b], R"),
where a, b € R satisfy a < b. Assume that y([a, b]) C Q. Then there is a function
q € L*°(a,b,R™) such that

S o0n() =alt) 40) ae 1€ (ab)
q(t) € 0.0(y(t)) a.e. t € (a,b).

Here 0.¢ denotes the Clarke differential of ¢ (see [C]), that is,

0c0(x) = m co{Do¢(y) |y € B(x,r), ¢ is differentiable at y}  for x € Q.
r>0

Proof. We may assume without loss of generality that 2 = R". Let p € C*°(R") be
a standard mollification kernel, i.e., p > 0, spt p C B(0,1), and [, p(z)dz = 1.
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Set pi(x) := k"p(kx) and ¢p(z) := pg * ¢(x) for z € R™ and k € N. Here the
symbol “x” indicates the usual convolution of two functions. Set

P(t) =poy(t), Yi(t)=orovy(t), and qr(t) = D¢y o~(t) for t € [a,b], k€ N.

We have ) (t) = qu(t) - 4(t) a.e. t € (a,b), and, by integration,

t
Vi (t) — Yr(a) = / qr(s) - y(s)ds  for all t € [a, b). (2.6)
Passing to a subsequence if necessary, we may assume that for some ¢ € L*(a, b, R"),

qr — q weakly star in L>(a,b,R") as k — oc.

Therefore, from (2.6) we get in the limit as k — oo,

W(t) — (a) = / g(s)-A(s)ds  for all £ € [a,b].

This shows that .
P(t) =q(t)-5(t) ae. te(a,b).

Noting that {gx} is weakly convergent to ¢ in L?(a,b,R™), by Mazur’s theorem, we
may assume that there is a sequence {py} such that

pr —q strongly in L?(a,b,R™) as k — oo,
pr € cof{q; | j >k} forall keN.

We may further assume that
pr(t) — q(t) ae. te(a,b) as k— oo.
We fix a set I C (a,b) of full measure so that
pe(t) — q(t) foralltel as k — oo. (2.7)
Now, for any x € R™ and any k € N, noting that
Donta) = [ pule = 9)Doly) dy,
we find that
D¢r(x) € o{Do(y) | y € B(z, k™), ¢ is differentiable at y}.
From this, we get
qe(t) €{D¢(x) | = € B(y(t), k'), ¢ is differentiable at 2}  for all ¢ € [a, b],

9



and therefore
pe(t) € o{Do(z) | x € B(y(t), k'), ¢ is differentiable at £}  for all ¢ € [a,b]. (2.8)
Combining (2.7) and (2.8), we get

q(t) € ﬂ co{Do(x) | © € B(y(t), r), ¢ is differentiable at z}  for all t € I.
r>0

That is, we have

q(t) € 0.0(y(t)) ae. t e (a,b). O

Proposition 2.5. Let ) be an open subset of R" and w € COtY(R") be such that
H(z, Dw(x)) < f(x) in Q in the viscosity sense, where f € C(Q). Let a,b € R be such
that a < b and let v € AC([a,b],R™). Assume that v([a, b]) C Q. Then

w(7(8)) - w(x(a) < / L((s), 4(s)) ds + / e

a

Proof. By Proposition 2.4, there is a function ¢ € L*°(a, b, R™) such that

Cur(s) = (s) A(s) and  gls) € Dewlr(s) e s € (ab)
Noting that H(z,p) < f(x) for all p € d.w(z) and all x € €, we calculate that
b b
w((b) ~ w(r(a)) = / Lute)ds= [ it ds

b
/ [L(v )+ H(v(s), q(s))] dSS/ [L(v(s),7(s)) + f(7(s)] ds. D

3. Additive eigenvalue problem
In this section we prove Theorem 1.2. Our proof below is parallel to that in [LPV].

Lemma 3.1. There is a function g € CY(R") such that
H(xz,Dipo(x)) > —Coy  for all z € R", (3.1)
vo(z) > ¢o(z)  for allz € R" (3.2)
for some constant Cy > 0.

Proof. We choose a modulus p so that
H(xz,p) >0 for all (z,p) € B(0,r) x [R"\ B(0,p(r))] and all r > 1,
| Déoll o= (B(0,r)) < p(r)  forall r > 1.

Because of this choice, we have
||
do(z) — do(|z|12) < / p(r)dr for all z € R™\ B(0,1).
1
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We define the function ¢y € C*(R") b

||
Yolz) = max do + / p(r) dr.

B(0,1)

It is now easily seen that

do(x) <tpo(z) forall z € R", (3.3)
| Db ()| —p(|ac|) for all x € R",
H(x, Dipo(x)) > for all z € R" \ B(0,1).

Choosing a constant Cy > 0 so that

>
CO = mEHB}E(%éfl) |H(£L‘,D¢0(CL’))|,

we have
H(z,Dipy(x)) > —Cy  for all z € R".
This together with (3.3) completes the proof. 0O

We need the following comparison theorem.

Theorem 3.2. Let Q be an open subset of R™. Let ¢ > 0. Let u,v : Q — R be,
respectively, an upper semicontinuous viscosity subsolution of

Hu] < —e inQ, (3.4)
and a lower semicontinuous viscosity supersolution of

Hv] >0 inQ. (3.5)
Assume that v € @ and u < v on Q. Then u < v on Q.

The main idea in the following proof how to use the convexity property of H is
similar to that in [A].
Proof. We may choose an R > 0 so that H(z, D¢1(x)) < —¢ a.e. in Q\ B(0, R) and
then a constant Ay > 0 so that ¢1(x) + Ay > u(zx) for all x € B(0, R).

Fix any A > Ag and define uy € C(Q) by ua(z) = min{¢; (z)+ A, u(z)}. For almost
all z € Q, we have

Du(x) if u(zx) <¢1(x)+ A
Duy(z) = .
D¢y(x)  if u(z) > d1(z) + A
Hence, for almost all z € Q, if u(x) < ¢1(z) + A, then H(x, Dua(x)) = H(x, Du(x))

<
—e, and if u(x) > ¢1(x) + A, then |z| > R and hence H(x, Dua(x)) = H(z, Dp1(x)) <
—e. Therefore, uy is a viscosity subsolution of (3.4).
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Since v € &g and ua(z) < ¢1(x) + A for all x € R™, we have

lim (v(z) —ua(x)) = o0,

|z|—o00

and we see that there is a constant M > 0 such that
ua(x) <wv(z) forallz € Q\ B(0,M).

By a standard comparison theorem applied in Q N B(0,2M), we obtain ua(z) < v(x)
for all z € QN B(0,2M), from which we get u4(z) < v(z) for all € Q. Noting that, for
each z € Q, we have ua(x) = u(x) if A is sufficiently large, we conclude that u(z) < v(z)
forallz € Q. 0O

Theorem 3.3. (1) There is a solution (c,v) € R x & of (1.3). (2) If (¢,v), (d,w) €
R x ® are solutions of (1.3), then ¢ = d.

Proof. We start by showing assertion (2). Let (c,v), (d,w) € R x ® be solutions of
(1.3). Suppose that ¢ # d. We may assume that ¢ < d. Also, we may assume by adding
a constant to v that v(xg) > w(zg) at some point g € R™. On the other hand, by
Theorem 3.2, we have v < w for all x € R™, which is a contradiction. Thus we must
have ¢ = d.
In order to show existence of a solution of (1.3), we let A > 0 and consider the
problem
Aa(z) + H(x, Dvy(z)) = A¢o(z) in R". (3.6)

Let ¢p € C1(R™) and Cy > 0 be from Lemma 3.1. We may assume by replacing C
by a larger number if necessary that og(z) > —Cj for all x € R™. Note that H[¢o] < Cp
in R™ in the viscosity sense.

We define the functions vf on R" by

v (z) = o(z) + A\ 'Co  and vy (z) = do(z) — A" Co.

It is easily seen that vj\r and v, are viscosity supersolution and a viscosity subsolution
of (3.6). In view of (3.2), we have vy (z) < v, () for all z € R". By the Perron method
in viscosity solutions theory, we find that the function vy on R" given by

va(z) = sup{w(z) |vy <w <o in R",
Aw + Hjw] < A¢p in R™ in the viscosity sense}.
is a viscosity solution of (3.6). Because of the definition of vy, we have
do(z) — A7 Cy < ua(x) < Yo(z) +A71Cy  for all z € R™. (3.7)
Using the left hand side inequality of (3.7), we formally calculate that
Apo(x) = Avy(z) + H(z, Duy(x)) > Apo(z) — Co + H(x, Dvy(x)),
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and therefore, H(x, Dvy(x)) < Cy. Indeed, this last inequality holds in the sense of
viscosity solutions. This together with the coercivity of H yields the local equi-Lipschitz
continuity of the family {vy}r>0. As a consequence, the family {vy—vx(0)}r>0 C C(R"™)
is locally uniformly bounded and locally equi-Lipschitz continuous on R".

Going back to (3.7), we see that

Apo(x) — Cp < Aun(z) < Mpo(z) + Cy  for all x € R".
In particular, the set {Avx(0)}re(0,1) C R is bounded. Thus we may choose a sequence
{A\;}ien C (0, 1) such that, as j — oo,
)‘j - 0, - )\j’l?/b\j (0) — C,
vy, (z) —wva,;(0) —v(x) uniformly on bounded sets C R"

for some real number ¢ and some function v € C°T1(R™). Since
IA(va(z) —va(0))] < ALg|z| for all x € B(0, R),
all R > 0, and some constants Lr > 0, we find that
—Ajvy, () — ¢ uniformly on bounded sets C R" as j — oc.

By a stability property of viscosity solutions, we deduce that v is a viscosity solution of
(1.3) with ¢ in hand.

Now, we show that v € ®y. Fix any A € (0,1). As we have observed above, there is a
constant C7 > 0, independent of A, such that |Avx(0)] < C1. Set wy(z) = vx(z) —vx(0)
for € R™. Note that w) is a viscosity solution of

H(z, Dwy) > A(¢pp —wy) —C;  in R™ (3.8)

We may choose a constant R > 0 so that H(xz, Dgg(x)) < —C; —1 a.e. in R"\ B(0, R),
and also a constant Cy > 0, independent of A € (0, 1), so that max{|¢o(x)|, |wx(z)|} <
Cy for all x € B(0,R). Set w = ¢9 — 2C5. Obviously we have w < wy in B(0, R),
and H(z, Dw(z)) = H(z, D¢o(z)) < —Cy —1 ae. z € R\ B(0,R). We set Q = {x €
R" | w(x) > wx(x)} and observe that Q@ C R™\ B(0, R). We have ¢o(x) — wy(z) =
w(z) + 2Cy — wy(xz) > 2Cy > 0 for all x € Q. Hence we see from (3.8) that w) is a
viscosity solution of H(xz, Dwy(z)) > —C in Q. It is clear that w(xz) = wy(x) for all
x € 0f). Noting that w) € ®y, we may apply Theorem 3.2, to obtain w < w, in €,
which shows that Q = 0, i.e., w < wy on R". Sending A — 0, we get ¢g — 2C> < v in
R"™, which shows that v € ®(, completing the proof. 0O

Proposition 3.4. The additive eigenvalue cgr s characterized as
cy = inf{a € R | there exists a viscosity solution v € C(R") of H[v] < a in R"}.
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Proof. We write d for the right hand side of the above formula. Let ¢ € ®3 be a
viscosity solution of H[¢] = cy in R™. If a > cp, then H[p] < a in R™ in the viscosity
sense. Thus we have d < cg. Suppose that d < cg. Then there is a constant e € (d, cg)
and a viscosity solution of H[¢] < e in R™. By Theorem 3.2, we see that ¢ + C' < ¢ in
R"™ for any C € R, which is clearly a contradiction. Thus we have d =cy. 0O

4. A comparison theorem for the Cauchy problem
In this section we establish the following comparison theorem. Let T' € (0, 00).

Theorem 4.1. Let Q be an open subset of R". Let u, v :Q x [0,T) — R. Assume
that u, —v are upper semicontinuous on 2 x [0,T) and that u and v are, respectively, a

viscosity subsolution and a viscosity supersolution of
ur+ H(z,Du) =0 in Q x (0,7). (4.1)
Moreover, assume that

lim inf{v(z,t) — ¢1(x) | (z,t) € (2\ B(0,7)) x [0,T)} = 0, (4.2)

r—00

and that u < v on (2 x {0}) U (02 x [0,T)). Then u <wv in Q x [0,T).
Proof. We choose a constant C' > 0 so that
H(z,D¢i(x)) < C ae ze€R",
and define the function w € C(R™ x R) by
w(z,t) := ¢1(x) — Ct.

Observe that w; + H(z, Dw(z,t)) <0 a.e. (z,t) € R* L.
We need only to show that for all (x,t) € Q and all A > 0,

min{u(z,t), w(x,t) + A} <ov(z,t). (4.3)

Fix any A > 0. We set wa(z,t) = w(z,t) + A for (x,t) € R"™. The function wa
is a viscosity subsolution of (4.1). By the convexity of H(x,p) in p, the function @
defined by u(x,t) := min{u(x,t), wa(z,t)} is a viscosity subsolution of (4.1). Because
of assumption (4.2), we see that there is a constant R > 0 such that u(x,t) < v(z,t) for
all (x,t) € (Q\ B(0,R)) x [0,T). We set Qr := QN int B(0,2R), so that u(x,t) < v(x,t)
for all x € 9QR x [0,T). Also, we have u(z,0) < u(x,0) < v(z,0) for all x € Qg.

Next we take the sup-convolution of @ in the variable t. That is, for each £ € (0,1)

we set
(t —s)?

2e

W (z,t) = sup <E(x,s) -

) for all (z,t) € Qr x R.
s€[0,T)

14



For each § > 0, there is a v € (0, min{d, T/2}) such that @(z,t) — 0 < wv(z,t) for
all (z,t) € Qp x [0,7]. As is well-known, there is an ¢ € (0, §) such that u® is a
viscosity subsolution of (4.1) in Qg X (v, T'—-y) and u®(z,t) —20 < v(z,t) for all (z,t) €
(Qr x [0,7]) U (8Qg x [y, T —7]). Observe that the family of functions: t — u®(z,t)
on [y, T —7], with € Qg, is equi-Lipschitz continuous, with a Lipschitz bound C. > 0,
and therefore that for each t € [y, T'— ~|, the function z : x +— u®(z,t) in Qr satisfies
H(z,Dz(z)) < C. a.e., which implies that the family of functions: = — u®(x,t), with
t € [y, T — 7], is equi-Lipschitz continuous in Qg.

Now, we may apply a standard comparison theorem, to get u®(z,t) < v(x,t) for all
(z,t) € Qr x [y, T — 7], from which we get @(z,t) < v(z,t) for all (z,t) € Q x [0,T).
This completes the proof. 0O

5. Cauchy problem

Let ¢ = ¢y be the (additive) eigenvalue for H. In this and the following sections we
assume without loss of generality that ¢ = 0. Indeed, if we set H.(x,y) = H(x,y)—c and
Lo(x,y) = L(x,y) + ¢ for (z,y) € R*", then the stationary Hamilton-Jacobi equation
H[v] = ¢ for v is exactly H.[v] = 0 for v and the evolution equation u; + H[u] = 0 for
u is the equation w; + H.[w] = 0 for w(z,t) := u(z,t) + ct. Note moreover that L. is
the Lagrangian of the Hamiltonian H., i.e., L.(x,§) = sup{{ -p — H.(x,p) | p € R"}
for all x,& € R™. With these relations in mind, by replacing H and L by H. and L.,
respectively, we may assume that ¢ = 0.

We make another normalization. We fix a viscosity solution ¢ € & of H[p] = 0
in R". We choose a constant » > 0 so that o;(z) > 0 for all x € R™ \ B(0,r).
There is a constant M > 0 such that ¢(z) — M < ¢1(z) for all x € B(0,r). We set
Ci(w) = min{¢(x) — M, ¢1(z)} for x € R™. Since lim;| (¢ — ¢1)(x) = oo, we have
G(z) = ¢1(x) for all z € R™\ B(0,R) and some R > r. Note that H(z, D((z)) =
H(xz,D¢(x)) =0a.e. in B(0,r), H(x, D(1(z)) < max{H(x, Dp(x)), H(x,Dp1(x))} <0
a.e. in B(0,R)\ B(0,r), and H(x,D(i(x)) = H(z,D¢1(x)) = —o1(z) a.e. in R™\
B(0, R). Therefore, by replacing ¢; and o1 by ¢; and max{oy,0}, respectively, we may
assume that oy > 0 in R™. Similarly, we define the function (o € C°T*(R™) by setting
Co(x) = min{¢(x) — M, ¢o(x)} and observe that H[(p] < 0 in R™ in the viscosity sense
and that supgn [(o — ¢o| < oo, which implies that u € @y if and only if infgn» (u — () >
—o00. Henceforth we write ¢ for (p. A warning is that the function oy = 0 corresponds
to the current ¢y and does not have the property: lim;|_,o, 00(z) = oo.

In this section we prove Theorem 1.1 together with some estimates on the continuity
of the solution of (1.1) and (1.2) which satisfies (1.4).

Our strategy here for proving the existence of a viscosity solution of (1.1) and (1.2)
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which satisfies (1.4) is to prove that the function © on R™ x (0, 00) given by

u@ﬁ%zmﬂl;MWﬁﬁ@D®+ud%®H760@¢ﬁ (5.1)

is a viscosity solution of (1.1) by using the dynamic programming principle.
In this section u always denotes the function on R™ x [0,00) whose value u(z,t)
given by (5.1) for ¢ > 0 and by ug(z) for ¢t = 0.

Lemma 5.1. There exists a constant Cy > 0 such that
u(z,t) > ¢o(z) — Coy  for all (xz,t) € R"™ x [0, 00).

Proof. We choose Cy > 0 so that ug(xz) > ¢o(z) — Cy for all x € R". Fix any
(x,t) € R™ x (0,00). For each € > 0 there is a curve v € C(x,t) such that

u(x,t) +e > /0 L(v(s),7(s))ds 4+ uo(y(0)).
By Proposition 2.5, since H[¢g] < 0 a.e., we have
u(z,t) + &> ¢o(v(t)) — ¢o(7(0)) + uo(7(0)) = ¢o(x) — Co,

which shows that u(z,t) > ¢o(z) — Cp. 0O

Lemma 5.2. We have
u(z,t) <wug(x) + L(x,0)t  for all (z,t) € R™ x (0, 00).

Proof. Fix any (z,t) € R™ x (0, 00). By choosing the curve v, (t) = z in formula (5.1),
we find that

U@ﬂééﬂw@m@ﬂﬁwmwﬁ
_ /0 L(z,0) ds + uo(x) = uo(x) + L(z, 0)t. 0

Proposition 5.3 (Dynamic Programming Principle). For t > 0, s > 0, and

x € R", we have

u(x,s+t):inf{/0 L) A dr +u(+(0).) | veCn}).  (52)

We omit giving the proof of this proposition and we refer to [L] for a proof in a
standard case.
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Lemma 5.4. For each R > 0 there exists a modulus mpg such that
u(x,t) > up(x) —mpg(t) for all (z,t) € B(0,R) x (0,00).

Proof. Fix any R > 0. We choose C' > 0 and then p > R so that ¢1(x)+C > ug(z)+1
for all z € B(0, R) and ¢ (2)+C < ug(x)—1 for all z € R™\ B(0, p). Fix any ¢ € (0, 1)
and choose a function u. € C*(R™) so that |uc(x) — ug(z)| < ¢ for all z € R™.
We set
¢e(z) = min{g () + C, u-(x)} for x € R",

and note that ¢.(x) = u.(z) for x € B(0, R) and ¢.(z) = ¢1(x)—C for x € R™\ B(0, p).
Next we choose an M > 0 so that |H(z, Dé-(z))| < M for all z € B(0, p) and observe
that H(z, Do.(z)) < M a.e. x € R™.

Fix any (z,t) € R™ x (0,00) and select a curve v € C(x,t) so that

t
u(w,t) 42> [ LO(s)3()ds + ur(0))
0
Using Proposition 2.5, we get

u(z,t) +e > ¢ ((t) — ¢ (v(0)) — Mt + uo(v(0))
> ¢ () — Mt — uc(7(0)) + uo(7(0)),
which shows that u(z,t) > ug(x) — Mt — 2¢ for all (z,t) € B(0,R) x [0,00). Writing
M. for M in view of its dependence on ¢ and setting mp(t) = inf{2e + M.t | e € (0, 1)}

for t > 0, we find a modulus mpg for which u(z,t) > ug(z) — mg(t) for all (z,t) €
B(0,R) x [0, 00). O
Theorem 5.5. The function u is continuous in R™ x [0, 0co) and is a viscosity solution
of (1.1).
This theorem together with Lemma 5.1 and Theorem 4.1 completes the proof of
Theorem 1.1.
Proof. We define the upper and lower semicontinuous envelopes u* and u, of u, re-
spectively, by
u'(z,¢) = lim supiu(y,s) | (y,s) € R" x[0,00), |y —a| +|s —t| <7},
ua(e,t) = lim inf{u(y,s) | (4, 5) € R" % [0,00), [y — | +]s — 1] < r}.
r—
We now invoke some results established in Appendix. That is, we apply Theorems
A.1 and A.2 together with Remark after these theorems, to conclude that u* and wu,
are a viscosity subsolution and a viscosity supersolution of (1.1), respectively.

We observe by Lemmas 5.2 and 5.4 that u*(z,0) = u.(x,0) = up(x) for all x € R”
and by Lemma 5.1 that u.(z,t) > ¢o(z) — Cp for all (x,t) € R™ x [0,00) and some
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constant Cy > 0. We apply Theorem 4.1, to conclude that u, < u* in R™ x [0, 00),
which implies that v = u* = u, € C(R™ x [0,00)), completing the proof. 0O

Lemma 5.6. For each R > 0 there ezists a constant Cr > 0 such that u(z,t) < Cg
for all (x,t) € B(0,R) x [0, 00).

Proof. Fix a viscosity solution ¢ € ®( of (1.3). Fix any R > 0. We choose a constant
C' > 0 and then a constant p > R so that ¢1(z) + C > ¢(x) for all z € B(0, R) and
o1(x) + C < ¢o(z) for all z € R™\ B(0, p).

Next we choose a constant K > 0 so that min{¢(x), ¢1(z) + C} + K > ug(z) for
all z € B(0, p) and set v(x,t) = min{u(x,t), ¢1(z) + C + K} for (x,t) € R™ x [0, o0).
Observe that v is a viscosity subsolution of (1.1) and that v(z,0) < ug(z) < ¢(z)+ K for
x € B(0,p) and v(z,0) < ¢1(z)+C+K < ¢(x)+K for x € R"\B(0, p). Therefore, since
w(z,t) := ¢(z) + K is a viscosity solution of (1.1), by Theorem 4.1 we obtain v(z,t) <
¢(x)+ K for all (z,t) € R" x [0, 00). In particular, since ¢q(z)+C+ K > ¢(x)+ K for
all z € B(0, R), we get u(x,t) < ¢(x)+ K for all (z,t) € B(0, R) x [0, co), from which we
conclude that u(z,t) < Cr for all (z,t) € B(0, R) x[0, 00), with Cr := maxp g, r) 0+ K.
O

Lemma 5.7. For each R > 0 there ezists a modulus lr such that |u(x,t) — u(y, s)| <
Ir(|z —y| + |t — s|) for all (z,t),(y,s) € B(0,R) x [0,00).
Proof. Fix any € € (0, 1) and choose a function vy € C1(R") so that |vg(z) —ug(z)| < ¢
for all x € R™. Let v € C(R™ x [0,00)) be the unique solution of (1.1)—(1.2) satisfying
(1.4), with v in place of u. Existence and uniqueness of such a solution is guaranteed by
Theorem 1.1. By Theorem 4.1, we have |u(z,t) —v(z,t)| < e for all (z,t) € R™ x [0, 00).
We wish to show that for each R > 0 the function v is Lipschitz continuous on
B(0,R) x [0, c0).
For each p > 0 we choose a constant A, > 0 so that

|H (z, Dvo(z))| < A, for all z € B(0, p). (5.3)

In view of Lemma 5.6, for each R > 0 we may choose a constant Cr > 0 so that
¢1(x) +Cr > u(x,t)+1 for all (z,t) € B(0, R) x [0,00). In view of Lemma 5.1, we may
choose a constant Cy > 0 so that u(x,t) > ¢o(z) — Cp for all (z,t) € R™ x [0, 00).

Fix any R > 0 and then p > R so that

do(z) —2—Co > ¢1(x) +Cr forall z € R"\ B(0, p). (5.4)

We define w € C(R"™ x [0, 00)) by w(z,t) = min{vo(x) — A,t, ¢1(x) + Cr}.
Note that for any (z,t) € (R™\ B(0,p)) x [0, A;!),

vo(z) — Apt > up(z) —2 > ¢o(x) — 2 — Cy > ¢1(z) + Ckr,
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and therefore w(z,t) = ¢1(z) + Cr. Consequently, we have
wy(z,t) + H(z, Dw(z,t)) <0 ae. (z,t) € R" x (0, A;l) :

That is, w is a viscosity subsolution of (1.1) in R™ x (0, A[jl). Observe as well that
w(z,0) < vo(x) for all z € R™. We may now apply Theorem 3.1, to conclude that
w(z,t) < v(z,t) for all (z,t) € R™ x [0, A;1). Since ¢1(z) + Cr > vo(x) for all
x € B(0,R) by our choice of Cg, we see that w(x,t) = vo(x) — A,t for all (x,t) €
B(0,R) x [0, 0o). Thus, setting Kr = A,, we see that for any R > 0,
vo(z) — Kpt < v(z,t) for all (z,t) € B(0,R) x [0, Kz']. (5.5)

Next we fix any R > 0 and 0 < h < K, ', where K, is a constant for which (5.5)
holds with p in place of R, and define z € C(R"™ x [0, o)) by z(z,t) = min{v(z,t) —
K,yh, ¢1(x) + Cr}. Observe that z is a viscosity subsolution of (1.1), that z(z,0) <
v(z,0) — K,h <w(zx,h) for x € B(0,p) by (5.5), that if x € R™ \ B(0, p), then

2(x,0) < ¢p1(x) + Cr < ¢o(x) —2 — Cy < u(z,h) —2 < v(x, h).
Now, by comparison, we get z(z,t) < v(z,t + h) for all (x,t) € R™ x [0, o0). Noting
that if x € B(0,R), then v(z,t) — K,h < u(z,t) +1 < ¢1(z) + Cr, we find that
v(z,t) — K,h = z(x,t) <wv(x,t+h) for all (z,t) € B(0,R) x [0, 00). Setting Mp = K,,,
we thus obtain
v(z,t) + Mpt < v(z,t+h)+ Mgr(t+h)

for all (z,t) € B(0,R) x [0, o) and h € [0, My"]. We now conclude that for any R > 0
and x € B(0, R), the function: ¢ — v(z,t) + Mgt is nondecreasing on [0, co).

Fix any R > 0 and observe that H(x, Dv(z,t)) < Mg in int B(0, R) in the viscosity
sense, which implies together with (A2) the Lipschitz continuity of v(z,t) in z € B(0, R)
uniformly in ¢ > 0, that is, there exists a constant Lr > 0 such that |v(z,t) —v(y,t)| <
Lg|x —y| for all x,y € B(0,R) and t > 0.

Now, we note that infg r)xrr H > —0o. We may assume by replacing Lg by
a larger constant if necessary that Mp < Lpr and H(xz,p) > —Lpg for all (z,p) €
B(0, R) xR™. Noting that v is a viscosity solution of vy < Lg in int B(0, R) % (0, 00), we
see that for any x € B(0, R) the function: ¢ +— v(z,t) — Lrt is nonincreasing on [0, c0).
In conclusion, we find that |v(x,t) —v(y, s)| < Lr(|z —y| + |t — s|) for all (z,t),(y,s) €
B(0, R) x [0, c0) and moreover that |u(x,t) —u(y,s)| < 2e + Lr(|z —y| + |t — s|) for all
(x,t), (y,s) € B(0,R) x [0, o). This ensures the existence of a modulus /g such that
lu(z,t) — u(y, s)| < Ilr(|Jz —y| + |t — s|) for all (z,t),(y,s) € B(0O,R) x [0, 00). O

Theorem 5.8. For each R > 0 the function u is bounded and uniformly continuous on

B(0, R) x [0, c0).

Proof. The required boundedness of u follows from Lemmas 5.1 and 5.6, and hence
Lemma 5.7 concludes the proof. 0O

19



6. Extremal curves
We are assuming as before that cy = 0. Equation (1.3) reads
H(z,Du(x))=0 in R". (6.1)

Henceforth S, Sj;, and Sy denote the sets of continuous viscosity subsolutions, of
continuous viscosity supersolutions, and of continuous viscosity solutions of (6.1), re-
spectively.

Let ¢ € S;; and I C R be an interval. Note by Proposition 2.5 that if [a, b] C I and
v € AC(][a, b],R™), then

b
660) ~ d0(@) < [ L), 3(0) e
We call any v € C(I,R") an extremal curve for ¢ on [ if for any interval [a, b] C I, we
have v € AC([a, 0], R™) and

b
| B0 ) ds = a((8) - ol (@),
Let £(I, ¢) denote the set of all extremal curves for ¢ on I.

In this section we are concerned with existence of extremal curves.

Theorem 6.1. Let S,T € R satisfy S <T. Let x € R™ and ¢ € Sy N P®y. Then there
exists a curve vy € E([S, T), ¢) such that v(T) = x.

Theorem 6.1 has the following consequence.

Corollary 6.2. Let + € R" and ¢ € Sy N ®g. Then there exists a curve v €
E((—o0, 0], ) such that v(0) = z.
Proof. Due to Theorem 6.1, for each y € R"™ we may choose a curve v, € £([—1, 0], ¢)
such that 7, (0) = y. We define the sequence {¢;};en € R™ inductively as & = v,(—1),
& =7, (—1), &3 = 7¢,(—1),..., and the curve v € C((—o0, 0], R"™) by

vz (1) for t € (-1, 0],

Ve, (t+1) for t € (-2, —1],

V(1) = Ve, (T +2) for t € (=3, —2],

It is not hard to check that v € £((—o0, 0], ¢). Also, it is obvious that v(0) =z. 0O
We need the following lemmas for the proof of Theorem 6.1.

Lemma 6.3. Let T > 0 and let {vx}ren C AC([0,T],R™) be a sequence converging to
a function v € C([0,T],R"™) in the topology of uniform convergence. Assume that
T

likminf/ L(yk(t), 4% (t)) dt < oo.

Then v € AC([0, T],R™) and
T T

L((1),4(1)) dt < liminf / Lw(t), 31(1)) dt. (6.2)

0
The following lemma will be used in the proof of Lemma 6.3.
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Lemma 6.4. LetT >0, C >0, and R > 0. Let v € AC([0,T], R™) be such that
T
/ L(v(t),5(1))dt < C  and () € B(O,R) for allt € [0, T].
0

Then for each € > 0 there exits a constant M. > 0 depending only on e, T, C, R, and
H, such that for all measurable B C [0, T,

/Blﬁ(t)!dt < e+ M.|B|, (6.3)

where |B| denotes the Lebesgue measure of B C R.

Proof. We choose a constant C; > 0 so that H(z,0) < C; for all x € B(0, R), which
guarantees that L(z,&) > —C for all (z,£) € B(0,R) x R™. For each € > 0 we set

M (e) = max{|H(z,p)| | (z,p) € B(0, R) x B(0,e™1)},
so that for (z,¢) € B(0,R) x R",
L(SC,&) > max{f "D H(Sl?,p) | pE B(O,g_l)} = 8_1|£‘ - M(g)

Now, let B C [0, T be a measurable set, and observe that

T
/B(L(’Y(t)d(t)) +C1)dt < /0 (L(v(),4(t)) + Cr)dt < C + 1T,
from which we get
/ (e~ 14(8)] + Oy — M(2))dt < C + O\ T.
B

Hence we have
[ B®la < (€ + em) + eare) B,
B

which shows that (6.3) holds with M. = §M (6), where § = ¢(C' + C,T)~*. O
Proof of Lemma 6.3. We choose a constant R > 0 so that |y (t)] < R for all

t € [0,7] and all k£ € N. Passing to a subsequnece of {Vx}ren if necessary, we may
assume that there is a constant C' > 0 such that

T
/ L(ve(t), 3n(8) dt < C for all k € N
0

Now, by Lemma 6.4, for each € > 0 we may choose a constant M (¢) > 0 so that for
any measurable B C [0, 7] and for all K € N,

/BWk(t)|dt§5+M(5)|B’- (6.4)
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We deduce from (6.4) that for any e > 0 and any mutually disjoint intervals [a;, b;] C
[0, T], with i = 1,2,...,m,

ih v(a;)| < e+ M(e) in:b—aZ
=1

1=

—

which shows that v € AC([0, T], R™) and

/B K(0)]dt < e+ M(2)|B] (6.5)

for any measurable subset B of [0, T7].
Next let f € AC([0, T], R™) and observe by using integration by parts that as k — oo

/Of(t)'%(t)dtz(f-%)() (-3 /

H(f-v)(T)—(fw)(O)—/o
- / £(t) - 4() dt

Now we introduce the Lagrangian L., with o > 0, as follows. Fix a > 0 and define
the function H, : R*" — (0, 0o by

f(t) - v(t)
f.

2
Ha(e,p) = H(w,p) + 25 4 650,00 (0)

where do denotes the indicator function of C' C R defined by dc(p) = 0 if p € C and
= 0o otherwise. Next define the function L, : R?" — R as the Lagrangian of H,, that
is, Lo(z,€) = sup{&-p— Hy(z,p) | p € R"} for (x,€) € R?™. It is easy to see that, for all
(z,€) € R?™, Lo(z,€) < Lg(x,€) < L(x,€) if a < B, that limg o La(z,€) = L(z,€) for
all (z,&) € R?™, and that for any (z,£) € R*, if p € D5 Lo(x,€), then |p| < a. Also, as
is well-known, for any a > 0, L, is differentiable in the last n variables everywhere and
L, and DyL, are continuous on R?". In view of the monotone convergence theorem,
in order to prove (6.2), we need only to show that for any a > 0,

/ La(7(t),4(8)) dt < liminf / Ly (t), 4 (1)) dt (6.6)
0 0

k— o0

To show (6.6), we fix a > 0 and note by convexity that for a.e. ¢ € (0,7") and any
k € N,

La(vk(1), ¥%(t)) > La (), ¥(t)) + D2La (), ¥(t)) - (4(t) — 7(2)).
Since

Lo (v (8), ¥ ()] < [La((t),0)] + al3(2)] < Lohax, )|La(~”€,0)\ +aly(t)] € L1(0,T),
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by the Lebesgue dominated convergence theorem, we get
T

im [ L), 5(0)dt = / La(y(8),4(1)) dt.

k—o0 0

Next, we set fr(t) = DaLo(vk(t),%(t)) and f(t) = DaL(y(t),5(t)) for t € [0,T]
and k € N. Then f, f € L*°(0,7,R") for all £k € N, and |fx(t)| < o and |f(t)| < «
a.e. t € (0,T) for all kK € N. We may choose a sequence {g,}jen C AC([0,7],R") so
that g;(t) — f(t) ae. t € (0,T) as j — oo and |g;(t)] < a for all ¢t € [0,T], j € N.
Note that fi(t) — f(t) a.e. t € (0,T) as k — oo and recall that the almost everwhere
convergence implies the convergence in measure. For each ¢ > 0 we set

ule k) =it € O.7) | 1(fi — (B > €}| for kN,
v(e,j) ={t € (0,T) [ [(g; — H(B)] >e}| forjeN,
and observe that limy_,o (e, k) = lim;_ v(e,j) = 0 for any € > 0.
Fix any € > 0, 6 > 0, and k,j € N. Observing that

{t € (0,T) [|(fr = 9;) ()] > 2e}| < ple, k) +v(e, j)

and using (6.5) with e replaced by ¢ or 1, we get

< / 20 (1)) dt + / 2elin (1)) dt
|fe—g5|>2¢ | fr—g;|<2¢e

<205 + M(8)(u(e, k) + v(e, §))] + 2e(1 + M(1)T).

/0 (fr — 9;)(8) -4 (t)

Similarly we get

/0 (g5 — F)(t) - 3() dt

alA d ) d
= /|9jf>€ ? |’Y(t)| o /lgjf|S€ 5|’Y<t)| :
<2a(6 + M(O)v(e, j)) +e(1+ M(1)T).

Hence we have

/O (A — £ -4) dt| <408+ M) (ule. k) + v(e,5))) + 32(1 + M(1)T)

+

T
/0 gj - (i — ) dt

Now, since g; € AC([0,T],R"™), we have

T
lim g+ (3 —*)dt =0,
k—>OO O
and hence
T
lim sup / (fe-—f-y)dt| <da(d+M@OO)v(e,j)) +3c(1+ M(1)T)
k—oo 0
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for any € > 0, 0 > 0, and j € N. Sending j — oo and then ¢, § — 0, we see that
T

lim [ DyLo(y(), (1)) - Ax(t) dt = / DaLa(y(£),4(1)) - (1) dt.

k—oo 0

Finally, noting by the Lebesgue dominated convergence theorem that
T

lim [ DoLa(y(t).5(t) - 4(t) dt = / DaLa(7(t),4(8)) - 4(8) dt,

k—o0 0

we obtain
T

lim [ (La(vk(t),¥(t)) + DaLa (i (), ¥(£)) - (3 (t) —7(2))) dt :/0 La((t),7(t)) dt

k— oo 0
and moreover

T T T
/ La(7(t),4(t)) dt < liminf / L (), 3:(8)) dt < lim inf / L((t), 4 (1)) dt.
0 0 0

k—oo k—o0

completing the proof. [

Lemma 6.5. Let o € S;N®g. Let S < T, R>0, and C > 0. Let v € AC([S, T],R")
satisfy v(T') € B(0, R) and
T

$(1(T)) — $(4(S)) + C > / L(3(t). 4(t)) dt.

S
Then there exists a constant M > 0 depending only on ¢, ¢1, R, and C such that
v(t) € B(0, M) for all t € [S, T].

Proof. Fix any t € [S, T'). By Proposition 2.5, we have

Hence we get
T

¢(y(T)) = o(1(1)) + C = / L(y(s),7(s)) ds — o(v(t)) + ¢(~(5))

S

> [ L6 A) ds = [ L6s)a) ds = [ L) 4() s

S S

Recall by our normalization that ¢; € S;;. Using Proposition 2.5 again, we get

o1(v(T)) — P1(v(2)) < /t L(7(s),%(s)) ds.

Therefore we get

(¢ —¢1)(v(1) < (¢ — ¢1)(v(T)) + C. (6.7)

Set C1 = maxp(g,r) (¢ — ¢1). Since lim ;|00 (¢ — ¢1)(x) = o0, there exists a constant
M > R such that infgn\ g(o,am)(¢ — ¢1) > C1 + C. Fix such a constant M, and observe
by (6.7) that ~(t) € B(0,M). O
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Proof of Theorem 6.1. Fix any ¢ € Sy NPy and T" > S. We may assume without
loss of generality that S = 0.

Note that the function u(z,t) := ¢(z) on R™ x [0, 00) is a viscosity solution of (1.1).
By formula (5.1), we have for any (z,7T) € R™ x (0, c0),

o) =int{ [ L0 3@)at +000) | 7€ ClaT) ). (63)

Fix any z € R™. According to the above identity, for each & € N we may choose a
curve v, € C(x,T) so that

6@) + 1> [ LOw(®.An(0) dt+ 9((0)) (69
0

We use Lemma 6.5 to see that there is a constant R > 0 such that . (t) € B(0, R)
for all ¢t € [0, T] and all £ € N. It now follows from (6.9) that there exists a constant
C > 0 such that

T
/ Llve(t), 3n(8) dt < C for all k € N
0

Applying Lemma 6.4, we find that ||x|/ 110,y < M for all k € N and for some M > 0.

From these observations, we see that the sequence {7 } ren is uniformly bounded and
equi-continuous on [0, T]. By the Ascoli-Arzela theorem, we may assume by passing
to a subsequence if necessary that the sequence {74 }ren is convergent to a function
~v € C([0, T],R™) in the topology of uniform convergence. Lemma 6.3 together with
(6.9) now guarantees that v € C(z,T") and that

/O L(3(8), 4(8)) dt < 6(x) — d((0)). (6.10)

Fix any a, b € R so that 0 < a < b < T. Using (6.7) or Proposition 2.5, we have
60(@) = 960) < [ L1030
o0~ o) < [ L3N,
o) o0 < [ L@, 50)

These together with (6.10) yield

which shows that v € £(]0, T, ¢). The proof is now complete. 0O

We give a useful property of extremal curves in the following proposition.
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Proposition 6.6. Let T >0, ¢ € Sy, and v € £([0, T, ¢). Then there exists a
function g € L>(0,T, R™) such that

L(v(t),4(t)) =q(t) - 4(t)  a.e. t€(0,T), (6.11)
H(v(t),q(t)) =0 a.e te(0,T), (6.12)
q(t) € 0.0(y(t)) a.e. te€(0,T). (6.13)

Proof. Fix T >0, ¢ € Sy, and v € £([0, T, ¢). By Proposition 2.4, there is a function
q € L>=(0,T, R™) such that

L60(0) =alt) A() et (0,T), (6.14)
g(t) €8.0(7(t))  ae. te(0,T). (6.15)

Hence we get
H((1),q(t)) <0 ae. te(0,T). (6.16)

Integrating (6.14) over (0, T') and using (6.16), we compute that

T T
¢>(7(T))—¢(7(0))=/0 Q(t)'ﬁ(t)dté/o [L(y(2),¥(2)) + H(y(t), q(t))] dt

WhiC}% shows that . -
| awiwa= [ La0) + Bow.ao)d = [ Lo @

0 0 0

In particular, we get .
| H6@.am)a=o.
which together with (6.16) yields
H(~(t),q(t)) =0 ae. te(0,T).
Similarly, since
q(t) - () < L{y(®),3(8) + H(v(8),q(t)) = L(v(1),7(t)) ae. t€(0,T),
we see from (6.17) that
a(t) 4(t) = L0, 4(8)  ae. te (0, T).
Thus the function ¢ satisfies conditions (6.11), (6.12), and (6.13). 0O

7. Proof of Theorem 1.3

This section will be devoted to proving Theorem 1.3. As before, the eigenvalue cg
is assumed to be zero in this section.

Let {S;}+>0 be the semi-group of mappings on ®( defined by Siug = u(-,t), where
u is the unique viscosity solution of (1.1) and (1.2) satisfying (1.4).

The following proposition is a variant of [DS, Lemma 5.2].
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Proposition 7.1. Let K be a compact subset of R™. Then there exist a constant § €
(0, 1) and a modulus w for which if ug € o, ¢ € S, v € £([0, T, ), v([0, T]) C K,

T>712>0and +— <9, then

Sruo(1(T)) — Sruo(1(0)) < S(¥(T)) — $(1(0)) + e (TT )

T—71 -7
We need the following lemma for the proof of Proposition 7.1.

Lemma 7.2. Let K be a compact subset of R"™. Then there exist a constant 6 € (0,1)
and a modulus w such that for anyT > 0, ¢ € S, v € £([0, T, ¢) satisfying ([0, T]) C
K, and X\ € [-6,4],

(L+ X7 L(y(#), A+ N)3(1) < Ly(1),5(1) + IAw(A)  ace. t € (0, T).

Proof. Set Q = {(x,p) € K xR" | H(z,p) < 0}. It is clear that () is a compact subset
of R?". Define the set S C R" x R" by

S:={(z,8) € Q| & € Dy H(zx,p) for some p € R" such that (x,p) € Q}.

By Proposition 2.3, the set S is a compact subset of int dom L. Thus we may choose a
constant € > 0 so that

S, = {(x,&) € R*™ | dist ((x,£),S) <&} C int dom L.

We choose an R > 0 so that S C B(0,R) (the ball on the right hand side is a ball
in R?") and set 6 = min{1/2, ¢/R}, so that for any (z,£) € S and any A € (=§,0),
(z, (1 + X)) € S.. Let wy be a modulus of continuity of the uniformly continuous
function DsL on S;.

Fix T'> 0, ¢ € Sy, v € £([0, T],¢) such that v([0, T]) C K, and A € [0, §].
According to Proposition 6.6, there is a function ¢ € L*°(0, T, R™) such that

H(y(t),q(t)) =0 and #(t) € Dy H(v(t),q(t)) ae. te (0, T). (7.1)
Therefore we have (y(t),4(t)) € S a.e. t € (0, T). Hence, for any y € (=0, 5), we have
(v(®), 1+ p)3(t) € S.  ae. te(0,T).

Consequently, for any 11 € (—, 8), we have
| D2 L(y(t),¥(t)) — D2L(y(t), (1 + 1)3(1))| < wo(lull¥]) ae. t€(0,T).
In view of (7.1), we have
L(v(t),7(t)) =4(t) - q(t) — H(v(t),q(t)) = ¥(t) - D2L(7(¢),7(t)) ae. t€(0,T).
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Now we compute that for a.e. ¢t € (0, T'),

L(y(t), (1 + A)3(8)) = L(v(£),7(t)) + AD2 L (7(2), (1 + 0:A)¥(2)) - 7(2)

(for some 6; € (0,1), and furthermore)
< L(y(t),¥(t)) + AD2L(y(t),¥(t)) - 4(t)
+ (A @) wo (IAA(£)])
=1+ X Ly(®), () + (M@ |wo (N @)])-
Setting w(r) = 2Rwy(Rr), for a.e. t € (0, T'), we have
(1+ N7 Ly (), (1 +N)F()) < Ly (1), 7(1) + [Alw(|A]). O

Proof of Proposition 7.1. Let 6 € (0, 1) and w be those from Lemma 7.2. Fix any
uy € ®g, ¢ € S, v € £([0, T], ¢) such that ([0, T]) C K, and T > 7 > 0 such that

7(T — 1)~ < 4. Set u(z,t) = Spug(x) for (z,t) € R™ x [0,00). Set ¢ = € [0, 4].
Setting T. = (1 + &)~ !T, observing that
u(y(T), T) =u(y(T), T: + Tz)
= int{ [ L), 0) 4 ). <T2) | we CGm). T}
0
and choosing 7(t) := v((1 + €)t) in the above formula, we get
u(y(T),T) < /0 L(y((1+e)t), (1 +e)y((1 +)t)) di + u((0),eTz).
By making the change of variables s = (1 + ¢)t in the above inequality, we get
T
u(y(T),T) S/O (1+€) 7 L(y(s), (1 +€)7(s)) ds + u(y(0), €Tx).
Using Lemma 7.2, we see immediately that
T
WD) < [ L6(5).4(5) ds + 02 (0).T2) + (o).
Observing that €T, = 7, we get
T T
WD) < [ LA+ ut010) + e (7).
Recalling that v € £([0, T, ¢), we obtain
T
W) T) = a3 0).7) < 66(T) -~ 60O + 7w (7). B

We are now ready to prove Theorem 1.3.
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Proof of Theorem 1.3. We fix any ug € ®g and define the functions v+ : R® — R
by

ut(z) = lim sup Spug(z), u (x) = litm inf Syug(z).
t—o00 —00

Since the function u(x,t) := Syup(x) is bounded and uniformly continuous on B(0, R) X
[0,00) for any R > 0 by Theorem 5.8, we see that u* € C(R") and that u®(z) =
limsup;_, ., u(x,t) and v~ (x) = liminf,, ,u(z,t) for all z € R™. As is standard in
viscosity solutions theory, we have ut € Sy and v~ € S;LI. Moreover, by the convexity
of H(z,-), we have u~ € Sp;. Also, from Lemma 5.1 we see that u* € ®.

To conclude the proof, it is enough to show that u™(z) = u™(z) for all z € R".

We fix any € R™. By Corollary 6.2, we find an extremal curve v € £((—o0, 0], u™)
such that v(0) = x. By Lemma 6.5, we may choose a constant R > 0 so that ~(t) €
B(0, R) for all t € (—oo, 0]. By the definition of u*, we may choose a divergent sequence
{t;} C (0,00) such that lim;_, u(z,t;) = u*(z). Noting that the sequence {y(—t;)} C
B(0, R), we may assume by replacing {t;} by one of its subsequences if necessary that
v(—t;) — y as j — oo for some y € B(0, R).

Fix any € > 0, and choose a 7 > 0 so that v~ (y) + & > u(y,7). Let 6 € (0, 1) and
w be those from Proposition 7.1. Let j € N be so large that 7(t; — 7)~! < §. We now
apply Proposition 7.1, to get

u(z, t;) = u(y(0),t;) < u(y(—t;),7) +u~ (7(0)) —u~ (y(—t;)) + thiij (tj - T)

Sending j — oo yields

ut(z) Suly,7)+u (@) —u(y) <u (y) +e+u (v) —u (y) =u (v) +e,

from which we conclude that u™(z) < u~(z). This completes the proof. O

8. A formula for asymptotic solutions and Aubry sets

In the previous section we have proved Theorem 1.3 which states that the viscosity
solution u of (1.1) and (1.2) satisfying (1.4) approaches to vg(x) —ct in C(R™) as t — oo,
where (c,v9) € R x @ is a solution of (1.3). In this section we give a formula for the
function vy.

Let ¢ = cy. Following [FS2] with small variations in the presentation, we introduce
the Aubry set for H[u] = ¢. First of all, we define the function dy € C(R™ x R™) by

dy(z,y) =sup{v(z) |v € C(R"), Hv] <cin R", v(y) =0} (8.1)

where the inequality H[v] < ¢ should be understood in the viscosity sense, and Apy as
the set of those y € R™ for which the function dg (-, y) is a viscosity solution of H[u] = ¢
in R". We call Ay the Aubry set for H or for H[u] = c.
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Theorem 8.1. For any r € R",
vo(z) = inf{dy (z,y) + du(y,2) +uo(z) |y € Ay, z € R"}. (8.2)

We need several properties of the function dy and the Aubry set Ay for the proof
of Theorem 8.1 and present them here.

Henceforth we assume as usual that ¢ = 0 and that ¢, 91 € Sp.

Since the equation, H[v] = 0 in R™, has a viscosity solution in the class ®( by
Theorem 3.3 (or 1.2), the set

{ve sy lvly) =0}

is nonempty and, because of the coercivity assumption on H, it is locally equi-Lipschitz
continuous. Therefore, the function dg (-, y) defined by (8.1) is locally Lipschitz contin-
uous on R"™ and vanishes at x = y for any y € R". Since the pointwise supremum of
a family of viscosity subsolutions of (8.1) defines a function which is a viscosity subso-
lution of (8.1), for any y € R", we have dg(-,y) € S. In view of the Perron method,
we deduce that, for any y € R™, the function dg(-,y) is a viscosity solution of (8.1) in
R"™\ {y}. Thus we see that

yeR"\ Ay if and only if Ip € Dy dy(y,y) such that H(y,p) < 0. (8.3)

For any y,z € R", the function w(z) := dg(x,y) — dy(z,y) is a viscosity subsolution
of (8.1) and satisfies w(z) = 0. Therefore we have w(z) < dg(z,z). That is, we have
the triangle inequality for dg:

dy(x,y) <dpg(z,z) +dg(z,y) forall z,y,z € R".

Also, we see by the definition of dy that v(x) — v(y) < dg(z,y) for any v € Sy and
z,y € R™.

Proposition 8.2. The following formula is valid for all x, y € R™:

dy(x,y) = inf{/o L(v(s),¥(s))ds | t>0, y€ C(x,t;y,())}. (8.4)

Proof. We write p(z,y) for the right hand side of (8.4) in this proof.
Let z,y € R", t > 0, and 7 € C(z,t;y,0). Since du(-,y) € Sg, by Proposition 2.5,
we have

dr(z,y) = dir((),y) — dir(7(0), ) < / L(s).4(s)) s,

from which we get dy(z,y) < p(x,y) for all z,y € R™.
Next we show that for each y € R"™ the function p(-, y) is locally Lipschitz continuous
on R".
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Fix any R > 0. By Proposition 2.1, there are constants eg > 0 and Cg > 0 such
that L(x,§) < Cpg for all (z,€) € B(0,R) x B(0,eg). Fix any z,y € B(0,R) and
d>0,and set T := (§ + |z — y|)/er and £ = er(x — y)/(0 + |z — y|). Define the curve
v € C(x,T;y,0) by v(s) =y + s&. Noting that £ € B(0,eg), we get

p(r,y) < /0 L(v(s),¥(s)) ds = /O Ly + s£,€)ds < OgT = ' Cr(d + |z — y)).

Letting 6 — 0 yields p(z,y) < 51}1C’R|x—y\, which, in particular, shows that p(x,z) < 0.
It is easy to see that for any z,y,z € R", p(x,y) < p(x, 2) + p(z,y). Therefore, for any
z,y,2 € B(0,R), we have |p(z,y) — p(z,y)| < ep' Crlz — 2|.

In order to prove that p(z,y) < dgy(z,y) for all z,y € R", it is sufficient to show
that for any y € R”, the function v := p(-,y) is a viscosity subsolution of H[v] = 0
in R™. This is a consequence of a well-known observation on value functions like v.
Indeed, Theorem A.1 in Appendix applied to the current v, with S = {y} and Q2 = R",
assures that v € S;. 0O

Proposition 8.3. The Aubry set Ay is a nonempty compact subset of R™.
We need two lemmas to show Proposition 8.3.

Lemma 8.4. For any compact K C R"™ \ Ag there are a function ¢x € S N Py and
a constant 6 > 0 such that H[px]| < —§ in a neighborhood of K in the viscosity sense.

Proof. Let y € R"\ Ay. There is a function ¢ € C*(R™) such that ¢(y) = 0,
o(z) < dg(z,y) for all x € R™ \ {y}, and H(y, Dy(y)) < 0. With a sufficiently small
constant § > 0, we set
Y(x) = max{p(x) + 6,dy(z,y)} for all z € R",

to get a function having the properties: (i) H[¢)] < 0 in R™ in the viscosity sense, (ii)
H[y] < —¢ in int B(y, ¢) in the viscosity sense, and (iii) ) € ®. Thus we see that for
each y € R"\ Ap there is a pair (¢, e,) € ®g x (0, 00) such that H[i,] < 0in R" in the
viscosity sense and H[y,] < —¢, in int B(y, €,) in the viscosity sense. By a compactness
argument, we find a finite sequence {y;}72; such that K C U;nzl int B(y,,c;), where
€5 = ¢gy;. Weset e =min{e; | j =1,2,...,m} and

1 m
bxc(@) = — > w(2) forallw € R”, where v i= .
j=1

It is easily seen that ¢x € P9 NSy and H[px] < —e¢/m in a neighborhood of K in the
viscosity sense. [0

Lemma 8.5. Let ¢ € COTYH(R™) be a viscosity solution of H[¢p] < 0 in R", y a point
in R™, and € > 0 a constant. Assume that H[p| < —¢ a.e. in B(y,e). Then y & Apg.

Proof. Let ¢, y, and £ be as above. We argue by contradiction and suppose that
y € Ag. Set u = dg(-,y). By continuity, there is a constant § > 0 such that the
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function v € COT1(R™), defined by v(z) = ¢(x) + S min{|z — y|,e}, satisfies H[v] < 0
a.e. in R™. By the definition of dy, we have u(z) > v(z) — v(y) for all z € R™, which
shows that u(x) > ¢(x) — ¢(y) for all x € 0B(y,e/2) and u(y) = ¢(y) — ¢(y) = 0.
We approximate ¢ by a sequence of functions ¢ € C1(R"), with k € N, obtained by
mollifying ¢. Here, of course, the uniform convergence ¢i(x) — ¢(x) is assumed on
any compact subsets of R" as k — co. We may assume as well that H[¢x] < —¢/2 on
B(y,e/2). Noting that as k — oo,

lim — min (u(z) = ¢p(z) — dr(y)) —  min (u(z) = ¢(x) - é(y)) > uly) =0,

k—ooz€dB(y,e/2) z€0B(y,e/2)

we deduce that if k is sufficiently large, then u — ¢, attains a local minimum at a point
xk € B(y,e/2). For such a k, since H[u] > 0 in R" in the viscosity sense, we get

On the other hand, by our choice of ¢y, we have
H(z,D¢p(x)) < —e/2 for all x € B(y,e/2),

and, in particular, H(xy, Doy (x)) < —e/2. Thus we get a contradiction, which proves
that y € Ag. 0O

Proof of Proposition 8.3. We begin by showing that Ay # (0. For this, we suppose
that Ay = 0 and will get a contradiction. There is a constant R > 0 such that
Hp1) < —1in R™\ B(0, R) in the viscosity sense. By Lemma 8.4, there are a function
Y € ®p and a constant € € (0,1) such that H[¢)] < 0 a.e. in R™ and H[¢] < —¢ a.e.
in B(0, R). By setting v = (¢ + ¢1), we get a function v € C°*1(R") which satisfies
H[v] < —¢/2 a.e. in R™. Hence, by the definition of the additive eigenvalue ¢, we have
¢ < —¢/2, which contradicts our assumption that ¢ = 0.

Using again the fact that ¢; € Sy satisfies H[¢1] < —1 in R™ \ B(0,R) in the
viscosity sense, we see from Lemma 8.5 that Ay C B(0, R).

It remains to show that Ag is a closed set. Let {yr} C Apg be a sequence converg-
ing to y € R™. Because of the coercivity assumption (A2), the sequence {dg(-,yx)}
is locally equi-Lipschitz on R™. In particular, there is a constant C' > 0 such that
max{dy (yr,y), du(y,yx)} < Clyr — y| for all k € N. By the triangle inequality for d,

we have

|du(x,y) — du(z, y)| < max{du(yx,v),da(y,yx)} < Clyr —y| for all z € R™.

Consequently, as k — oo, we have dy(z,yr) — dy(x,y) uniformly for z € R™. By the
stability of the viscosity property under uniform convergence, we find that dg (-, y) € Sp,
proving that y € Ay and therefore that Ay is a closed set. O
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Theorem 8.6. Letv € S and w € 8;5 N®gy. Assume that v < w on Ag. Thenv < w
on R™.

Proof. Fix any e > 0. Choose a compact neighborhood V' of A so that v(z) < w(z)+e
for all x € V. Fix a constant R > 0 so that H[¢1] < —1 a.e. in R"\ B(0, R). By Lemma
8.4, there are a function ¢ € CYT1(R") such that H[¢)] < 0 a.e. in R™ and H[)] < —§
a.e. in B(0,R) \ V for some constant § € (0,1). We set g(z) = 1 (¢1(z) + ¢ (x))
for all z € R"™ and observe that H[g] < —2 a.e. in R"\ V. Let A € (0,1) and set
oa(z) = (1= A)v(z) + Ag(z) — 2 for € R™. Observe that H[vy] < —22 in R"\ V and
that for A € (0, 1) sufficiently small, v)(z) < w(x) for all z € V. We apply Theorem 3.2,
to get va(x) < w(zx) for all x € R™\ V and all A sufficiently small. That is, if A € (0,1)
is sufficiently small, then we have vy (z) < w(x) for all x € R™. From this, we find that

v(z) <w(z) forallz e R*. 0O
The above theorem has the following corollary.

Corollary 8.7. Let u € Sy. Then
u(z) = inf{u(y) + du(z,y) |y € Ay}  for all x € R". (8.5)

We refer to [F3, FS2] for previous results related to Corollary 8.7. Also we refer to
[IM] for a recent result which generalizes the above representation formula.
Proof. We write v(x) for the right hand side of (8.6). Since v is defined as the pointwise
infimum of a family of viscosity solutions, the function v is a viscosity solution of H[v] =
0 in R™. Since u(x) — u(y) < dgy(z,y) for all z,y € R™, we see that u(z) < v(x) for all
z € R™. On the other hand, for any = € Ay, we have u(z) = u(x) + dg(z,z) > v(z).
Hence Theorem 8.6 guarantees that u(x) > v(x) for all z € R". 0O

We are now ready to prove Theorem 8.1.

Proof of Theorem 8.1. We write w(z) for the right hand side of (8.2) and set
wo(z) = inf{dy(x,y) +uo(y) | y € R"} for z € R™. Also we write u(z,t) = Syug(x) for
(x,t) € R™ x [0, 00).

By the definition of wy, it is clear that wg(z) < ug(z) for all x € R™. Since dy(-,y) €
Sy for all y € R", we see that wy € S;. Noting that the function z(z,t) := wo(x)
is a viscosity subsolution of (1.1), we find by Theorem 4.1 that z(x,t) < u(x,t) for all
(x,t) € R™ x [0, 00), which implies that wg < vy on R™. Since w < wy < vg on Ay, by
Theorem 8.6 we obtain w < vy on R"™.

Next we fix any x € R", y € Ay, and z € R™. Note that dy(-,y) € Sy N ®y. By
Corollary 6.2, we may choose a curve v € £((—00,0],dg(-,y)) so that v(0) = x. By
Lemma 6.5, there is a constant M > 0 such that y(t) € B(0,M) for all £ < 0. We
choose any divergent sequence {t;};en C (0, 0c0) such that {y(—t;)};en is convergent.
Let o € R™ be the limit of the sequence {y(—t;)}.
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Arguing as in the last part of the proof of Theorem 1.3, with dg (-, y) in place of u™,

we obtain

w(z,tj) < du(z,y) —du(v(=t;),y) + u(y(=t;),t) + t;t_j e (tj t_ t)

for any ¢t > 0 if j is large enough, where w is the modulus from Proposition 7.1. Sending

7 — oo yields
vo(x) < dg(z,y) — dy(xo,y) + u(zo,t) for ¢t > 0.

By the variational formula (5.1), we have

u(ao,t) < / L(E(s), £(s)) ds + up(€(0))  for any € € Clao, ).

Hence we have

vo(@) < dut () — dut (w0, y) + / L(€(s), £(5)) ds + uo(£(0))

for all t > 0 and & € C(z,t). Consequently, we have

vo(z) < dp(z,y) _dH<x0ay)+/O L(f(a)yé(a))da+/OSL(77(0),?'7(0'))d0+uO(2)

for any t > 0, s > 0, £ € C(xo,t;y,0), and n € C(y, s;z,0). Therefore, by Proposition
8.2, we get
vo(z) <du(z,y) — du(wo,y) + du(wo,y) + du(y, 2) + uo(2)
=du(z,y) + du(y, ) + uo(2)-

Thus we have vo(x) < w(z) for all z € R™. The proof is now complete. [

9. Examples
We give two sufficient conditions for H to satisfy (A4).
Let Hy € C(R" x R") and f € C(R"™). Set H(z,p) = Ho(z,p) — f(z) for (z,p) €
R™ x R™. We assume that
lim f(x) = oo, (9.1)

|z|—o00
and that there exists a 6 > 0 such that
sup  |Ho| < 0. (9.2)
R"x B(0,5)
Fix such a § > 0 and set
Cs= sup [Ho|
R x B(0,6)
Then we define ¢; € COT1(R™), with i = 0, 1, by setting
)
$o(z) = —lz| and di(z) = —dlz],

34



and observe that for ¢ = 0,1,
Ho(z,D¢;i(x)) < Cs for all x € R™\ {0}.
Hence, for + = 0,1, we have

Ho(z,D¢;i(x)) < =f(z) +Cs — %Hﬁinnf for all z € R™ \ {0}.

N

If we set ) )
oi(x) = §f(:c) —Cs + §Hfliinf forz € R™ and i =0, 1,

then H satisfies (A4) with these ¢; and o;, i = 0,1. It is clear that if Hy satisfies
(A1)—(A3), then so does H.

A smaller ¢ yields a larger space ®(, and in applications of Theorems 1.1-1.3, it is
important to have a larger ®,. We are thus interested in finding a smaller ¢y. A method
better than the above in this respect is as follows. We assume that (9.1), (9.2), and
(A2) with Hy in place of H hold and that for each € R™ the function: p — Hy(x,p)
is convex in R™. We fix a function # € C1(R") so that

lim f(x) =00 and lim |DO(z)| =0.

|z|—o00 || —o00

For instance, the function #(x) = log(|z|?+ 1) has these properties. Fix an & > 0 so that
e|DO(x)| < 6/2 for all z € R™. Fix any A € (0, 1). Define the function G € C(R"™ x R")
by

G(w,p) = max{Ho(x,p), Ho(x,p — eDO(z))} = (1 = A) f(x) = Cs5 + (1= A)min £.

We note that for each x € R™ the function: p — G(x,p) is convex in R™. Define the
function ¢ € C°*1(R™) by

Y(x) = inf{v(z) | v € COTHR™), G[Dv] <0 a.e. in R™, v(0) = 0}.
Note that v(z) := —Z|z| has the properties: G(z, Dv(z)) < 0 a.e. € R" and v(0) = 0.
Hence we have ¢(z) < —£|z| for all z € R™. Because of the convexity of G(z,p) in p,

we see that ¢ is a viscosity solution of G[¢] < 0 in R™. This implies that ¢ and ¢ — 6
are both viscosity solutions of

H(x,Dv) < =Af(z)+Cs — (1 = A) rﬁlnnf in R".

With functions ¢g = ¥, ¢1 := ¢ — €6, and 09 = 01 := A\f — Cs5 + (1 — A\) ming~ f,
the function H satisfies all the conditions of (A4). As is already noted, the function
satisfies the inequality 1 (z) < —3|z| for all z € R™. Moreover, for any v € (1/2,1), the
function v(z) := —~0|x| satisfies

G(z,Dv(z)) <0 a.e. xz € R"\ B(0,R)
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for some constant R = R(vy) > 0. It is now easy to see that if A > 0 is large enough,
then 5
P(x) < min{—§|x|, —vé|lx|+ A} for all z € R".

Now we examine another class of Hamiltonians H. Let a > 0 and let Hy € C(R"™)
be a strictly convex function satisfying the superlinear growth condition

H,
lim o(p) = 00

lp|—oo [P

Let f € C(R™). We set
H(z,p) = az-p+ Ho(p) — f(x) for (z,p) € R" x R".

This class of Hamiltonians H is very close to that treated in [FIL2].

Clearly, this function H satisfies (A1), (A2), and (A3). Let Ly denote the convex
conjugate H; of Hy. By the strict convexity of Hy, we see that Ly € C*(R™). Define
the function v € C*(R™) by )

P(x) = —aLo(—a:U).
Then we have Dy(x) = DLy(—ax) and therefore, by the convex duality, Hy(Dv(x)) =
Diy(z) - (—ax) — Lo(—ax) for all x € R™. Consequently, for all z € R™, we have

H(z, Dip(z)) = ax - DY(x) + Ho(Dy(z)) — f(z) = —Lo(—ax) — f(z).

Now we assume that there is a convex function I € C'(R"™) such that

Jim (I(~az) + f(x)) =oe. (9.3)
Jim (Lo~ D(€) = . (9.4)

Let h denote the convex conjugate of I. We define ¢ € COt1(R") by ¢(z) = —él(—a:l;)
for x € R™. This function v is almost everywhere differentiable. Let x € R™ be any
point where ¢ is differentiable. By a computation similar to the above for ¢, we get

ax - DY(x) + h(Do(x)) — f(z) < —l(—az) — (). (9.5)

By assumption (9.4), there is a constant C' > 0 such that Ly(§) > I(§) — C for all

¢ € R™. This inequality implies that Hy < h + C in R™. Hence, from (9.5), we get
H(x,D¢(x)) < —l(—ax) — f(z) + C.

We now conclude that the function H satisfies (A4), with the functions ¢g = ¢, ¢1 = ¥,
oo(x) =l(—ax) + f(x) — C, and o1(x) = L(—ax) + f(x).

It is assumed here that H is strictly convex in R"™, while it is only assumed in [FIL2]
that Hj is just convex in R™, so that Ly may not be a C! function. The reason why the
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strict convexity of Hy is not needed in [FIL2] is in the fact that Hamiltonians H in this
class have a simple structure of the Aubry sets. Indeed, if ¢ is the additive eigenvalue
of H, then min,er» H(x,p) = c for all x € Ap. Given such a simple property of the
Aubry set, the proof of Theorem 1.3 can be simplified greatly and does not require the
C! regularity of Ly, while such a regularity is needed in the proof of Lemma 7.2 in
the general case. Any x € Apy is called an equilibrium point if min,er~ H(x,p) = c.
A characterization of an equilibrium point x € Ap is given by the condition that
L(x,0) = —c. The property of Aubry sets Ag mentioned above can be stated that the
set Ay comprises only of equilibrium points.

The following example tells us that such a nice property of Aubry sets is not always
the case. Let n = 2 and here we write (z,y) for a generic point in R%2. We choose a
function g € C(R?) so that g > 0 in R?, g(z,y) = 0 for all (z,y) € R?\ B((0,0),1),
and g(z,y) > 0 for all (z,y) € B((0,0),1). Also, we choose a function h € C(R?)
so that h(x,y) > 0 for all (z,y) € R?, h(x,y) = 0 for all (z,y) € B((0,0),2), and
h(z,y) > 2% +y? — 4 for all (x,y) € R%. We define the Hamiltonian H € C(R?) by

H(z,y,p,q) = (p— 9(x,9))* + ¢* — g(z,9)* — h(z,y).

It is clear that this Hamiltonian H satisfies (A1)—(A3). Note that (9.1) and (9.2) are
satisfied with Ho(z,y,p,q) = (p—g(z,y))*+¢*—g(x,y)? and f = h. Thus we see that H
satisfies (A4) as well. Note moreover that we may take the function: (z,y) — d6|(x,y)|,
with any 6 > 0, as ¢¢ in (A4).

Note that the zero function z = 0 is a viscosity solution of H[z] < 0 in R? and
that ming, g)er2 H(z,y,p,q) = 0 for all (z,y) € B((0,0),2). Therefore, in view of
Proposition 3.4, we deduce that the additive eigenvalue ¢ for H is zero.

Now we claim that Ay = B((0,0),2). Since the zero function z = 0 satisfies H|[z] =
—h(x,y) < 0in R?\ B((0,0),2), we see by Lemma 8.5 that Ay C B((0,0),2). Let ¢ €
C%T1(R?) be any viscosity subsolution of H[¢] = 0 in R2. Then, since H(x,y,p,q) =
(p—9g(z,v))?>+¢*—g(z,y)? for any (z,y,p,q) € R? x B((0,0),2), for almost all (z,y) €
B((0,0),2) we have

99

0 < a—x(af, y) < 2g(x,y). (9.6)

Since g(z,y) = 0 for all (z,y) € B((0,0),2) \ B((0,0),1), we find that D¢ = 0 a.e.
in B((0,0),2) \ B((0,0),1) and therefore that ¢(x,y) = a for all (z,y) € B((0,0),2) \
B((0,0),1) and some constant a € R. The first inequality in (9.6) guarantees that
for each y € (—1,1) the function: x — ¢(z,y) is nondecreasing in (—1,1). These
observations obviously implies that ¢(z,y) = a for all (z,y) € B((0,0),2). This shows
that for any (xg,y0) € int B((0,0),2), the function dg(z,y) = 0 in a neighborhood
of (z9,%0) and hence it is a viscosity solution of H[u] = 0 in R?. Thus we see that
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int B((0,0),2) C Ap. By the fact that Ay is a closed set, we conclude that Ay =
B((0,0),2).

Finally we remark that H(z,y,g(z,9),0) = —g(z,y)> < 0 for all (z,y) €
int B((0,0), 1), which shows that any (z,y) € int B((0,0),1) is an element of Ag, but
not an equilibrium point.

Next we examine another example whose Aubry set does not contain any equilibrium
points. As before we consider the two-dimensional case. We fix a,3 € R so that
0 < a < f and choose a function g € C(]0,00)) so that g(r) = 0 for all r € [a, 3],
g(r) > 0 for all r € [0,) U (8,00), and lim, o, g(r)/r? = co. We define the functions
Hy, H € C(R?) by

Ho(z,y,p,q) = (p—y)* —y* + (¢ + 2)* — 22,
H(z,y,p,q) =Ho(z,y,p,q) — 9(V 2> + y?).
It is easily seen that this function H satisfies (A1)—(A3). Let 6 > 0 and set ¥ (x,y) =
§(z? + y?) for (z,y) € R% Writing ¢, = 0v/0x and ¢, = 9/dz, we observe that
VYu(z,y) = 28z, ¥y (z,y) = 20y, and Ho(x,y, Yz, y) = 46%(2* + y?) for all (z,y) € R
Therefore, for any 6 > 0, if we set ¢o(z,y) = —0(2? + y?) and ¢1(z,y) = —26(z? + y?)
for (z,y) € R?, then (A4) holds with these ¢¢ and ¢;.

Noting that the zero function z = 0 is a viscosity subsolution of H|[z] = 0 in R?,
we find that the additive eigenvalue ¢ for H is nonpositive. We fix any r € [«, 5] and
consider the curve v € AC([0,2x]) given by ~(t) = (z(t),y(t)) := r(cost,sint). We
denote by U the open annulus int B((0,0),3) \ B((0,0),«) for notational simplicity.
Let ¢ € COT1(R?) be a viscosity solution of H[¢] = ¢ in R™. Such a viscosity solution
indeed exists according to Theorem 3.3. Due to Proposition 2.4, there are functions
p,q € L>°(0,2m, R?) such that for almost all ¢t € (0, 27),

£00(6) =r(~plt) sint +a(t) cost),
(p(t), q(t)) € Dep(7(1)).
The last inclusion guarantees that H(x(t),y(t),p(t),q(t)) < c a.e. t € (0,27). Hence,
recalling that o < r < (3, we get
¢ > Ho(x(t), y(t), p(t), q(t) = p(t)* — 2y()p(t) + (t)* + 22(t)q(t) a.e. t € (0,2m).

We calculate that

T
SO(T)) = 2(0) =r [ (=ple)simt + g(t)cost) s
1 7
< 5/ (c=p(t)* —qt)?) dt < T for all T € [0, 27].
0
This clearly implies that ¢ = 0 and also that the function: t — ¢(y(¢)) is a constant.
Thus we find that ¢(x,y) = h(2? + y?) for some function h € C°*1([a, 3]).
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Next, we show that ¢ is a constant function in U. At any r € («a,) and any
(x,y) € 0B((0,0),r), we have

Go(w,y) = 22h' (2 +y%) and ¢, (z,y) = 2y (2° +y?),

and, in particular, y¢.(x,y) — x¢y(x,y) = 0. Therefore, for almost all (z,y) € U, we

have
0> HO(x7y7 ¢m7¢y) = (¢x - y)2 - y2 + (¢y +'T>2 - ‘/BQ = ¢i + Qb;

That is, we have
¢z(@,y) = dy(z,y) =0 ae (z,y) €U,

which assures that ¢ is a constant in U.

Now we know that for any y € U, the function: = — dg(z,y) is a constant in a
neighborhood of 3, which guarantees that U C Ay and moreover that Ay = U.

Finally, we note that H(x,y,y, —x) = Ho(z,y,y, —x) = —2% —y? < 0 for all (z,y) €
U, and conclude that any (x,y) € Ag = U is not an equilibrium points.

The following two propositions give sufficient conditions for points of the Aubry set
Apg to be equilibrium points. Here we assume as usual that cg = 0.

Proposition 9.1. If y is an isolated point of Ay, then it is an equilibrium point.

Proof. Let y be an isolated point of Ag. Since dy(-,y) € Sy, according to Corollary
6.2, there exists a curve v € £((—o0, 0],du(+,y)) such that y(0) = y.
We show that y(t) € Ag for all t < 0, which guarantees that

v(t)=y forallt<D0. (9.7)

For this purpose we fix any z € R™ \ Ay. By Lemma 8.4 there are two functions
» €Sy NPy and o € C(R") such that H[¢] < —o in R™ in the viscosity sense, o > 0
in R", and o(z) > 0. By Proposition 2.5, for any fixed ¢ > 0, we have

0 0

L(4(s),4(s)) ds — / o(7(s)) ds

—t

6(y) — d(y(—1)) < /

—t
0

—da(y.9) ~ du((-0.9) ~ [ ol(s) ds

—t

Accordingly we have

/ a(v(s))ds +du(v(=t),y) < o(v(=1)) — ¢(v(0)) < du(v(—t),y).

—t

Hence we get

0
/ o(7(s))ds <0,

—t
which implies that (s) # z for all s < 0. Thus we conclude that (9.7) holds.
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Now we have

0= dut(y,y) — s (1(~1), ) = / Lx(8),4(t)) dt = L(y,0),

-1

which shows that y is an equilibrium point. O

Proposition 9.2. Assume that there exists a wviscosity solution w € C(R™) of
H(xz, Dw) = min,ern H(z,p) in R™. Then Ag consists only of equilibrium points.

For instance, if H(z,0) < H(x,p) for all (z,p) € R?", then w = 0 satisfies
H(z, Dw(z)) = min,er» H(z,p) for all z € R™ in the viscosity sense. If H has the
form H(x,p) = ax-p+ Ho(p) — f(x) as before, then H attains a minimum as a function
of p at a unique point ¢ satisfying ax + D~ Hy(q) > 0, or equivalently ¢ = DLo(—ax),
that is,

prgg}l H(z,p) = ax-q+ Hy(q) — f(x),

where Lj denotes the convex conjugate H of Hy. Therefore, in this case, the function
w(x) == —(1/a)Lo(—ax) is a viscosity solution of H|[w| = minyer» H(z,p) in R". In
these two cases, the Aubry sets consist only of equilibrium points.

Proof. Since cy = 0, we have minycgrn H(z,p) < 0 for all x € R"™. Note that the
function o(x) := —miny,ern» H(z,p) is continuous on R™ and that w is a viscosity
solution of H[w] = —o in R™. Applying Lemma 8.5, we see that if y € R™ and
min,ern H(y,p) < 0, then y ¢ Ap. That is, if y € Ay, then min,eg» H(y,p) = 0,
which is equivalent that y is an equilibrium point. 0O

Appendix

We show here that value functions, associated with given Hamiltonian H or its
Lagrangian L, are viscosity solutions of H = 0.

Let H € C(R™ x R™) be a function such that for each z € R"™ the function:
p+— H(x,p) is convex in R™, and let L be its Lagrangian. Let S be a nonempty subset
of R™ and vy a real-valued function on S. We define the function v : R® — [—00, 00| by

v(z) = inf{/0 L(v(s),%(s)) ds + vo(7(0)) ‘ t>0, veCl(x,t), v(0) € S}.

We define the upper and lower semicontinuous envelopes v* and v, of v, respectively,
by
v (z) = lililo sup{v(y) | y € B(z,r)} and w.(x)= hnﬁo inf{v(y) | y € B(z,r)}.

As is well-known, v* and v, are upper and lower semicontinuous in R", respectively.
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Theorem A.1. Let ) be an open subset of R", and assume that v is locally bounded
above in ). Then u := v* is a viscosity subsolution of H[u| =0 in Q.

Proof. Let (¢,2) € C1(Q)xQ and assume that v*—¢ attains a maximum at z. We show
that H(z, Dp(2)) < 0. We may assume without loss of generality that v*(z) = ¢(2), so
that v* < ¢ in Q. Define the multi-function F : Q — 2R" by

F(z) ={{ e R" | Dp(z) - £ = L(x,&) + H(z, D(x))}-

Since, for any = € R™, the function: p — H(z,p) is a real-valued convex function in
R™, it is subdifferentiable everywhere, which shows that F'(z) # 0 for all x € Q. Also, it
is easily seen that F'(x) is a closed convex set for any z € Q and that the multi-function
F' is upper semicontinuous in 2. Moreover, since H € C(R"™ x R"), the function L(z,§)
has a superlinear growth as |{| — oco. As a consequence, the multi-function is locally
bounded in Q. By a standard existence result for differential inclusions (see, e.g., [AC,
Theorem 2.1.3]), we see that there is a constant 6 > 0 such that for any y € B(z,9)
there exists a curve 7, € AC([0,0], R™) such that 1, (s) € —F(n,(s)) a.e. s € (0,9) and
ny(0) = y. Fix such a 6 > 0 and for each y € B(z,) a curve n, € AC([0,d],R™). We
may assume, thanks to the local boundedness of the multi-function F', that |n,(s)| < M
a.e. s € (0,6) for all y € B(z,0) and for some M > 0 and that 7,([0,6]) C 2. Note
that |n,(s) —y| < Ms for all 0 < s < 4.

Fix any ¢, A € (0,9) and y € B(z,\). Noting that v* < ¢ in Q, by the definition of
v, we may choose t > 0 and v € C(ny,(¢),t) so that v(0) € S and

M%@H%>ALW®d®Mwam»

We define the curve ¢ € C(y,t + ¢) by

- ~v(s) for s € [0, 1]
C(S)_{77y(s+t—«<>’) for s € (¢, +¢].

It is obvious that ((0) € S. Noting that
{(s) = —iiyfe +1—5) € Flyle+1— ) = PC(5) e s € (0 +2),

we have



Hence we get

t+4e .
<mw:w@u+e»=w@u»+l‘ Do(C(s)) - {(s) ds

t+e
:wwm+[ L(C(5), () + H(C(s), Dol (5)))] ds
>—A+M%W+ALW®d®Ns
t+e .
+[ L(C(5), () + H(C(s), Dol(C(5)))] ds

t+e . t+e
=—»Hmmm+A L@@g@»ﬁ+[ H(((s), Do(C(s))) ds

> A+ + in  H(x,D .
> v(y) € eiin (z, Dp(x))

Hence, as y € B(z, \) is arbitrary, we get
0>—-XA+ sup (v—op)(x)+e min H(x,Dy(x)).
JUEBW)( P)@) e pmin Hz De()
Sending A — 0 first, then dividing by e, and letting ¢ — 0 yield H(z, Dp(z)) < 0,
completing the proof. [0

Theorem A.2. Let Q) be an open subset of R™ such that SN Q =0, and assume that
v 18 locally bounded below in 2. Then v, is a viscosity supersolution of H =0 in Q.

Proof. Let (p,2) € C1(Q) x Q be such that v, — ¢ has a strict minimum at 2. We will
show that H(z, Do(z)) > 0. To do this, we argue by contradiction and thus suppose
that H(z, Dp(z)) < 0. We may assume as usual that v.(z) = ¢(z). We choose a
constant r > 0 so that B(z,r) C Q and H(x, Dp(x)) < 0 for all x € B(z,7). We set
m = mingp(:,,) (v« — ¢). Note that m > 0 and v.(z) > ¢(z) +m for all x € 9B(z,r).

Fix any y € B(z,r). Pick any t > 0 and v € C(y,t) such that v(0) € S. Since
~v(0) & €2, there is a constant 7 € (0, ¢] such that vy(7) € 0B(z,r) and y(s) € B(z,r) for
all s € [1,t]. We now compute that

ﬂw=ﬂﬂm=¢WWDﬁ/Dﬂ%@%%$®

<v.(y(7)) —m + / [L(v(s),7(s)) + H(v(s), Dp(7(s)))] ds

S%wwwﬁA¢W®d@Wh+/LW®d@Wk—m

<(0) + [ L3(s).3(3)) ds —m.

Taking the infimum over v € C(y, t), with v(0) € S, and ¢ > 0 in the above inequality,
we get o(y) < v(y) —m for all y € B(z,r) and hence p(z) < v,(z) — m, which is a
contradiction. This proves that H(z, Dp(z)) > 0. 0O
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Remark. We may apply above theorems to (1.1) as follows. We introduce the Hamil-
tonian H € C(R™! x R"*1) defined by H(x,t,p,q) = q + H(x,p). The corresponding
Lagrangian L is given by L(z,t,&,m) = L(z,£) + d13(n), where L is the Lagrangian of
H and dyyy denotes the indicator function of the set {1} C R. We set S = R" x {0}
and Q = R" x (0,00). Also, for given uyp € C(R"), we define the function vy € C(S5)
by vo(x,0) = ug(x). We then observe that

wt{ [ 26693 ds + u0(0) | veCn)

_ inf{/o L((s). £()) ds +00(C(0)) | T >0, C & C(2,0).T), ((0) € 5}

We give here a basic property of the Aubry set Ay (Cf. [F3, FS2]). We assume as
usual that cyg = 0.

Proposition A.3. Let y € R™. Then y € Ay if and only if for any 7 > 0,

t
wt{ [ L0n3)ds ¢ 7, 7 € Clutin0)} =0 (A1)

Proof. We start by observing that for any y € R", t > 0, and v € C(y, t;y,0),

/O L(3,4)ds > da(4(£)) — 61(7(0)) = 0.

We assume that y ¢ Ay, and will show that (A.1) does not hold for some 7 > 0. In
view of Proposition 8.3 and Lemma 8.4, there is a function ¢ € S;; N ®( and a constant
d > 0 such that H[¢)] < —§ a.e. in B(y,260). Let t > 0 and v € C(y, t;y,0) be such that

t
/ L(vy,%)ds < 1.
0

We select a function f € C(R"™) so that 0 < f < ¢ in R™, f(x) > 6 for all x € B(y, ),
and f(z) = 0 for all z € R™ \ B(y,20). Then, noting that H[)] < —f in R" in the

viscosity sense, by virtue of Proposition 2.5, we have

| i) as = v) = v) + [ ra)as =i,

where I = {s € [0,t] | 7(s) € B(y,0)} and |I| denotes the one-dimensional Lebesgue

measure of I. By Lemmas 6.4 and 6.5, there is a constant Cs5 > 0, depending only on
0, H, y, and ¢, such that

t
)

/ 19(s)|ds < = + Cst.
0 2
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Therefore, setting 7 = §/(2Cs), we see that if ¢ > 7, then v(s) € B(y, d) for all s € [0, 7].
Accordingly, if ¢ > 7, we have

t
/ L(vy,%)ds > ér.
0

This shows that (A.1) does not hold with our choice of 7.

Next we suppose that (A.1) does not hold for some 7 > 0 and will show that
y & Ag. We see immediately from this assumption that L(y,0) > 0, which implies
that min,ern H(y,p) = H(y,q) < 0 for some ¢ € R"™. By Proposition 2.1, there are
constants € > 0 and C > 0 such that L(z,p) < C for all (z,p) € B(y,e) x B(0,¢). We
may assume as well that

dyg(z,y) <1 and H(z,q) <0 forall x € B(y,¢).

Let r € (0,¢) be a constant to be fixed later on. Fix = € B(y,r) \ {y}, t > 0, and
v € C(z,t;y,0) so that

t
/ L(v,%)ds < 1.
0

According to Lemmas 6.4 and 6.5, there is a constant C. > 0, independent of the choice
of ~, such that

t g
/ 4(s)|ds < & + C.t.
0 2

In particular, there is a constant o > 0 such that y(s) € B(y,¢) for all s € [0, min{¢, o }].
We may assume that ko = 7 for some k € N. Note that

T
k:inf{/o L(v,9)ds | T >0, v € C(y,t;y,O)}

T
> inf{/ Lv,y)ds |T =27, v € C(y,t;y,o)} > 0.
0
We may choose a constant a > 0 so that

T
inf{/ L(n,m)ds | T > o, nEC(y,T;y,O)} > a.
0

We divide our considerations into two cases. The first case is when ¢ < o. Then we
have v(s) € B(y,¢) for all s € [0,¢] and hence

q-(m—y)zq-mw—w(o»:/o ¢-4(s)ds
< / L(1(s),4()) + H(x(s), )] ds < / L(7.4) ds.

In the other case when t > o, we define n € C(y,t + ¢ |y — z|;v,0) by

{7(5) for s € [0, ],

n(s) = . ;)
r+ (s—tely — x| (y — x) for se[t,t+e |z —yl.
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Noting that (n(s),7n(s)) € B(y,r) x B(0,¢) for all s € (¢, t + e |z — y|), we have

Now we fix 7 € (0,¢) so that Ce™1r <
t

a

IN

oyl t e e
A voyas = [ Leias [ L(1(s), (=) ds

t
L(v,5)ds + Ce™ 1|x—y|</ L(v,%)ds + Ce1r.
0 0

5. Consequently we get

/0 L(v,y)ds >

|

Hence we have

tALWdﬁbzmm@wx—w&ﬂh

from which we get

min{q - (r —y),a/2} < dg(x,y) for all z € B(y,r).

This shows that ¢ € Dy dg(y,y). Since H(y,q) < 0, we conclude that y ¢ Ay. 0O
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