Asymptotic solutions for large time of
Hamilton-Jacobi equations
in Euclidean n space
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Abstract. We study the large time behavior of solutions of the
Cauchy problem for the Hamilton-Jacobi equation w; + H(x, Du) = 0
in R™ x (0, 00), where H(z,p) is continuous on R” x R™ and convex in p.
We establish a general convergence result for viscosity solutions u(z,t) of
the Cauchy problem as t — oc.

1. Introduction and the main results

In recent years, there has been much interest on the asymptotic behavior of viscosity
solutions of the Cauchy problem for Hamilton-Jacobi equations or viscous Hamilton-
Jacobi equations. Fathi [F2] was the first who established a fairly general convergence
result for the Hamilton-Jacobi equation u:(z,t)+ H (x, Du(x,t)) = 0 on a compact man-
ifold M with smooth strictly convex Hamiltonian H. His approach to this large time
asymptotic problem is based on the weak KAM theory [F1, F3, FS1] which is concerned
with the Hamilton-Jacobi equation as well as with the Lagrangian or Hamiltonian dy-
namical structures behind it. Barles and Souganidis [BS1, BS2] took another approach,
based on PDE techniques, to the same asymptotic problem. The weak KAM approach
due to Fathi to the asymptotic problem has been developed and further improved by
Roquejoffre [R] and Davini-Siconolfi [DS]. Motivated by these developments the author
jointly with Y. Fujita and P. Loreti (see [FIL1]) has recently investigated the asymptotic
problem for viscous Hamilton-Jacobi equations with Ornstein-Uhlenbeck operator

uy — Au+ ax - Du+ H(Du) = f(x) in R" x (0,00),
and the corresponding Hamilton-Jacobi equations

us + ax - Du+ H(Du) = f(z) in R" x (0, 00),
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where H is a convex function on R™, A denotes the Laplace operator, and « is a positive
constant, and has established a convergence result similar to those obtained by [BS, F2,
R, DS].

In this paper we investigate the Cauchy problem

ug + H(x,Du) =0 in R" x (0, 00), (1.1)
u(+,0) = up, (1.2)

where H is a scalar function on R"” x R", u = u(z,t) is the unknown scalar function
on R" x [0, 00), uy = Ou/0t, Du = (0u/0z1,...,0u/0x,), and ug is a given function on
R" describing the initial data. The function H(x,p) is assumed here to be convex in p,
and we call H the Hamiltonian and then the function L, defined by
L(z,§) = sup (§-p — H(z,p)),
peER™

the Lagrangian. We refer to [Rf] for general properties of convex functions.

We are also concerned with the additive eigenvalue problem:
H(z,Dv)=c¢ inR", (1.3)

where the unknown is a pair (¢,v) € R x C(R"™) for which v is a viscosity solution of
(1.3). This problem is also called the ergodic control problem due to the fact that PDE
(1.3) appears as the dynamic programming equation in ergodic control of deterministic
optimal control theory. We remark that the additive eigenvalue problem (1.3) appears
in the homogenization of Hamilton-Jacobi equations. See for this [LPV].

For notational simplicity, given ¢ € C1(R™), we will write H[¢](x) for H(z, Dé(x))
or H[¢| for the function: x — H(z, D¢(x)) on R™. For instance, (1.3) may be written
as H[v] = c¢in R™.

We make the following assumptions on the Hamiltonian H.

(Al) He C(R™ x R").
(A2) H is coercive, that is, for any R > 0,

lim inf{H(xz,p) | z € B(0O,R), p€ R"\ B(0,r)} = 0.

(A3) For any = € R", the function: p — H(z,p) is strictly convex in R™.
(A4) There are functions ¢; € CO*1(R") and o; € C(R"), with i = 0, 1, such that for

i=0,1,
H(z,D¢;(x)) < —o;(x) almost every x € R",
| llim o;(x) = oo, | llim (po — &1) (x) = oc.

By adding a constant to the function ¢g, we assume henceforth that
do(z) > P1(x) for x € R™.
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We introduce the class ®¢ of functions by
dy ={ue CR") | 1f1{1£(u — ¢g) > —00}.

We call a modulus a function m : [0,00) — [0,00) if it is continuous and nonde-
creasing on [0,00) and if m(0) = 0. The space of all absolutely continuous functions
v : [S,T] — R™ will be denoted by AC([S, T],R"™). For z,y € R™ and t > 0, C(x,1)
(resp., C(z,t;y,0)) will denote the spaces of all curves v € AC([0,¢],R"™) satisfying
~v(t) = z (resp., 7(t) = x and 7(0) = y). For any interval I C R and v : I — R", we
call v a curve if it is absolutely continuous on any compact subinterval of I.

We will establish the following theorems.

Theorem 1.1. Let ug € ®¢ and assume that (A1)-(A4) hold. Then there is a unique
viscosity solution u € C(R™ x [0,00)) of (1.1) and (1.2) satisfying

inf{u(x,t) — ¢o(z) | (z,t) € R" x [0,T]} > —o0 (1.4)

for any T € (0,00). Moreover the function u is represented as

u(x,t) = inf {/0 L(v(s),5(s))ds + up(v(0)) | v € C(m,t)} for (z,t) € R™ x (0, 00).

Theorem 1.2. Let (A1)—(A4) hold. Then there is a solution (c,v) € R x ®q of (1.3).
Moreover the constant c is unique in the sense that if (d,w) € R x ®q is another solution
of (1.3), then d = c.

The above theorem determines uniquely a constant ¢, which we will denote by cp,
for which (1.3) has a viscosity solution in the class ®y. The constant cpy is called the
critical value or additive eigenvalue for the Hamiltonian H. This definition may suggest
that ¢ depends on the choice of (¢g, ¢1). Actually, it depends only on H, but not on
the choice of (¢g, ¢1), as the characterization of ¢y in Proposition 3.4 below shows. It
is clear that if (¢,v) is a solution of (1.3), then (¢,v + K) is a solution of (1.3) for any
K € R. As is well-known, the structure of solutions of (1.3) is, in general, much more

complicated than this one-dimensional structure.

Theorem 1.3. Let (Al)—(A4) hold and ug € ®9. Let u € C(R™ x [0,00)) be the
viscosity solution of (1.1) and (1.2) satisfying (1.4). Then there is a viscosity solution
vg € ®g of (1.3), with ¢ = cy, such that as t — oo,

u(z,t) +ct —vo(x) — 0  uniformly on compact subsets of R".

We call the function vo(x)—ct obtained in the above theorem the asymptotic solution
of (1.1) and (1.2). See Theorem 8.1 for a representation formula for the function vy.

In order to prove the convergence result of Theorem 1.3, we follow the generalized
dynamical approach introduced by Davini and Siconolfi [DS] in broad outline.
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In the following we always assume that (A1)—(A4) hold.

The paper is organized as follows: in Section 2 we collect some basic observations
needed in the following sections. Section 3 is devoted to the additive eigenvalue problem
and to establishing Theorem 1.2. In Section 4 we establish a comparison theorem for
(1.1) and (1.2), from which the uniqueness part of Theorem 1.1 follows. In Section 5
we study the Aubry set and critical curves for the Lagrangian L. Section 6 deals with
the existence of a viscosity solution u of the Cauchy problem (1.1)—(1.2) together with
some estimates on u. Section 7 combines the results in the preceding sections, to prove
Theorem 1.3. In Section 8 we show a representation formula asymptotic solution for
large time of (1.1) and (1.2). In Section 9 we give two sufficient conditions for H to
satisfy (A4) and a two-dimensional example in which the Aubry set contains a non-
empty disk, with positive radius, consisting of non-equilibrium points. In Appendix
we show in a general setting that value functions associated with Hamiltonian H are
viscosity solutions of the Hamilton-Jacobi equation H = 0.

The author would like to thank Dr. Naoyuki Ichihara for pointing out many errors

and misprints in a prvious version of this paper.

2. Preliminaries

In this section we collect some basic observations which will be needed in the fol-
lowing sections.

We will be concerned with functions f on R™ x R". We write D f and D5 f for the
gradients of f, respectively, in the first n variables and in the last n variables. Similarly,
we use the symbols Dli f and D2jE f to denote the sub- and superdifferentials of f in the
first or last n variables.

We remark that, since H(z, -) is convex for any x € R", for any u € C°T1(Q), where
2 C R™ x (0,00) is open, it is a viscosity subsolution of (1.1) in € if and only if it
satisfies (1.1) almost everywhere (a.e. for short) in Q. A similar remark holds true for
the stationary problem (1.3).

Also, as is well-known, the coercivity assumption (A2) on H guarantees that if
v € C(N2), where Q is an open subset of R", is a viscosity subsolution of (1.3) in €,
then it is locally Lipschitz in €.

Another remark related to the convexity of H is that given nonempty, uniformly
bounded, family S of subsolutions of (1.3) in €2, where ) is an open subset of R", the
pointwise infimum wu(z) := inf{v(z) | v € S} gives a viscosity subsolution u of (1.3) in
Q). For instance, this can be checked by invoking the notion of semicontinuous viscosity
solutions due to Barron-Jensen [BJ1, BJ2]. Indeed, due to this theory (see also [B,
BC,I3]), v € C%T1() is a viscosity subsolution of (1.3) if and only if H(xz,p) < c for all
p € D7 v(x) and all x € Q. It is standard to see that if p € D™ u(x) for some z € ,
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then there are sequences {zj}ren C Q, {vk}tren C S, and {pr}ren C R"™ such that
pr € D7 ug(xy) for all £ € N and (xg, pr, vi(zr)) — (z,p,u(z)) as k — oco. Here, we
have H(zy,pr) < c for all k € N and conclude that H(xz,p) < ¢ for all p € D~ u(z)
and all z € Q. If, instead, S is a family of viscosity supersolutions of (1.3) in 2, then
a classical result in viscosity solutions theory assures that u, defined as the pointwise
infimum of all functions v € S, is a viscosity supersolution of (1.3) in €. In particular,
if S is a family of viscosity solutions of (1.3) in €2, then the function u, defined as the
pointwise infimum of v € S, is a viscosity solution of (1.3) in Q.

Proposition 2.1. For each R > 0 there exist constants g > 0 and Cr > 0 such that
L(z,&) < Cg for all (x,£) € B(0,R) x B(0,dR).

Proof. Fix any R > 0. By the continuity of H, there exists a constant Mz > 0 such
that H(z,0) < Mg for all z € B(0,R). Also, by the coercivity of H, there exists a
constant pp > 0 such that H(x,p) > Mg+1 for all (z,p) € B(0,R) x9B(0, pr). We set
6r = pp'. Let £ € B(0,0r) and z € B(0, R). Let ¢ € B(0, pr) be the maximum point
of the function: f(p) := H(x,p) — & -p on B(0, pr). Noting that f(0) = H(z,0) < Mg
and f(p) > Mg+ 1—0gpr = Mg for all p € 0B(0, pr), we see that ¢ € int B(0, pr)
and hence & € D5 H(x,q), which implies that L(x,&) = £ - q — H(x,q). Consequently,
we get

L <4 — min H =1- i H.
(z,8) < drpr Juin (z,p) potn

Now, choosing C'r > 0 so that 1 — ming( r)xr» H < Cr, we obtain
L(z,&) < Cg forall (z,§) € B(0,R) x B(0,dR). O

Proposition 2.2. Let (z,§) € R™ x R". Then (x,£) € int dom L if and only if
¢ € D, H(x,p) for some p € R".

Proof. Fix :i‘,é € R™. Suppose first that é € D; H(z,p) for some p € R™. Define the
function f on R™ x R™ by

Note that the function f(z,-) attains the minimum value 0 at p and it is strictly convex

on R"™. Fix r > 0 and set

m = min z,p),
peaB(ﬁ,T)f( P)

and note, because of the strict convexity of f(Z,-), that m > 0. Note also that the
function: x +— min,cpp (s f(z,p) is continuous on R"™. Hence there is a constant
0 > 0 such that

min{ f(z,p) | x € B(%,0), p € 0B(p,r)} >
max{f(z,p) |z € B(z,0)} <

Y (2'1)
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Fix any (z,&) € B(Z,6) x B(0,2) and consider the affine function g(p) := r~1¢ -
(p —p) + 5. We show that

f(x,p) > g(p) forallpeR"\ B(p,r). (2.3)

To see this, we fix any p € R™\ B(p,r) and set ¢ = p+r(p —p)/|p — p| € IB(p,r).
Then, by (2.1), we have

fz,q) > %

Using the convexity of f(z,-) and noting that ¢ = (1 — Ip_iﬁl)ﬁ + |p—iﬁ|p, we get

) Fl,p) +

fle.a) < (1- f(@.p)

-
lp — D

p — Pl
and hence, by using (2.2), we get

f($;p> Zr_l|p —ﬁ’f(l'v@ + (1 - T_l‘p—ﬁDf(l',ﬁ)

_ m -~ m m _ )
>r llp—p|5+(1—7" 1Ip—pl>Z=Z(1+r Yp—pl). (2.4)

On the other hand, we have

|3

g(p) < - (rHp—pl +1).

This combined with (2.4) shows that (2.3) is valid.
Next, observing that f(z,p) — g(p) < G — g(p) = 0 by (2.2) and using (2.3), we see
that the function: p — f(z,p) — g(p) attains its global minimum at a point in B(p, ).

\V)

Fix such a minimum point p, ¢ € B(p,r), which is indeed uniquely determined by the
strict convexity of f(z,-). We have

0 € Dy f(2,pr) = Dglprg) = Dy H(zpag) — — 17 '€,

That is,
E4+r7Ye € Dy H(x,pog),

which is equivalent to saying that
Prg € Dy L(z,€ +771¢).

In particular, we have (z,€ +r~'¢) € dom L and (&, €) € int dom L.
Next, we suppose that (z, é) € int dom L. Then it is an easy consequence of the
Hahn-Banach theorem that there is a p € R™ such that £ € D5 H(z,p). O

Remark. Let (z,€) € int dom L. According to the above theorem (and its proof),
there is a unique p(z,§) € Dy L(x,€). That is, on the set int dom L, the multi-valued
map D5 L can be identified with the single-valued function: (z,§) — p(z,£). By the
above proof, we see moreover that for each r > 0 there is a constant § > 0 such that
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p(y,n) € B(p(z,&),r) for all (y,n) € B(x,d) x B(&,0). From this observation, we easily
see that the function: (z,&) — p(z,§) is continuous on int dom L. Indeed, one can show
that L is differentiable in the last n variables and Dy L is continuous on int dom L.

Proposition 2.3. Let K C R™ x R"™ be a compact set. Set
S={(z,§) e R" xR" | £ € D; H(z,p) for some p € R" such that (z,p) € K}.
Then S 1s a compact subset of R™ x R™ and S C int dom L.

Proof. We choose a constant R > 0 so that K = B(0, R) x B(0, R).

To see that S is compact, we first check that S C R?" is a closed set. Let
{(xk, &) }ken C S be a sequence converging to (zg,&y) € R**. For each k € N there
corresponds a point py € B(0, R) such that

&k € Dy H(xy, pr)-

This is equivalent to saying that

&k - o = L(wk, &) + H (2, pr)- (2.5)

We may assume by replacing the sequence {(zx, &k, pr)} by its subsequence if necessary
that {pr} is convergent. Let pg € B(0, R) be the limit of the sequence {px}. Since L is

lower semicontinuous, we get from (2.5) in the limit as k — oo,

o - po > L(xo,&0) + H(xo,po),

which implies that & € D5 H(xo,pp). Hence, we have (zo,&p) € S and see that S is
closed.

Next we show that S is bounded. Since H € C(R?") and the function: p — H(z,p)
is convex for any x € R", we see that there is a constant M > 0 such that the functions:
p+— H(z,p), with x € B(0, R), is equi-Lipschitz continuous on B(0, R) with a Lipschitz
bound M. This implies that

|€] < M for all (z,€) €S,

since if (z,&) € S, then £ € D, H(z,p) for some p € B(0,R) and || < M. Thus we
have seen that S C B(0,R) x B(0, M). The set S is bounded and closed in R?*" and
therefore it is compact.

Finally, we apply Proposition 2.2 to (z,&) € 5, to see that (z,£) € int dom L. O

Proposition 2.4. Let ¢ € COTH(R") and v € AC([a,b], R™), where a, b € R satisfy
a < b. Then there is a function ¢ € L*>(a,b,R™) such that

S on) =alt) 41) ae te(ab)
q(t) €0.0(y(t)) a.e. t € (a,b).

7



Here 0.¢ denotes the Clarke differential of ¢ (see [C]), that is,

0c.0(x) = m co0{Do¢(y) |y € B(x,r), ¢ is differentiable at y}  for x € R™.
r>0

Proof. Let p € C*°(R") be a standard mollification kernel, i.e., p > 0, spt p C B(0,1),
and [, p(z)dz = 1.

Set pi(x) := k"p(kx) and ¢p(z) := pg * ¢(x) for x € R™ and k € N. Here the
symbol “x” indicates the usual convolution of two functions. Set

¢(t) = ¢07(t)’ wk(t) = Ok OV(t)’ and Qk(t) = Doy, O’Y(t) for ¢ € [avb]a ke N.

We have ) (t) = qu(t) - 7(t) a.e. t € (a,b), and, by integration,

t
V() — Pia) = / ge(s)-A(s)ds  for all £ € [a,b]. (2.6)
Passing to a subsequence if necessary, we may assume that for some g € L*(a, b, R"),

qr — q weakly star in L>(a,b,R") as k — oc.

Therefore, from (2.6) we get in the limit as k — oo,

O(#) — la) = / g(s)-A(s)ds  for all £ € [a,b].

This shows that
B(t) =q(t)-5(t) ae. t € (a,b).

Noting that {gx} is weakly convergent to ¢ in L?(a,b, R™), by Mazur’s theorem, we
may assume that there is a sequence {py} such that

pr —q strongly in L?(a,b,R") as k — oo,
pr € co{q; | j >k} forall keN.

We may further assume that
pe(t) — q(t) ae. te(a,b) as k— oo.
We fix a set I C (a,b) of full measure so that
pr(t) = q(t) foralltel as k— oo. (2.7)

Now, for any z € R" and any k& € N, noting that
Don(a) = [ (o~ Do) dy,
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we find that
Dor(x) € o{Do(y) | y € B(z, k™), ¢ is differentiable at y}.
From this, we get
qx(t) € o{D¢(z) | x € B(y(t), k1), ¢ is differentiable at 2}  for all ¢ € [a, b],
and therefore
pe(t) € {D¢(x) | x € B(y(t), k1), ¢ is differentiable at 2}  for all ¢ € [a,b]. (2.8)
Combining (2.7) and (2.8), we get

q(t) € [ @{Do(x) | = € B(y(t), ), ¢ is differentiable at x}  for all t € I.

>0

That is, we have

q(t) € 0.0(v(t)) a.e. te(a,b). a

Proposition 2.5. Let w € C°T1(R™) be such that H(z, Dw(x)) < f(z) in R™ in
the wviscosity sense, where f € C(R™). Let a,b € R be such that a < b and let v €
AC([a,b],R™). Then

b b
/ L(3(s),4(s)) ds > w(3(b)) — w(~(a)) - / F(1(s)) ds.

Proof. By Proposition 2.4, there is a function ¢ € L*°(a, b, R™) such that

Losty(s) =qls)-is)  ae. s € (a,),

ds
q(s) €d.w(vy(s)) a.e. s€ (a,b).
We calculate that

/ab L(v(s),~%(s))ds > /;H(S) - q(s) — H((s), q(s))] ds
> [ [ wtaton - see)] as

=w(y(b)) —w(y(a)) — [ fly(s))ds. O

3. Additive eigenvalue problem
In this section we prove Theorem 1.2. Our proof below is parallel to that in [LPV].
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Lemma 3.1. There is a function g € C1(R") such that

H(x,Dyo(x)) > —Cy  for all z € R", (3.1)
Yo(x) >¢po(z) forallz € R" (3.2)
for some constant Cy > 0.

Proof. We choose a modulus p so that

H(xz,p) >0 for all (z,p) € B(0,r) x [R™\ B(0,p(r))] and all r > 1,
| Déoll o= (B(0,r)) < p(r)  for all r > 1.

Because of this choice, we have

||
do(x) — go(|z|12) < /1 p(r)ydr for all z € R"\ B(0,1).

We define the function g € C*(R") by

|z]
dio(x) = max g + /O p(r) dr.

B(0,1)

Observe that

Do) =p(lel)  for all € R”,
H(xz,Dyp(x)) >0 for all z € R™\ B(0,1),

and also that
|z|
do(z) < dollz]~'z) + / p(r)dr < go(z) for all z € R"\ B(0,1),
0

and therefore

do(z) < o(z) for all z € R". (3.3)
Choosing a constant Cy > 0 so that

Co > max |H(z, Dyg(x))|,

z€B(0,1)
we have
H(xz,Dyp(x)) > —Cpy for all x € R".
This together with (3.3) completes the proof. O

We need the following comparison theorem, which generalizes comparison results in

[A].
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Theorem 3.2. Let Q be an open subset of R™. Let f € C(Q), A > 0 and ¢ > 0.
Assume that X +¢ > 0. Let u, v : Q — R be, respectively, an upper semicontinuous

viscosity subsolution of
M+ Hu] < Af—e  in Q, (3.4)

and a lower semicontinuous viscosity supersolution of
A+ Hv] > Af  in Q. (3.5)
Assume that f, v € &g and u < v on 9. Then u < v on €.

The main idea in the following proof how to use the convexity property of H is
similar to that in [I1].
Proof. It is enough to show that, for any p > 0, u, :=u—p <wvin Q. Noting that Uy,
is a viscosity subsolution of Au,, + Hlu,| < A\f —e — pA in Q and that € + pA > 0, we
may always assume by replacing u by u,, if necessary that ¢ > 0.

Let A > 0 and define uy € C(Q2) by
ua(z) = min{oy(x) + A, u(x)}.
Observe that there is a constant R = R(A) > 0 such that
H(z,D¢1(z)) < —e ae. in Q\ B(0, R),
f(z) >d1(x)+ A forall x e Q\ B(0,R).
Choose a constant Ay > 0 so that
$1(x) + Ag > u(x) for all z € QN B(0, R),

and we assume henceforth that A > A,.
For almost all x € €2, we have

{ Du(z) if u(z) < ¢1(x)+ A,
Duy(z) =
D¢ (z) if u(x) > ¢1(x) + A.
Therefore, for almost all z € Q, if u(z) < ¢1(x) + A, then
Mig(z) + H(x, Dug(z)) = Mu(x) + H(z, Du(z)) < Af(z) — ¢,
and if u(z) > ¢1(x) + A, then |x| > R, H(x,Dp1(x)) < —¢, dua(z) < Af(z), and
therefore

Mua(x) + H(x,Dua(z)) = Af(z) + H(z, Dp1(x)) < Af(z) — €.

This observation assures that w4 is a viscosity subsolution of (3.4). The function u4
has the property that ua(x) = ¢1(z) + A if |z| is sufficiently large. Since

lim (v(z) = ¢1(z)) = o,

|z =00
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we deduce that there is a constant M > 0 such that
ua(z) <v(x) foralzeQ\ BO,M).

By a standard comparison theorem applied in Q N B(0,2M), we obtain u4(x) < v(zx)
for all x € Q N B(0,2M), from which it follows that ua(z) < v(z) for all x € Q. For
each x € Q, if we choose A > Ay large enough, then u4(z) = u(x) and conclude that
u(x) <ov(x). 0

Theorem 3.3. (1) There is a solution (c,v) € R x ®y of (1.3). (2) If (c,v), (d,w) €
R x ®¢ are solutions of (1.3), then ¢ = d.

Proof. We start by showing assertion (2). Let (¢, v), (d,w) € R x @y be solutions of
(1.3). Suppose that ¢ # d. We may assume that ¢ < d. Also, we may assume by adding
a constant to v that v(xg) > w(x) at some point zyp € R™. On the other hand, by
Theorem 3.2, we have v < w for all x € R", which is a contradiction. Thus we must
have ¢ = d.

In order to show existence of a solution of (1.3), we let A > 0 and consider the

problem
Ay (z) + H(x, Duy(x)) = Apo(z) in R™. (3.6)

Let ¢ € C1(R™) and Cy > 0 be from Lemma 3.1. We may assume by replacing C
by a larger number if necessary that og(z) > —Cj for all x € R™. Note that H[¢o] < Cp
in R™ in the viscosity sense.

We define the functions vic on R™ by

v (z) =o(z) + A\ 'Co  and v (z) = do(z) — A" Co.

It is easily seen that fuj\r and v, are viscosity supersolution and a viscosity subsolution
of (3.6). In view of (3.2), we have vy (z) < v} () for all z € R". By the Perron method
in viscosity solutions theory, we find that the function vy on R” given by

va(z) = sup{w(z) |vy <w <o) in R",
Aw + Hjw] < A¢p in R™ in the viscosity sense}.
is a viscosity solution of (3.6). Because of the definition of vy, we have
do(z) — A1Co < ua(x) < Yo(z) +A"1Cy  for all z € R™. (3.7)

Using the left hand side inequality of (3.7), we formally calculate that

Apo(z) = Mur(z) + H(z, Duy(x)) > Apo(z) — Co + H(x, Dvy(x)),
and therefore

H(x, Dvy(x)) < Cp.

12



Indeed, this last inequality holds in the sense of viscosity solutions. This together with
the coercivity of H yields the local equi-Lipschitz continuity of the family {vy}rso. As
a consequence, the family {vy — vx(0)}rs0 C C(R") is locally uniformly bounded and
locally equi-Lipschitz continuous on R™.

Going back to (3.7), we see that

Apo(x) — Co < Avp(z) < Mpo(z) + Cy for all z € R™.

In particular, the set {Av(0)}re(0,1) € R is bounded. Thus we may choose a sequence
{\;}jen such that, as j — oo,

)\] — 0, - )\ji/})\j (O) — C,
Yy, () — ¥y, (0) —v(xz) on bounded sets C R"

for some real number ¢ and some function v € C°*1(R"). Since
|IA(va(z) —vaA(0))| < ALg|z| for all x € B(0, R),
all R > 0, and some constants Lr > 0, we find that
—Ajy,; () — ¢ uniformly on bounded sets C R™ as j — oo.

By a stability property of viscosity solutions, we deduce that v is a viscosity solution of
(1.3) with ¢ in hand.

Now, we show that v € ®y. Fix any A € (0,1). As we have observed above, there is a
constant C7 > 0, independent of A, such that |[Avy(0)] < C7. Set wy(z) = vx(z) —vx(0)
for x € R™. Note that w) is a viscosity solution of

Awy + Avx(0) + H(xz, Dwy) = App  in R".
We may choose a constant R > 0 so that

H(z,D¢p(x)) < —-C; ae. R"\ B(0,R),
and then a constant Cy > C1, independent of A € (0, 1), so that

max{|po(x)|, |lwr(z)|} < Cy for all x € B(0, R).
Set w = ¢g — 2C3. Obviously we have
w<wy in B(0,R),
and
Aw + Ay (0) + H(z, Dw(z)) < Apg+C1 — C1 < Apy a.e. x € R"\ B(0, R).
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Noting that wy € &, we apply Theorem 3.2 to w and wy, to obtain
w<wy, inR"\ B(0,R).

Sending A — 0, we get
¢o—20Cy<v inR"\ B(0,R),

which shows that v € &y, completing the proof. O

Proposition 3.4. The critical value cg s characterized as
cy = inf{a € R | there exists a viscosity solution v € C(R") of H[v] < a in R"}.

Proof. We write d for the right hand side of the above formula. Let ¢ € ®3 be a
viscosity solution of H[¢] = cy in R™. If a > ¢y, then H[p] < a in R™ in the viscosity
sense. Thus we have d < cp. Suppose that d < cg. Then there is a constant e € (d, cg)
and a viscosity solution of H[¢] < e in R™. By Theorem 3.2, we see that ¢ + C' < ¢ in
R" for any C € R, which is clearly a contradiction. Thus we have d = cp. O

4. A comparison theorem for the Cauchy problem
In this section we establish the following comparison theorem. Let T' € (0, 00).

Theorem 4.1. Let Q be an open subset of R". Let u, v : Q x [0,T) — R. Assume
that u, —v are upper semicontinuous on 2 x [0,T) and that u and v are, respectively, a
viscosity subsolution and a viscosity supersolution of

ur+ H(z,Du) =0 in Q x (0,7). (4.1)
Moreover, assume that

lin (oo 0) — 1(0) | (0.0 € @\ BON) X 0.7} =00 (42
and that u < v on (Q x {0}) U (92 x [0,T)). Then u <wv in Q x [0,T).
Proof. We choose a constant C' > 0 so that
H(z,D¢pi(x)) <C ae x€R"
and define the function w € C(R™ x R) by
w(z,t) == ¢1(x) — Ct.

Observe that w; + H(x, Dw(x,t)) <0 a.e. (z,t) € R"1.
We need only to show that for all (x,t) € Q and all A > 0,

min{u(z,t), w(x,t) + A} <v(z,t). (4.3)
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Fix any A > 0. We set wa(z,t) = w(z,t) + A for (x,t) € R"™. The function wa
is a viscosity subsolution of (4.1). By the convexity of H(x,p) in p, the function @
defined by u(x,t) := min{u(z,t), wa(z,t)} is a viscosity subsolution of (4.1). Because
of assumption (4.2), we see that there is a constant R > 0 such that u(x,t) < v(z,t) for
all (z,t) € (Q\ B(0,R)) x [0,T). We set Qr := QN int B(0,2R), so that ui(x,t) < v(z,t)
for all x € 9QR x [0,T). Also, we have u(z,0) < u(x,0) < v(z,0) for all x € Qg.

Next we take the sup-convolution of @ in the variable t. That is, for each ¢ € (0,1)

we set

t — 2
u®(z,t) ;== sup (ﬂ(x,s) _ (o)
s€[0,T) 2e

For each 6 > 0, there is a v € (0, min{é, 7'/2}) such that w(z,t) — 6 < wv(z,t) for
all (z,t) € Qp x [0,7]. As is well-known, there is an ¢ € (0, §) such that u® is a
viscosity subsolution of (4.1) in Qg X (v, T—~) and u®(x,t) —26 < v(x,t) for all (x,t) €
(Qr x [0,7]) U (8Qg x [y, T —7]). Observe that the family of functions: t — u®(z, 1)
on [y, T—~], with € Qg, is equi-Lipschitz continuous, with a Lipschitz bound C. > 0,

) for all (x,t) € Qr x R.

and therefore that for each ¢t € [y, T' — 7], the function z : x — u®(z,t) in Qpr satisfies
H(xz,Dz(x)) < C. a.e., which implies that the family of functions: = — u®(z,t), with
t € [y, T — 7], is equi-Lipschitz continuous in Qp.

Now, we may apply a standard comparison theorem, to get u®(z,t) < v(x,t) for all
(z,t) € Qr x [y, T — 7], from which we get @(z,t) < v(z,t) for all (z,t) € Q x [0,T).
This completes the proof. O

5. Aubry sets and critical curves

Let ¢ = cy be the critical value for H. In this and the following sections we assume
without loss of generality that ¢ = 0. Indeed, if we set H.(x,y) = H(z,y) — ¢ and
Lo(z,y) = L(z,y) + c for (x,y) € R?", then the stationary Hamilton-Jacobi equation
H[v] = ¢ for v is exactly H.[v] = 0 for v and the evolution equation u; + H[u] = 0 for
u is the equation wy + H.[w] = 0 for w(x,t) := u(x,t) + ct. Note moreover that L. is
the Lagrangian of the Hamiltonian H,, i.e., L.(z,&) = sup{€ -p — H.(z,p) | p € R"}
for all x,& € R™. With these relations in mind, by replacing H and L by H. and L.,
respectively, we may assume that ¢ = 0.

We consider the Hamilton-Jacobi equation
H(z,Du(z))=0 in R" (5.1)

and study the (projected) Aubry set for the Lagrangian L (for the Hamiltonian H, or
for (5.1)).

Henceforth S, S7;, and Sy denote the sets of continuous viscosity subsolutions,
of continuous viscosity supersolutions, and of continuous viscosity solutions of (5.1),
respectively.
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Following the ideas in [FS2] with small variations in the presentation, we introduce
the Aubry set A for (5.1) as follows. We define the function dg : R™ x R™ — R by

du(z,y) = sup{v(z) [ v € S, v(y) = 0}, (5.2)
and then the Aubry set A for (5.1) by
A={yeR" | du(-,y) € Su}. (5.3)

Since the equation, H[v] = 0 in R™, has a viscosity solution in the class ®( by
Theorem 3.3 (or 1.2), the set

{ve sy lvly) =0}

is nonempty and, because of the coercivity assumption on H, it is locally equi-Lipschitz
continuous. Therefore, the function dg(-,y) defined by (5.2) is locally Lipschitz contin-
uous on R™ and vanishes at x = y for any y € R™. Since the pointwise supremum of
a family of viscosity subsolutions of (5.1) defines a function which is a viscosity subso-
lution of (5.1), for any y € R", we have dy(-,y) € S;. In view of the Perron method,
we deduce that, for any y € R", the function dg(-,y) is a viscosity solution of (5.1) in
R™ \ {y}. Thus we see that

yeR"\ A <= dpe Didu(y,y) such that H(y,p) <O. (5.4)

For any y,z € R", the function w(z) := dy(z,y) — du(z,y) is a viscosity subsolution
of (5.1) and satisfies w(z) = 0. Therefore we have w(x) < dy(x,z). That is, we have
the triangle inequality for dg:

d(z,y) <dg(r,2)+dg(z,y) forall z,y,z € R".

To continue, we make the following normalization. We fix a viscosity solution ¢ € ®
of H[¢] = 0in R™. We choose a constant r > 0 so that o;(x) > 0 for all x € R™\ B(0, r).
There is a constant M > 0 such that ¢(z) — M < ¢1(z) for all x € B(0,r). We set
Ci(w) = min{p(x) — M, ¢1(z)} for x € R™. Since lim;| (¢ — ¢1)(x) = oo, we have
Gi(x) = ¢1(x) for all z € R™ \ B(0,R) and some R > r. Note that H(z,D( (z)) =
H(xz,D¢(x)) =0a.e. in B(0,r), H(x, D(1(z)) < max{H(x, D¢(x)), H(z, Dp1(x))} <0
a.e. in B(0,R) \ B(0,7), and H(z,D((x)) = H(z,D¢1(z)) = —o1(x) a.e. in R™\
B(0, R). Therefore, by replacing ¢; and o1 by ¢; and max{oy,0}, respectively, we may
assume that o; > 0 in R™. Similarly, we define the function ¢, € COT1(R™) by setting
Co(z) = min{p(x) — M, ¢o(z)} and observe that H[(p] < 0 in R™ in the viscosity sense
and that supgn. [(o — ¢o| < 0o, which implies that u € ®q if and only if infgn (u — (o) >
—o00. Henceforth we write ¢ for {p. A warning is that the function oy = 0 corresponds
to the current ¢y and does not have the property: lim;|_,o, 0o(z) = oo.
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Proposition 5.1. The following formula is valid for all x, y € R™:

dy(x,y) = inf{/o L(v(s),¥(s))ds | t>0, y€ C(m,t;y,())}. (5.5)

Proof. We write p(z,y) for the right hand side of (5.5) in this proof.
Let z,y € R", t > 0, and v € C(x,t;y,0). Since H[dg(-,y)] < 0 in R™ in the
viscosity sense, by Proposition 2.5, we have

/0 Liy(s),4(s)) ds = dar(4(8), 9) — dzz (+(0), 9) = sz (. ).

From this we get
dy(z,y) < p(xz,y) forall z,y € R".

Next we show that for each y € R" the function p(-, y) is locally Lipschitz continuous
on R".

Fix any R > 0. By Proposition 2.1, there are constants eg > 0 and Cg > 0 such
that L(x,§) < Cpg for all (z,€) € B(0,R) x B(0,er). Fix any z,y € B(0,R) and
d>0,and set T := (6 + |xr —y|)/er and £ = er(z — y)/(d + |z — y|). Define the curve
v € C(x,T;y,0) by v(s) =y + s&. Noting that £ € B(0,eg), we get

T T
pa) < [ LOG)AE) ds = [ L+ 56,6 ds < CrT = <31 Cr(s + [ — ).
0 0
Letting 6 — 0 yields
p(z,y) < eg' Crlz —yl,
which, in particular, shows that p(z,x) < 0. It is easy to see that for any z,y,z € R",
p(z,y) < p(z,2) + p(z,y). Therefore, for any z,y, z € B(0, R), we have
p(z,y) — p(z,y)] < i Crla — 2|,

In order to prove that p(z,y) < dgy(z,y) for all z,y € R", it is sufficient to show
that for any y € R", the function v := p(-,y) is a viscosity subsolution of H[v] = 0
in R”. This is a consequence of a well-known observation on value functions like v.
Indeed, Theorem A.1 in Appendix applied to the current v, with S = {y} and 2 = R",
assures that v € Sj;. O

Proposition 5.2. A is a closed subset of R™.

Proof. Let {yx} C A be a sequence converging to y € R™. By (A2) the sequence
{dg(-,yx)} is locally equi-Lipschitz on R™. In particular, there is a constant C' > 0 such
that max{dy (yk,y), du(y,yx)} < Clyr —y| for all k € N. By the triangle inequality for
dy, we have

|du(x,y) — du(z, yx)| < max{du(yi,v),da(y,yx)} < Clyr —y| for all z € R™.
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Consequently, as k — oo, we have dy(z,yr) — dy(x,y) uniformly for z € R™. By the
stability of viscosity solutions under uniform convergence, we find that dg(-,y) € Sy,
proving that y € A and therefore that A is a closed set. O

Proposition 5.3. For any compact K C R™\ A there are a function ¢ € ®y and a
constant 6 > 0 such that, in the viscosity sense, H|¢pr| < 0 in R" and H[px] < =3 in
a neighborhood of K.

Proof. Let y € R™\ A. There is a function ¢ € C1(R") such that ¢(y) = 0, p(z) <
dp(z,y) for all z € R™ \ {y}, and H(y, De(y)) < 0. With a sufficiently small constant
0 > 0, we set

Y(x) = max{p(x) + §,dg(z,y)} for all z € R,

to get a function having the properties: (i) H[)] < 0 in R™ in the viscosity sense, (ii)
H[y] < —¢ in int B(y, ¢) in the viscosity sense, and (iii) ¢» € ®. Thus we see that for
each y € R"™\ A there is a pair (¢,,¢,) € ®g x (0, 00) such that H[y,] < 0in R" in the
viscosity sense and H|[y,] < —e, in int B(y, €,) in the viscosity sense. By a compactness
argument, we find a finite sequence {y;}7, such that K C (Jj_, int B(y;,¢;), where
g€j :=¢&y;. Weset e =min{e; | j =1,2,...,m} and

1 m
b (z) = . Zz/)j(x) for all z € R", where v; := 1.
j=1

It is easily seen that H[¢x] < 0 in R”™ in the viscosity sense, H[¢px] < —¢/m in a
neighborhood of K in the viscosity sense, and ¢ € Pg. O

Proposition 5.4. A # ().

Proof. Suppose that A = (). There is a constant R > 0 such that H[¢;] < —1 in
R"™ \ B(0, R) in the viscosity sense. By Proposition 5.3, there are a function ¥ € ®
and a constant ¢ € (0,1) such that H[¢)] <0 a.e. in R™ and H[¢)] < —¢ a.e. in B(0, R).
By setting v = (¢ + ¢1), we get a function v € CO1(R") which satisfies H[v] < —¢/2
a.e. in R™. Hence, by the definition of the additive eigenvalue ¢, we have ¢ < —g/2.
Since ¢ = 0, we get a contradiction. O

Proposition 5.5. Let ¢ € COTY(R™) be a viscosity solution of H[¢p] < 0 in R", y a
point in R™, and € > 0 a constant. Assume that H[p] < —e a.e. in B(y,e). Then
y ¢ A

Proof. Let ¢, y, and ¢ be as above. We argue by contradiction and suppose that
y € A. Set u=dg(-,y). By continuity, there is a constant § > 0 such that the function
v € COTL(R™), defined by v(x) = ¢(z) + d min{|z — y|, e}, satisfies H[v] < 0 a.e. in R".
By the definition of dg, we have u(z) > v(z) — v(y) for all z € R™, which shows that
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u(z) > ¢(z) — ¢(y) for all z € 0B(y,e/2) and u(y) = ¢(y) — #(y) = 0. We approximate
¢ by a sequence of functions ¢ € C1(R"™), with & € N, obtained by mollifying ¢. Here,
of course, the uniform convergence ¢y (x) — ¢(x) is assumed on any compact subsets of
R"™ as k — oo. We may assume as well that H[¢pg] < —¢/2 on B(y,e/2). Noting that
as k — oo,

Jimomin (@) = ox(2) = drly)) = | min | (u(@) = $(z) = ¢(y)) > uly) =0,

we deduce that if k is sufficiently large, then u — ¢ attains a local minimum at a point
xy, € B(y,e/2). For such a k, since H[u] > 0 in R"™ in the viscosity sense, we get

On the other hand, by our choice of ¢y, we have
H(z,D¢r(x)) < —e/2 for all x € B(y,e/2),

and, in particular, H(xy, Do (xr)) < —e/2. Thus we get a contradiction, which proves
that y ¢ A. O

Proposition 5.6. Let y € R". Then y & A if and only if there exist functions ¢, o €
C(R™) such that 0 > 0 in R™, o(y) > 0, and ¢ is a viscosity subsolution of H[¢p] < —c
m R™.

Proof. This is a consequence of Propositions 5.3 and 5.5. O
Proposition 5.7. A is a compact subset of R™.

Proof. Since lim|;|_o 01(z) = 00, ¢1 has the properties: H[¢1] < 0 in R™ in the
viscosity sense and H[¢1] < —1 in R™\ B(0, R) in the viscosity sense for some constant
R > 0, which shows together with the previous proposition that A C B(0, R). Thus, in

view of Proposition 5.2, we conclude that A is compact. O

Proposition 5.8. Let u € Sg. Then
u(z) = inf{u(y) + dy(z,y) |y € A}  for all x € R". (5.6)

Proof. We write v(z) for the right hand side of (5.6). Since v is defined as the pointwise
infimum of a family of viscosity solutions, the function v is a viscosity solution of H[v] =
0 in R". Since u(z) — u(y) < dg(x,y) for all z,y € R™, we see that u(z) < v(x) for all
x € R™. On the other hand, for any = € A, we have u(x) = u(z) + dg(z,z) > v(z).

It remains to show that u(z) > v(z) for all x € R™ \ A. Fix any € > 0. Choose a
compact neighborhood V' of A so that v(z) < u(x) + ¢ for all x € V. Fix a constant
R > 0sothat H(z, D¢p1(z)) < —1a.e. € R"\ B(0, R). By Proposition 5.3, there are a
function ¢ € C°T1(R™) such that H[¢)] < 0 a.e. in R" and H[¢)] < —6 a.e. in B(0, R)\V
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for some constant § € (0,1). We set w(z) = 1 (¢1(z) + ¥ (x)) for all 2z € R™ and observe
that H[w] < —2 a.e. in R®\ V. Let A € (0,1) and set vx(z) = (1 —A)v(z) + dw(x) — 2
for x € R™. Observe that H[vy] < —22 in R"\ V and that for A € (0,1) sufficiently
small, vy(z) < u(z) for all z € V. We apply Theorem 3.2, to get vy(x) < u(x) for all
x € R™\V and all X sufficiently small. That is, if A € (0, 1) is sufficiently small, then we
have vy (z) < u(z) for all x € R™. From this, we find that v(z) < u(z) for all z € R™.

O

Proposition 5.9. Let S, T € R be such that S < T and let C > 0 and R > 0. Let
v € AC([S,T], R™) be such that

/STL(V(t),ﬁ(t))dth, +(S) € B(O,R), and ~(T) € B(0,R).

Then there is a constant My > 0, depending only on C, R, min{T — S,1}, ¢o, ¢1, and
o1, such that
()| < My forallt e [S,T). (5.7)

Moreover, there is a constant My > 0 and for each € > 0 a constant C. > 0 such that
for all a,b € [S,T) satisfying a < b,

b
/ K| dt < eMy + Ca(b— a).
Here the constants My and C. depend only on My and L.

Proof. We set 7 =  min{7 — S, 1}, so that 0 < 2r <T — 5. We set
Cy = C + 2 max |¢q],
B(0,R)
and choose an Ry > R so that o1(z) > 771C} for all z € R™ \ B(0, R;). Next we set

Cy=C+3 max |¢o|+3 max |¢1],
B(0,R1) B(0,R1)

and choose an Ry > Ry so that (¢pg — ¢1)(x) > Cy for all z € R™\ B(0, Rs).
Using Proposition 2.5, we get

T T

L(y.4) df — / o1 (7(1)) dt. (5.8)

S

61(1(T)) — b1 (4(8)) < /

S

Hence we get

T
dt < 2 —C.
/S op(y)dt < C+ B%E}g)laﬁll Ch

Fix any ¢t € [S + 7, T|. Noting that
¢
/ o1(7(s))ds < Cy,
t—1
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we choose an a € [9, t] so that o1(y(a)) < 771C}, which guarantees, by our choice of
Ry, that v(a) € B(0, Ry).
Using Proposition 2.5 again, we get

T
(T = ar(60) < [ DA s
t
S0(1(0) = 40((@) < [ L) ds,
h(3(@) = r((5) < [ L Aas
Adding these, we get
T
oo((0) =1 (1(0) < [ L.A) 43 e (6] + max ool < Co.
Therefore, by the choice of Ry, we obtain
V(t) S B(O,Rg)
Now let t € [S,S + 7]. Since
t+7
[ atenas<a,
t

we may choose a b € [t, t + 7] such that o;(y(b)) < 771Cy, which implies that ~(b) €
B(0, Ry). As above, we get

¢awT»—¢awmw;A L(v.4)ds,
mMW—@MMSleww
%MW—W%%SLLWwM

and moreover

T
oo((0) =1 (1(0) < [ L.A) 43 mae (6ol + max fon| < Co,

B(0,R1)

which guarantees that v(¢) € B(0, R2). Thus, setting M; = Ra, we see that (5.7) holds.
Fix any a,b € [S, T satisfying a < b and any € > 0. As before, we have

Go(V(T)) — do(v(b)) +/ L7y, %) dt + ¢o(v(a)) — do(v(S)) S/ L(v,%)dt < C,

S

from which we get

b
L(v,y)dt < C+4 : 5.9
[ pear <o ma o (5:9)
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Setting

C3:=C+4 ma and M. = a H(x,
’ BI(%J\};l) |¢0| N (ZC,p)EB(O,I]?\ﬂ41§<XB(O,871)| ( p)|

and noting that for (x,£) € B(0,M;) x R™,
L > p—H > p— M, = t¢| - M.,
(x,€) _peg(lgﬁl)[ﬁ p— H(z,p)] > pax  Lep-Me=e &1 = M

we get from (5.9) ,
5—1/ K| dt < Cs + M.(b— a),
that is, we have ) ’
/ K| dt < eCy + M. (b — a).
This completes the proof. ’ O
Proposition 5.10. Let y € R™. The following conditions are equivalent:
(1) yeA

¢
(2) inf{/ L(v,4)ds |t >4, v € C(y,t;y,O)} =0 for some d > 0.
0

¢
(3) inf{/ L(v,%)ds |t > 6, 76C(y,t;y,0)}=0 for any 6 > 0.
0

We remark here in view of Proposition 5.1 that for any y € R",

0=du(y,y) =infq [ L(y(s),5(s))ds | t >0, v€C(y,t;y,0) 7.
0

In particular, we have L(x,0) > 0 for all x € R".
Proof. We start by observing that for any y € R™, ¢t > 0, and v € C(y, t;y,0),

/0 L(3,4)ds > da(4(£)) — 61(+(0)) = 0.

It is easy to see that (2) and (3) are equivalent each other. Thus it is enough to
prove that (1) implies (2) and that (3) implies (1).

We assume that y ¢ A, and will show that (3) does not hold. In view of Proposition
5.3, there is a function ¢ € C°T1(R") and a constant § > 0 such that H[¢)] <0 a.e. in
R" and H[y] < —6 a.e. in B(y,20). Let t > 0 and v € C(y, t;y,0) be such that

t
/ L(v,7)ds < 1.
0

We select a function f € C(R™) so that 0 < f < ¢ in R™, f(x) > 6 for all x € B(y, ),
and f(z) = 0 for all z € R™\ B(y,20). Then, noting that H[)] < —f in R™ in the
viscosity sense, by virtue of Proposition 2.5, we have

/0 L(v.4) ds = $(1(1)) — $((0)) + / f((s)) ds > 8|1,
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where I = {s € [0,t] | 7(s) € B(y,0)} and |I| denotes the one-dimensional Lebesgue
measure of 1. By Proposition 5.9, there is a constant Cs > 0, depending only on 9, L,
Y, ¢o, and ¢1, such that

¢
, J
/ 4(s)|ds < 2 + COst.
0 2
Therefore, setting 7 = §/(2Cs), we see that if t > 7, then v(s) € B(y,d) for all s € [0, 7].
Accordingly, if ¢ > 7, we have

t
/ L(~,7)ds > or.
0

This shows that (3) does not hold.

Next we suppose that (2) does not hold, and will show that y ¢ A. We see imme-
diately from this assumption that L(y,0) > 0, which implies that min,cgn» H(y,p) =
H(y,q) < 0 for some g € R™. By Proposition 2.1, there are constants ¢ > 0 and C' > 0
such that L(z,p) < C for all (z,p) € B(y,e) x B(0,e). We may assume as well that

dg(z,y) <1 and H(z,q) <0 forall z € B(y,¢).

Let r € (0,¢) be a constant to be fixed later on. Fix = € B(y,r) \ {y}, t > 0, and
v € C(z,t;y,0) so that

t
/ L(~,4)ds < 1.
0

According to Proposition 5.9, there is a constant C. > 0, independent of the choice of
v, such that

t
/ i (s)|ds < = + C.t.
0 2
In particular, there is a constant 7 > 0 (for instance, we may choose 7 = ¢/(2C;)) such
that v(s) € B(y,e) for all s € [0, min{¢t, 7}].
Since (2) does not hold, we may choose a constant a > 0 so that

T
inf{/ L(n.i)ds | T> 7, 5 € Cu.1:9.0)} > a.
0

We divide our considerations into two cases. The first case is when ¢ < 7. Then we
have v(s) € B(y,¢) for all s € [0,t] and hence

q-(w—y):q-('y(t)—v(o))=/o a-4(s)ds
< [ 1666 + HOW 0l < [ 1605 ds

In the other case when t > 7, we define n € C(y,t + ¢ !y — z|;9,0) by

{7(5) for s € [0, ],

n(s) = . ;)
r+(s—tely — x| (y — x) for s e [t,t+e |z —yl.
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Noting that (n(s),7n(s)) € B(y,r) x B(0,¢) for all s € (¢, t + e |z — y|), we have

e Ha— y\

IA

a

t t+e o —yl

[ e [ remass L(n(s),7(5)) ds
0 0 t

t

/L'y’y )ds + Ce™ 1|x—y|</ L(v,%)ds + Ce'r.

0 0

We fix 7 € (0,¢) so that Ce™'r < . Consequently we get

t
/ L(vy,%)ds >
0

tLLWdﬁbzmm@wx—wwﬂL

[\CR RS

Hence we have

from which we get
min{q - (x —y),a/2} < dg(z,y) forall z € B(y,r).
This shows that ¢ € Dy dg(y,y). Since H(y,q) < 0, we conclude that y ¢ A. O
We need the following theorem.

Theorem 5.11. Lety € A. Then there is a curve v: R — A such that v(0) =y and

dp (y(b),7(a)) =/ L(y(t),7(t)) dt = —dmu(v(a),¥(b)). (5.10)
for any a,b € R, with a < b.

According to [DS], curves satisfying (5.10) are called critical curves for the La-
grangian L (or for the Hamiltonian H).
We need the following proposition to prove Theorem 5.11.

Proposition 5.12. Let S,T € R be such that S < T and let {v;}ren C AC([S,T],R"™)
be a sequence converging to a function v € C([S,T],R™) in the topology of uniform
convergence. Assume that

T
likminf/ L(ve(t), 3(8)) dt < 0.
— 00 S

Then v € AC([S, T],R"™) and
T T
[ B @) a < tmint [ 160,540 dr (5.11)
Proof. We choose a constant R > 0 so that |y(t)] < R for all t € [S,T] and all
k € N. Passing to a subsequnece of {vx}ren if necessary, we may assume that there is
a constant C' > 0 such that

/T Llve(t),3(8)) dt < C for all k € N (5.12)
S
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We choose a constant C; > 0 so that H(z,0) < C for all z € B(0, R), which guarantees
that L(z,£) > —Cy for all (z,£) € B(0, R) x R™. For each € > 0 we set

M(e) = max{|H(z,p)| | (z,p) € B(0,R) x B(0,e")},
so that for (z,€) € B(0,R) x R",
L(z,&) > max{¢ -p— H(z,p) | p € B(0,e™ ")} > e 1|¢] — M(e).
Now, we let B C [S, ] be measurable and k € N, and observe by (5.12) that
[ @0 u(0) + Q) < €4 (T - 5),
and consequently
/B(g—lm(t)\ 4Oy - M(e)dt < C + C(T - ).

Hence we have
/ |9 (t)|dt < e(C+ CL(T —S))+eM(e)|B|.
B

Reselecting M (g) > 0 if necessary, we may replace this estimate by
/ Sr(D)]dt < &+ M(2)|Bl. (5.13)
B

We deduce from (5.13) that for any € > 0 and any mutually disjoint intervals [a;, b;] C
[S, T), with i = 1,2,...,m,

Zlv a;)] S e+ M) ) (b — ai),
i=1
which shows that v € AC([S, T],R™) and
/ |9(t)| dt < e+ M(e)|B] (5.14)
B

for any measurable subset B of [S,T].
Next let f € AC([S,T],R™) and observe by using integration by parts that as k — oo

T
/f(t)%(t)dt=(f%)() (F ) /f el
S

()T /f
/f

Now, we introduce the Lagrangian L., with a > 0, as follows. Fix o > 0 and define
the function H, : R*" — (0, 00] by

Ha(mvp) = H(I‘,p) + 6B(O,a)(p)a
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where d¢ denotes the indicator function of C' C R” defined by dc(p) = 0 if p € C and
= oo otherwise, and the function L, : R?* — R as the Lagrangian of H,, that is,
Lo(z,€) =sup{€-p— Hu(x,p) | p € R"} for (x,€) € R?™. Tt is easy to see that, for all
(z,€) € R?™, Lo(z,€) < Lg(x,€) < L(x,€) if @ < B, that limy— 00 La(z,€) = L(z,€) for
all (x,€) € R*, and that for any (x,£) € R*, if p € Dy Lo(z,€), then |p| < a. Also, as
is well-known, for any a > 0, L, is differentiable in the last n variables everywhere and
L, and D,L, are continuous on R?". In view of the monotone convergence theorem,
in order to prove (5.11), we need only to show that for any a > 0,
T T
[ Lot 30)ar < timint [ L6 (0. 5s(0) (5.15)

To show (5.15), we fix > 0 and note by convexity that for a.e. ¢t € (S,T) and any
k € N,

La (’7k(t)7 'Yk(t)) > La(’yk (t)7 V(t)) + D2La (’Vk (t)v V(t)) ) (’Vk (t) - V(t))

Since
[ La(v(1): Y(D)] < |La(vk(1),0)[ + al¥(t)] < Lome |La(z,0)| + al§(t)| € LY(S,T),

by the Lebesgue dominated convergence theorem, we get
T T

dm [ Lau @)= [ LaGo.50)

Next, we set fi(t) = DoLy(vk(t),5(t)) and f(t) = DaLa(y(t),5(t)) for t € [S,T]
and k € N. Then fg, f € L>=(S,T,R") for all k € N, and |fx(t)] < a and |f(t)| < «
a.e. t € (5,T) for all k € N. We may choose a sequence {g;}jen C AC([S,T],R") so
that g;(t) — f(t) a.e. t € (S,T) as j — oo and |g;(t)] < a for all t € [S,T], j € N.
Note that fi(t) — f(t) a.e. t € (S,T) as k — oo and recall that the almost everwhere
convergence implies the convergence in measure. For each € > 0 we set

(e k) =[{t € (S,T) [ [(fe — [)(t)| > e} for k€N,
v(e,j) =t € (S,T) | [(g; — /) > e}| forjeN,
and observe that limy_,o (e, k) = lim; . v(e,j) = 0 for any € > 0.
Fix any € > 0, 0 > 0, and k,j € N. Observing that

{t € (S,T) [ [(fr = 9;) ()| > 2e}| < ple, k) +v(e, j)

and using (5.14) with ¢ replaced by § or 1, we get

<[ wapu@laer [ el
[fe—g;1>2e |f—g;1<2e

<2a[0 + M) (pu(e, k) +v(e,j))] +2e(1+ MQ)(T - 5)).

/ (e — 05)(8) - 4w (t)

S
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Similarly we get

/ (g5 — F)(t) - 3(t) dt

S

< / 2al3()|dt + / (1)) dt
lgj—fl>e lg;—f|<e

<2a(6+ M(S)v(e,j)) +e(1+M1)(T - 9)).

Hence we have

T
/(fk-vk—f-wdt

S

<da(d+ M) (e, k) +v(e, j))) +3e(L+ M(A)(T - 9))

+

T
| o Ge—na).

S

Now, since g; € AC([S,T],R"), we have

T
lim gj - (i —7)dt =0,
k—>OO S
and hence
T
lim sup / (fi -4 — £ -4) dt| < 4a(5 + M(8)v(e, ) + 3e(1 + M(1)(T - )
k—o0 S

for any € > 0, 0 > 0, and j € N. Sending j — oo and then ¢, § — 0, we see that
T T
din [ DaLa(u(0)3(6) - u(®)dt = [ DaLala(t). () - 3(0) dr
— Js s

Finally, noting by the Lebesgue dominated convergence theorem that
T

dim ) DoLa(yk(t),7(2)) - 4(t) dt = / Dy La(v(t),¥(t)) - 3(t) dt,
- Js S

we conclude that

Jm [ (a0, 5(00) + DaLalw(0) 5(0) - Gr(0) = (1)) dt = /S L((t),4(1)) dt,

from which it follows that

T T T
[ Balote)®)ae < mint [ Lo(ule) Au©) at < tmint [ 160,540

completing the proof. O

Proof of Theorem 5.11. Let £k € N. By Proposition 5.10, we may find a curve
v € AC([0, Ty], R™), where T}, > k, such that

Ty 1
Y(0) = W (Tk) = ¥, /0 L (1), 4k (2)) dt < .
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Define the curve ny, : [Tk, Tx] — R™ by

Vi () if t € [0, T%],
Mk(t) = { _
’yk(t + Tk) ift € [—Tk, 0],
and observe that
Me(—=Tk) =ni(Tk) = n(0) =y,
Ty Tk, 2
| pn@inma=2 [ Lone. o< 7. (.16
—41k
From this, using Proposition 5.9, we see that the sequence {ny }1>; is uniformly bounded
and equi-continuous on [—j,j] for any j € N. By the Ascoli-Arzela theorem, we may
assume by passing to a subsequence if necessary that the sequence {n; } ren is convergent
to a function n € C(R,R") in the topology of uniform convergence on bounded sets.
Since 7 (0) = y for all k£ € N, we have 1(0) = y.
In view of Proposition 5.9, we may choose a constant M > 0 so that n,(t) € B(0, M)
for all t € [T}, Ty and all k € N. Fix any a,b € R such that a < b. Let £k € N be
such a large number that —k < a < b < k. By Proposition 2.5, we have

dd%@%m@ﬁﬁlkﬂW@wMD%

di (nr(a), e (=T)) < /_ . Lnk(t), ni(t)) dt.

Using these, we get

Ty
t[Tmewmmwwuz¢Ammxw

+/‘u%uxmu»w+dH@muwy (5.17)

Due to the coercivity of H, the family {dg(-,y) | y € B(0, M)} is equi-Lipschitz con-
tinuous on B(0, M). Thus, there is a constant C' > 0 such that |dg(z,y)| < C for all
x,y € B(0, M). We now get from (5.17)

b
/memmma§%+%m

Now, by Proposition 5.12, we see that n € AC([—j,j],R") for any j € N and that
for any a,b € R, with a < b,

b b
[ payar < tmint [ 20,00 de (5.18)

Going back to (5.17) and using the inequality
b
dn(n(®).n(@) < [ Lin(o). i) de
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we obtain b

0 >du(n(a),y) +/ L(n(t),n(t)) dt + dm (y,n(b))

a

b
z/MWM@W+@W@WD
> dyr(n(b), n(a)) + dgr (n(a), (b)) > da (n(a), n(a)) = 0.

From this, we see that

/ L(n(t),n(t)) dt = du(n(b),n(a)) = —du(n(a),n(b))-

To complete the proof, we show that n(t) € A for all t € R. Fix any z €¢ R"\ A
and, in view of Proposition 5.3, select a ¢ € Sy so that H[¢] < —¢ in a neighborhood
of z in the viscosity sense, where € > 0 is a constant. We choose a function o € C(R"),
which satisfies ¢ > 0 in R™ and o(z) > 0, so that H[¢] < —c in R" in the viscosity
sense. By Proposition 2.5, we get

Tk

/kdmwmwwmaw—w%en»+/ o (i (1)) dt

—T} —T%

< [, Bt intenar < .

From this we deduce that

which guarantees that n(t) # z for all ¢ € R. This is enough to conclude that n(t) € A
for all ¢t € R. O

Proposition 5.13. Let v € C(R,R") be a curve. The following three conditions are
equivalent:

(1) v is critical.

(2) Forany ¢ € S~ and a,b € R satisfying a < b,

(3)  For any a,b € R satisfying a < b,
b
~du((@) ) = [ L. 50)
Proof. We define the function pgy : R® x R® — R by

pu(z,y) = inf{v(z) [ v € Sy, v(y) = 0},
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and observe that ¢(z) — ¢(y) > pu(x,y) for all z,y € R™ and all ¢ € S, that
pu(-,y) € Sy for all y € R™, that for any z,y € R,
pr(z,y) = inf{v(z) —v(y) | ve Sy} = —sup{o(y) —v(z) |v e Sp} = —du(y, z).

Now, we assume that (3) holds. Let ¢ € S;; and fix a,b € R so that a < b. Using
the above observations, we get

b
/ L(y(t), () dt = —du(v(a),v(b)) = pu(y(b),7(a)) < ¢(v(b)) — &(v(a)).

Combining this with Proposition 2.5, we see that (2) holds.
Next, it is clear that (2) implies (1) since dg (-, v(a)), —du(y(a), ) € Sg. Also, it is
clear by the definition of critical curves that (1) implies (3). a

Proposition 5.14.  Let~ be a critical curve. Then there is a function ¢ € L>*°(R,R™)
such that for any ¢ € Sy,

L(v(t),4(t)) =q(t) -3(t) a.e. t €R, (5.19)
H(v(t),q(t)) =0 a.e teR, (5.20)
q(t) € 0.0(v(t)) a.e. t€R. (5.21)

Proof. Fix any critical curve . It is enough to show that for each k € N there is a
function ¢ € L>°(k, k 4+ 1,R) satisfying (5.19), (5.20), and (5.21), with R replaced by
the interval (k,k + 1).

Fix any £k € N and any ¢ € S§~. We write a = k and b = k£ + 1 for notational
simplicity. By Proposition 2.4, there is a function g € L*(a, b, R™) such that

SO0O) =a(®)3(1)  ac. 1€ (a,0), (522
q(t) € 0:.0(y(t)) ae. te (a,b). (5.23)

Since ¢ € Sy, in view of (5.23) we get
H(y(t),q(t)) <0 ae. te(ab). (5.24)

Integrating (5.22) over (a,b) and using Proposition 5.13 yield

o(1(6) — d(r(@)) = [ at) -4()dt

/ s/wwwmm+ﬂwmmth
b

s/zm@wm»azmwm—¢ww»

This shows that

/q@wwwszwwﬂm+ﬂwmwmw=/me«mw (5.25)
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In particular, we get )
| H6®.aw)a=o
which together with (5.24) yields
H(~(t),q(t)) =0 ae. te(a,b).
Similarly, since
q(t) - () < L(v(£), 7)) + H(v(t), q(t)) = L(v(t),4()) ae. t € (a,b),
from (5.25) we see that
q(t) - v(t) = L(v(£),7(t)) ae. t € (a,b).
Thus the function ¢ satisfies conditions (5.19), (5.20), and (5.21) in (a, b), with our
current choice of ¢. We need to show that for any ¢ € Sy,

q(t) € 0cy(7(t)) ae. t € (a,b).
The argument above shows that there is a function r € L*(a, b, R™) for which conditions
(5.19), (5.20), and (5.21) in (a,b), with g and ¢ replaced by r and 1, respectively. Then
we have

r(t) - 4(t) = L(y(2),¥(t)) + H(y(t),r(t)) ae. t € (a,b),
which implies that
r(t) = DoL(y(t),%(t)) ae. t € (a,b).
By the same reasoning, we get

a(t) = DoL(3(8),4(1))  ae. L€ (a,b).
Therefore we have

q(t) =r(t) € 0(y(t)) a.e te (a,b).
This completes the proof. O

6. Cauchy problem

In this section we prove Theorem 1.1 together with some estimates on the solution
of (1.1) and (1.2) which satisfies (1.4).

Our strategy here for proving existence of a viscosity solution of (1.1) and (1.2)
which satisfies (1.4) is to prove (i) the continuity of the function u on R™ x [0, 00) given
by .

) =t { [ L6945 ds +u0(2(0) | 7 € €L} (6.1)
and then (ii) to show that the function w is a viscosity solution of (1.1) and (1.2) by
using the dynamic programming principle.

We assume henceforth by adding a constant to ¢g and ¢, if necessary that ug > ¢q

in R™.
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Lemma 6.1. We have
u(z,t) > ¢o(x)  for all (x,t) € R" x [0, 00).

Proof. Fix any (z,t) € R™ x (0,00). For each € > 0 there is a curve v € C(x,t) such
that

.ty e> [ 1O A(6) ds + un(a(0)
By Proposition 2.5, since H|¢o] < 0 a.e., we have
w(@,t) +& > do(¥(t)) — ¢o(7(0)) + uo(¥(0)) = ¢o(2),
which shows that u(x,t) > ¢o(x). a
Lemma 6.2. We have
u(z,t) <wug(x) + L(z,0)t  for all (x,t) € R™ x (0, 00).

Proof. Fix any (z,t) € R™ x (0,00). By choosing the curve v, (¢) = z in formula (6.1),
we find that

umwgéu%@%@memm»

= /t L(z,0)ds + ug(z) = uo(x) + L(z,0)t. O

Proposition 6.3 (Dynamic Programming Principle). For t > 0, s > 0, and
x € R", we have

u(x,s+t):inf{/0 L) 4 dr+u(3(0).5) | vec@n}).  (62)

We omit giving the proof of this proposition and we refer to [L] for a proof in a
standard case.

Lemma 6.4. For any R > 0, there is a constant C'gr > 0, depending only on R, ug,
and H, such that

u(x,t) < Cgr  for all (z,t) € B(0,R) x (0,00).
Proof. Fix R > 0 so that A C B(0,R). According to Proposition 2.1, there are
constants eg > 0 and Cgr > 0 such that
L(z,) < Cgr for all (z,£) € B(0,R) x B(0,eR).
It is clear that C'r and e depends only on R and H. Set T':= 2R/ecp. Fix any 29 € A
and any (x,t) € B(0,R) x [T,00). Set 7 :=t — T. Fix any critical curve 7 satisfying
Yo(t —T) = zg. Define the curve v € C(x,t) by

t— t—
)= T5x0_|_ (1—78)3: forall s e [t —T, ¢,

Yo(s) for all s € [0,t —1T).
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Observe that v(s) € B(0,R) for s € [t — T, T}, that §(s) = T~ (z — x0) and hence
|9(s)| < eg for s € (t—T, t), and therefore that L(y(s),%(s)) < Cr forall s € (t—T, t).
Thus, using Proposition 5.13, we get

umws/ L(1(s),4(5)) s + uo(7(0))
:/ ))ds—i—/t_TL(v(s),f'y(S))dS+U0(7(0))
g/ Ao(s ))ds+/t_TC’Rds+uO(’Vo(0))

=¢o(v0(t = T)) + uo(70(0)) — ¢0(70(0)) + CrT.

Hence we get

u(x,t) < B%aﬁ) ug + ZB%aX |po| + CrT  for all (z,t) € B(0,R) x [T, 0).

On the other hand, by Lemma 6.2 we have
u(z,t) <wug(x) + L(z,0)T  for all (z,t) € B(0,R) x [0,T],

where we have used the fact that L(x,0) > 0 for all x € R™. The proof is now complete.
O

Lemma 6.5. Let R > 0. Then there is a constant C'r > 0 having the following property:
if (x,t) € B(0,R) x (0,00) and v € C(x,t) satisfy
t
u(et) + 1> [ L6(5):3(5)) ds + uo(0),
0

then
|v(s)| < Cr  for all s € (0,t].

Proof. Let (z,t) € B(0,R) x (0,00) and v € C(z,t) be as in the above lemma. Due to
Lemma 6.4, there is a constant C7; = C7(R) > 0, independent of ¢ € (0, 00), such that

u(z,t) < Cyp forall z € B(0, R).

Note that C1(R) may be chosen so as to depend on ug only through maxg,g,) vo,
where R is a positive constant such that R; > R and A C B(0, Ry).
Let 7 € (0,t]. Using Proposition 2.5 and Lemma 6.1, we compute that

CH(R) +1 > u(z,t) +1> /OTL(v(S),ﬁ(s))ds

+/ L(7(s),4(s)) s + uo(1(0))
t)) = o1(7(7)) + uly(1), 7)
— o1(v(7)) + o (¥(7)),
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which yields
Po(y(7)) — o1 (v(7)) < P1(x) + C1 + 1.

Since lim ;o (¢0 — ¢1)(x) = oo, we find a constant C'r > 0 such that v(7) € B(0,Cr)
for all 7 € [0, ¢]. O

Lemma 6.6. For each R > 0 there is a modulus mg such that for (z,t) € B(0,R) X
(0, 1] and v € C(x,t), if
t
u(w,t)+1> [ LOG)3()ds +ur(0))
0

then
|v(t —s) — x| <mpg(s) forall s €]0,t].

Proof. Let R > 0. Let (z,t) € B(0,R) x (0, 1] and v € C(x,t) be as above. According
to Lemmas 6.4 and 6.5, there is a constant C' = C(R) > R such that

Iv(s)] < C  for all s € [0, ¢].
We choose a constant C; = C1(R) > 0 so that

sup  |u < Ch.
B(0,C) % (0,00)

As we have already observed, for any A > 0 there is a constant C4 = C4(R) > 0 such
that
L(z,&) > Al¢] — Ca  for all (z,£) € B(0,0) x R™.

Fix A > 0, and we calculate that
t
Cr+1> [ L)) ds + ulr (7))

z/%ma%—cdw—cy

Hence we get .
/ 4(s)|ds < A71(2C, + 1) + A7'Ca(t — 7).

There is a modulus mpg such that

/ixr;fo [A71(2C1 +1) + A7 Car] < mp(r).

Fix such a modulus mp, and we have

[ )l ds < mae— ).
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which implies that
|v(t —s) —z| <mpg(s) forall se€|[0,t]. a
Lemma 6.7. For each R > 0 there is a modulus g such that for (z,t) € B(0, R) %[0, 1],
|u(z; ) — uo(x)| < Ir(t). (6.3)

Proof. Fix any ¢ € (0,1), R > 0, and (z,t) € B(0,R) x (0,1]. There is a curve
v € C(x,t) such that

u(x,t) +e> /0 L(vy(s),%(s))ds + uo(7(0)).

According to Lemma 6.6, there is a modulus mg such that
[v(t —s) — x| <mpg(s) forall sel0,t].

Recall that .
[ E66):4(5)) ds = 020 - dul )
Then we have
w(z,t) + & >uo(x) + [do(x) — ¢o(7(0))] + [uo(7(0)) — uo ()]
> ug(@) = Heo, R(ME(L) = pug,R(ME(L)),
where g, r and pi,,, r are the moduli of continuity of ¢ and of ug, respectively, on the
set B(0, Ry), with Ry = R+ mp(1). Since € € (0, 1) is arbitrary, the above inequality,

together with Lemma 6.2, guarantees existence of a modulus [r such that (6.3) holds.

O

Lemma 6.8. For each R > 0 there is a modulus kr such that for any x,y € B(0, R),
t>0,
u(z,t) —u(y, t)| < kr(le —yl). (6.4)

Proof. Let R > 0. Let e = e > 0 and C = Cr > 0 be constants such that L(z,£) < C
for all (z,&) € B(0,R) x B(0,¢). Let x,y € B(0,R) and ¢t > 0. We may assume that
lr —y| <e <1

We first consider the case when |z — y| > et. By Lemma 6.7, there is a modulus g
such that

u(z,t) —uo(x)| <Ir(),  |uly,t) —uo(y)| < Ir(D).
We may assume that
[uo () —uo(y)| < Iz —yl)-
Consequently we have
u(x, t) = uly, t)] <luo(z) — uo(y)| + [u(x, t) — uo ()] + [uly, t) — uo(y)|
<ln(lx —yl) +20r(t) < 3lr(e ™ |z — yl).
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Next we consider the case when |z —y| < et. Fix 6 € (0,1). We select v € C(x,t) so
that

t
u(w,t) 48> [ L)) ds + uo(2(0)).
0
We know that there is a constant C7; = C1(R) > R such that
lv(s)| < C;  forall s €10,t].

We may assume that C > Cy, so that |y(s)| < C for all s € [0,t]. Set 7:=¢e |z — y|
and note that 7 < min{1, t}. Define n € C(y,t) by

t— t—
(1— S)y+ i for all s € [t — T, t],
T T

n(s) =
v(s+7) for all s € [0, t — 7.

Note that |(s)| =77tz —y| =¢ for all s € (t — 7, t). In view of Lemma 6.7, we may
assume by replacing [z by a larger modulus if necessary that

lu(&,7) —up(&)| <Ir(r) forall £ € B(0,C).

Then we have

u(y,t) < / L(n(s),(s)) ds + /  L(n(s).7(s)) ds + uo(n(0))
<COr+ / L(4(5),4(s)) ds + o (1()),

<CT+ 9+ u(x /0 L(vy )) ds — uo(¥(0)) + uo(v(7))
<Ct+9+u(z,t) —uly(r), 7 ~|—u0(fy( ) < CT+ 0+ u(z,t) + Ir(7).

Therefore we get
u(y,t) —u(z,t) <Ig(r) + Or = lg(e o —y|) + Ce o — y).

By symmetry, we get

u(y, t) —u(z,t)] < lp(e |z —yl) + Ce™Ha —yl.
Thus we have in general

lu(y,t) — u(z,t)] < 3lg(e o —y|) + Cez —y). O

We extend the domain of definition of u to R™ x [0, 00) by setting
u(z,0) = up(z) for all z € R™. (6.5)
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Theorem 6.9. u € C(R™ x [0,00)) and moreover, for any R > 0, u is bounded and
uniformly continuous on B(0, R) X [0,00).

Proof. In view of Lemma 6.8, there is a pair of collections {Cr}r~o of positive con-
stants and {kr}r>o of moduli such that for any R > 0,

HUHL‘X’(B(O,R)X(O,oo)) < CRk, (6.6)

lu(x,s) —u(y, s)| < kr(lx —y|) forall z,y € B(0,R), s € [0,00). (6.7)

Fix any s > 0 and note by Proposition 6.3 that

w5 +1) = inf{/o L), 3(7) dr +u(3(0),5) | 7€ et}

Then we apply Lemma 6.7, with u(-, s) in place of ug, to conclude that for each R > 0
there is a modulus g such that

lu(z, s +t) —u(z,s)| <Ig(t) forall (z,s) € B(0,R) x [0,00) and ¢ > 0. (6.8)
That is, we have
lu(z,t) —u(z,s)| <Ilg(jt —s|) forallz € B(0,R) and t,s € [0,0).

This and Lemma 6.8 assure that u is uniformly continuous on B(0, R) x [0, 00) for any
R > 0. In particular, we see that u € C(R"™ x [0, 00)). a

Theorem 6.10. The function u is a viscosity solution of (1.1) and (1.2).

Proof. Since u € C(R" x [0,00)) by Theorem 6.9, we only need to apply Theorems
A.1 and A.2 together with Remark after these theorems to u, to conclude that w is a
viscosity solution of (1.1). Moreover, it is obvious that u satisfies (1.2). 0

7. Proof of Theorem 1.3

This section will be devoted to proving Theorem 1.3. As before, the critical value
cy 1s assume to be zero in this section.

Let {S;}+>0 be the semi-group of mappings on ®( defined by Siug = u(-,t), where
u is the unique viscosity solution of (1.1) and (1.2) satisfying (1.4).

In what follows we say that a sequence {f;}jen C C(R"™) converges to f in C(R")
if f;(z) — f(z) on every compact subsets of R" as j — oc.

For up € ®¢ we denote by w(ug) the w-limit set in C(R"™) of the trajectory {Siuo}i>0
issuing from wug, which is defined as the set of those w € C(R"™) such that

St,up — w  in C(R™) as j — oo
for some sequence {t;},en C (0,00) diverging to infinity.
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In view of Lemmas 6.1 and 6.4 and Theorem 6.9, the function u(z,t) = Siup(x) is
bounded and uniformly continuous on B(0, R) x [0,00) for any R > 0. By the Ascoli-
Arzela theorem, for any sequence {t;}jen C (0,00) diverging to infinity, there is a
subsequence {t;, tren such that as k — oo, u(z,t;,) — w(z) uniformly on bounded
subsets of R" for some function w € C(R™). By Lemma 6.1, we see that w € ®y. In
particular, we have w(ug) # 0, w(ug) C Pp, and moreover, w(w) # (.

We denote the set of all critical curves by I'. For any v € I', we write w(~) for the
set of curves n € C(R,.A) for which there is a sequence {t;},;en C (0,00) such that as
j — o0,

tj — oo and ~(t+t;) — n(t) on bounded intervals C R.
Then we set w(I') = (J{w(vy) | v € T'}. Also, we set

M= {n(0) [n € w()}.
Here it is important to see as in the proof of Theorem 5.11 that w(I') C T
Lemma 7.1. Let u,v € S;; and assume that w < v in M. Then u <v in A.

Proof. Fix any y € A and choose a curve 7y € IT" so that (0) = y. By Proposition 5.13,
for any T > 0 we get

u(y(T)) — u(¥(0)) = da(v(T),7(0)) = v((T)) — v(+(0)). (7.1)
Selecting {t,};en diverging to infinity so that v(- +¢;) — nin C(R,R") as j — oo for
some 7 € w(y) and sending j — oo in (7.1), with T' = ¢;, we get
u(y) —o(y) = u(n(0)) — v(n(0)) <0.
Thus we have u(z) < v(zx) for all z € A. a

Lemma 7.2. Let ug € ®9 and ¢ € Sy;. Then, for any critical curve vy, the function:
t — Siuo(y(t)) — ¢(v(t)) is nonicreasing on [0, 00).

Proof. Let 0 < a < b < oo and set u(z,t) = Syug(x) for (z,t) € R™ x [0,00). By using
the dynamic programming principle, we get

b

uy():0) < [ L) dt + u(r(a),a),

a

from which, since 7y is a critical curve, we get

u((b),b) < ¢(7(b)) — ¢(v(a)) + u(v(a),a),
completing the proof. O

Given functions f, g : R™ — R, we write [f, g| for the set of all functions h : R™ — R
which satisfy f < h < g in R".
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Lemma 7.3. Let f € S; N ®g and g € S};, and assume that f < g in R™. Then for
each € > 0 there is a constant 6 > 0 such that for any ug,vo € [f, g N C(R™), if

e (uofe) —wo(a) <6 (72)
then
sup (Stuo(x) — Srvg(z)) < e.

(z,t)eB(0,e~1)x[0,00)

Proof. Fix any € > 0. We choose a constant A, > 0 so that
¢1(x)+ A. > g(x) for all z € B(0,e71),
and then choose an R. > 0 so that
¢1(x) + A < f(x) for allz € R™\ B(0, R,.).
We set § = min{e, R-1}. We then have
$1(x) + A, < f(x) for all z € R™\ B(0,671). (7.3)

Let ug,vo € [f,g] N C(R™) satisfy (7.2). Set u(x,t) = Siup(z) and v(x,t) = Sive(z)
for (z,t) € R™ x [0,00). By Theorem 4.1, we find that

fx) <u(z,t) <g(x) and f(z)<v(x,t)<g(x)for (z,t) € R" x[0,00). (7.4)

Set w(zx,t) = min{u(z,t), p1(x) + A} for (x,t) € R™ x [0,00). Observe that w € Sj;
and by (7.3) and (7.4) that w(z,t) = ¢1(x) + Ac < f(x) < v(z,t) for all (z,t) €
(R™\ B(0,671)) x [0,00). By Theorem 4.1, we get

w(x,t) <wv(x,t)+e  forall (z,t) € B(0,6 1) x [0, 00),

and conclude that w < v +¢in R" x [0, 00).
Finally, we note that u(z,t) < g(z) < ¢1(x) + A, for B(0,e71) x [0,00), to get

u(z,t) = w(z,t) <v(z,t)+e  forall (z,t) € B(0,e7 1) x [0, 00). a

Lemma 7.4. For any function f € C(R™) there is a wiscosity supersolution g €
COTL(R™) of (5.1) which satisfies g > f in R".

Proof. We may assume that f € C'(R") and f > ¢¢ in R". We choose a constant
R > 0 so that A C B(0,R) and choose a function h € C(R") so that h > 0 in R",
h(z) =0 for all z € B(0, R), and h(x) > H(z,Df(z)) + 1 for all x € R™\ B(0, R+ 1).
We set G(z,p) = H(x,p) — h(x) for (z,p) € R*" and consider the additive eigenvalue

problem
G(z,Du) =a in R". (7.5)
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Note that G < H in R?" and that G satisfies (A1)—(A4), with the same choice of
functions ¢g, ¢1. Theorem 3.3, applied to G in place of H, yields a solution (a,¢) €
R x (&g N COTHR™M)) of (7.5). Since G < H in R?", we see that if ) € @ is a viscosity
subsolution of H[¢)] = ¢y in R™, then it is a viscosity subsolution of G[¢] < ¢y in R”
and therefore in view of Proposition 3.4 that a < ¢y = 0.

Fix a critical curve v for H. Observe by Proposition 2.5 that for any T" > 0,

¢(V(T)) — ¢((0)) < /0 (L(y(2),7(8)) + a + h(y(1))) dt

:/0 L(v,4)dt + aT = dg (v(T),~v(0)) + aT.

Sending T — oo in the above yields a > 0, from which we see that a = 0. Thus, ¢ is a
viscosity solution of H[¢] = h in R".

By adding a constant to ¢ if necessary, we may assume that ¢(z) > f(z) for all
x € B(0,R+ 1). We apply Theorem 3.2, with @ = R\ B(O,R+ 1), A =0, ¢ = 1,
and H replaced by G, to obtain ¢(x) > f(z) for all x € R™ \ B(0, R + 1), which yields
¢ > f in R™. Since h > 0 in R", we see that ¢ € S};. Thus, g := ¢ has the required
properties. O

Lemma 7.5. Let v,w € w(ug), and let {t;}jen,{rj}jen C (0,00) be sequences diverg-
ing to infinity such that Si;ug — v and St;1,,u0 — w in C(R") as j — oo. Then
Sr;v — w in C(R") as j — oc.

Proof. Fix any ¢ > 0. By Lemma 7.4, there is a function g € 8}; such that g > ug in
R™. We may assume that ¢g < ug in R™. By Theorem 4.1, we deduce that

Stuo, v E [¢07 9]7
and, in view of Lemma 7.3, we find a constant ¢ > 0 such that if
max [Sy,up —v| <6, (7.6)
B(0,6-1)
then

sup |St, 1tuo(z) — Spv(z)| <e. (7.7)
(z,t)eB(0,e—1)x[0,00)

We may choose a J € N such that (7.6) holds for all j > J. Thus we see that (7.7)
holds for all j > J and conclude that as j — oo,

Sr,v = St 4r,u0 + (St;v — St 4r,u0) — w  in C(R"). O

Proposition 7.6. There exist a constant 6 € (0, 1) and a modulus m such that for any

ug € @9, y €', e €(—6,6), and T > 0,
T

Stuo(Y(T)) < uo(y(eT)) + /T L(y(t),7(t)) dt + |e|T'm(le]).

For the proof of the above proposition we need the following lemma.
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Lemma 7.7. There exist a constant § € (0,1) and a modulus m such that for any v € T
and any A € [1 — 0,1+ 9],

ATTL(y(), M (1) < L(v(t),5®) + A = 1m(]A = 1]) a.e t€R.

Proof. Choose a constant Ry > 0 so that A C B(0, Ry) and choose a constant Ry > 0
so that for any x € B(0, R1) and any p € R", if H(z,p) <0, then p € B(0, Rz). Define
the set S C R™ x R" by

S :={(z,&) € B(0,R;) x R" | £ € Dy H(x,p) for some p € B(0, R2)}.

By Proposition 2.3, the set S is a compact subset of int dom L. Thus we may choose a
constant € > 0 so that

S. == {(z,&) € R*™ | dist ((,&),S) < e} C int dom L.

We fix an R3 > 0 so that S C B(0, R3) (the ball on the right hand side is a ball in
R?") and set § = min{1/2, ¢/R3}, so that for any (z,¢) € S and any A € (1 —4,1+ ),
(x,X§) € Sc. Let mg be a modulus of continuity of the uniformly continuous function
DyL on S..

Fix any critical curve 7. Since v(t) € A for all t € R, we have v(t) € B(0, R;) for
all t € R. According to Proposition 5.14, there is a function ¢ € L (R, R") such that

H(y(t),q(t)) =0 and 5(¢t) € Dy H(v(t),q(t)) ae.te€R. (7.8)
Therefore we have (y(t),5(t)) € S a.e. t € R. Hence, for A € (1 — 4, 1+ 4), we have
(), A\¥(t)) € S ae. teR.
Consequently, for € (1 —4, 1+ 6), we have
(D2 L((t), (1)) = D2 L(y(t), ()] < mo(]1 — 7)) ae teR.
In view of (7.8), we have
DaL(v(t),7(t)) - 7(t) = L(y(£),¥(t)) ~a.e. t €R.

Now we compute that for any A € (1 —4§, 1 +6) and a.e. t € R,

L(y(#), Ay (t)) = L(v(#), (1)) + (A = 1) Do L((#), (1 + 0:(A = 1)) 7(2)) - 3(¢)

(for some 0; € (0,1), and furthermore)
< L(y(@),¥(1) + (A = 1) D2 L(v(t), ¥(¢)) - ¥(t)
+ (A= 1[F(@®)mo(|A = L5 ()])
= AL((1), 7(2) + [A = L[5 (&) Imo(|A = 1[[5(2)]).
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Setting m(r) = 2Rgmo(Rsr), for all A € (1 —J, 1 +J) and a.e. t € R, we have
ATIL(y(1), (1) < L(v(8),4(1)) + X = Lm (A = 1) O

Proof of Proposition 7.6. Let 6 € (0, 1) and m be those from Lemma 7.7. Fix any
ug € @, y €I, and T > 0. Set u(z,t) = Syugp(x) for (z,t) € R™ x [0,00). Since

T
u(T).7) =t { [ L ®.0(0) e+ u((0),0) | 0 € Cl(D). 1)},
0
choosing n(t) := v(At + (1 — A\)T) in the above formula, we get
T
w((T), T) < /0 Ly (M + (1= NT), MM+ (1= NT)) dt + ul((1 — A)T),0).

By making the change of variables s = At + (1 — A\)T" in the above inequality, we get
T

u(y(T),T) < /(1—>\)T ATIL(v(s), M(s)) dt + u(v((1 = N)T),0).
Using Lemma 7.7, we see immediately that
T
WD) < [ D56 a1 AD,0 + L= Nm(L - AT
Setting ¢ = 1 — X yields the desired inequality. O

Henceforth we fix any ug € ®q and define functions v* : R® — R by

vt (z) = limsup Syug(z), v () = litm inf Spug(z).
t—oo 0

Since the function u(x,t) := Syup(x) is bounded and uniformly continuous on B(0, R) X
[0,00) for any R > 0, we see that v* € C(R") and that v*(z) = limsup;_,_ u(z,t)
and v~ (z) = liminf,;,  u(x,t) for all x € R™. As is standard in viscosity solutions
theory, we have v € S and v~ € S;. Moreover, by the convexity of H(z,-), we have
v~ €Sy Also, from Lemma 6.1 we see that vt € By,

Lemma 7.8. Let w € w(ug) and v € I'. Then
lminf [w(3(6)) = v~ (3(6)] = 0.

Proof. From the definition of v~, we deduce that v~ < w in R™. We choose sequences

{t;}jen, {7j}jen C (0,00) diverging to infinity so that as j — oo,
St,uo(7(0)) — v~ (v(0))  and  Si,yrup —w in C(R").
We then observe that for j € N,

w(y(73)) = v~ (9(73)) = [wV(75)) = Stj 4z, u0 (V)] + [St4m,u0(Y(75)) — 07 (V(75))]
<[w(¥(75)) = St 47,00 (Y(75)] + [St;u0(v(0)) = v~ (v(0))],
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which yields
lim inffu(7(£)) — v~ (4(t))] < 0.

Since w — v~ > 0 in R"™, we thus conclude that

lim inffuw(y(t)) — v~ (+(8))] = 0. 0
Proof of Theorem 1.3. We show that w < v~ on M for any w € w(ug). Once this
is done, we have v™ < v~ on M and therefore v* = v~ on M. Furthermore, by Lemma,
7.1, we get vT = v~ on A, and by Proposition 5.9, we see that v™ < v~ in R™. Since
vt > v~ by the definition of v*, we conclude that v~ = v+ in R™ and that u(-,t) — v~
in C(R") as t — oc.

It remains to show that w < v~ on M for all w € w(ugp). Let w € w(ug) and y € M.
We choose a curve v € I' so that there is a sequence {a;};en C (0,00) diverging to
infinity such that lim; .. y(a;) = y. Let § € (0,1) and m be those from Proposition

7.6, so that for any T'> 0, s € R, and € € (—4,0),
T

Srw(y(T + 5)) — w(y(eT + 5)) < / LG+ 5).4(t + ) dt + <Tm()

=v- (YT +s)) —v~ (v(eT + 5)) + eTm(fe]).  (7.9)
In view of Lemma 7.5, there is a sequence {b;};jen diverging to infinity such that
Sp,w — w in C(R") as j — oo. We may assume by reselecting {a;};en if necessary
that a; > b; for all j € N and ¢; := a; —b; — 00 as j — 00. Also, we may assume that
Y(-+¢j) = nin C(R) as j — oco. Fix any ¢ > 0. Setting 7' = b;, s = ¢;, and € = t/b;
in (7.9) and sending j — oo, we get

w(y) — v~ (y) S w(n(t)) — v (n(t)).

From this, using Lemma 7.8, we find that w(y) — v~ (y) < 0, which guarantees that
w(y) = v~ (y). O

8. A formula for asymptotic solutions

In the previous section we show that the viscosity solution w of (1.1) and (1.2)
satisfying (1.4) approaches to v~ (x) —ct in C(R"™) as t — oo, where (¢,v ™) is a solution
of (1.3).

In this section we give a formula for the function v~. Let ¢ = c¢y. We define the
function dy . € C(R™ x R™) by

dpo(x,y) =sup{v(z) | v e C(R"), H[v] < cin the viscosity sense in R", v(y) =0}

and A, as the set of those y € R™ for which the function dg (-, y) is a viscosity solution
of Hlu] = cin R™. We set H. = H — c and L. = L + ¢ as before. Note that dy and A
defined for H = H. in Section 5 are the same as dp . and A., respectively. Recall that

v () = litrgigf(u(m, t)+ct) forall zx € R".
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Theorem 8.1. We have
v (z) =inf{dy c(z,y) + duc(y, 2) +uo(z) |y € Ac, z€ R"}  for any z € R".

Proof. We may assume that ¢ = 0, so that A, = A and dy . = dg. We write V() for
the right hand side of the above equality. We fix any x € R".
Fix any € > 0 and choose points y, z € R" so that

V(z)+e>dg(x,y)+du(y,2z) + ug(z). (8.1)

By the definition of dg, there are T > 0, S > 0, £ € C(z,T;y,0), and n € C(y, S;2,0)
such that

T
dnloy)+=> [ LEH, (32)
Os
duly.2)+e> [ L) (8.3)
0
By Proposition 5.10, for each k& € N, there are 7, > 0 and (; € C(y, 7x;y,0) such that
Tk .
> / L(gk, Ck) dt. (84)
0
We concatenate these three different kind of curves by setting
n(t) for t € [0, 5],
Y(t) = C(t—9) for t € [S, S + 7],
E(t— S — k) fort €[S+ 1, S+ 71+ T).

Note that v, € C(z,S + 7 +T'; 2,0) for all k € N. Adding (8.1)—(8.4), for any k € N,
we get

TH+71+S
V(z) +4e > / L(vk, 3%) dt + ug(7£(0)) > u(z, T + 7% + S).
0

Therefore we obtain
V(x) 4+ 4e > litm infu(x,t) =v (x),

and conclude that V(z) > v~ ().

Again let ¢ > 0, and we choose a neighborhood U of A so that for any z € U
there exists a point y € A for which max{dy(z,y),dn(y,z)} < e. Choose an R > 0
so that o1(x) > 4 for all x € R™ \ B(0, R) and in view of Proposition 5.3, a function
¢ € COTL(R™) so that H[y] < 0 a.e in R® and H[¢)] < —46 a.e. in B(0,R) \ U for
some § € (0,1). Setting ¢. = 3(¢1 + 1), we find functions ¢. and o € C(R™) such that
Hp.] < —cae. inR" 0 >0in R", and o(x) > § for all z € R™\ U. We may assume
that ¢. > ug in R™. By the definition of v~ (z), there are T' > 0 and v € C(x,T) so that

T>0 v (z)+e—¢.(x)) and v (z)+e> /0 L(v,%)dt +uo(v(0)).  (8.5)
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Using Proposition 2.5, we get

/0 L(v,A4) dt > 6.(x) — 6 (1(0)) + / o(y(1)) dt,

and hence T
v (x) + e — p () > /0 o(v(t)) dt.

This together with our choice of T' guarantees that there is a 7 € (0,7") such that
~(7) € U. Then, by (8.5), we have

T T
v (@) +e> / Liy,4)dt + / L(3,4) dt + uo(+(0))

> dp(7(7),7(0)) + du (2,7(7)) + uo(7(0))
By our choice of U, there is a y € A such that

dp(y(1),y) <e and du(y,¥(7)) <e.

Thus we have
v () +3e >du(y(7),7(0)) + du (z,7(7)) + uo(¥(0)) + du (Y(7), y) + du (y, ¥(7))
>dg(z,y) +du(y,7(0)) +uo((0)) = V(=)
from which we obtain v~ (x) > V (z). O

9. Examples
We give two sufficient conditions for H to satisfy (A4).
Let Hy € C(R™ x R") and f € C(R"™). Set H(z,p) = Ho(z,p) — f(z) for (z,p) €
R"™ x R". We assume that
lim f(x) = oo, (9.1)

|| —o0

and that there exists a > 0 such that

sup  |Hp| < o0. (9.2)
R x B(0,6)

Fix such a § > 0 and set
Cs = sup |Hy|.

R x B(0,0)
Then we define ¢; € CYTH(R"™), with i = 0, 1, by setting
o
$o(z) = —lz| and  di(z) = —dlz],
and observe that for ¢ = 0,1,

Ho(z,D¢;(x)) < Cs for all x € R™\ {0}.
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Hence, for ¢ = 0,1, we have

1

Ho(z,D¢;i(x)) < = f(z) +Cs — 3 r%innf for all z € R™ \ {0}.

N | —

If we set 1 1
oi(x) = §f(a:) —C’(;+§nfllinf forz € R" and i = 0,1,

then H satisfies (A4) with these ¢; and o;, i = 0,1. It is clear that if H, satisfies
(A1)—(A3), then so does H.

A smaller ¢ yields a larger space ®(, and in applications of Theorems 1.1-1.3, it is
important to have a larger ®3. We are thus interested in finding a smaller ¢y. A method
better than the above in this respect is as follows. We assume that (9.1), (9.2), and
(A2) with Hy in place of H hold and that for each x € R™ the function: p — Hy(z,p)
is convex in R™. We fix a function § € C'(R"™) so that

| llim f(x) =00 and | llim |DO(x)| = 0.
For instance, the function (x) = log(|x|?> + 1) has these properties. Fix an & > 0 so that
e|DO(z)| < 6/2 for all z € R™. Fix any A € (0,1). Define the function G € C(R™ x R")
by

G(z,p) = max{Hy(z,p), Hy(z,p —eDO(x))} — (1 = N)f(z) — Cs + (1 — \) nfliinn f.
We note that for each x € R™ the function: p — G(z,p) is convex in R™. Define the
function ¢ € COT1(R™) by

Y(z) = inf{v(z) | v € COTH(R™), G[Dv] <0 a.e. in R", v(0) =0}.
Note that v(z) := —&|z| has the properties: G(z, Dv(z)) < 0 a.e. € R" and v(0) = 0.
Hence we have ¢(x) < —g\x\ for all z € R™. Because of the convexity of G(z,p) in p,

we see that v is a viscosity solution of G[¢] < 0 in R™. This implies that ¢ and ¢ — 6
are both viscosity solutions of

H(z,Dv) < =Af(z)+Cs — (1 = X) rﬁinnf in R"™.

With functions ¢g 1= 9, ¢1 = ¢ — €6, and 09 = 01 := A\f — Cs5 + (1 — A\) ming~ f,
the function H satisfies all the conditions of (A4). As is already noted, the function
satisfies the inequality 1(z) < —$|z| for all z € R™. Moreover, for any v € (1/2,1), the
function v(z) := —vd|x| satisfies

G(z,Dv(z)) <0 ae. xz€R"\ B(0,R)

for some constant R = R(y) > 0. It is now easy to see that if A > 0 is large enough,
then 5
P(x) < min{—§|m|, —vé|lz|+ A} for all z € R".
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Now we examine another class of Hamiltonians H. Let a > 0 and let Hy € C(R")
be a strictly convex function satisfying the coercivity condition

lim Hy(p) = oc.

|p|—o0

Let f € C(R™). We set
H(x,p) = ax-p+ Ho(p) — f(x) for (z,p) € R" x R".

This class of Hamiltonians H is very close to that treated in [FIL2].

Clearly, this function H satisfies (A1), (A2), and (A3). Let Ly denote the convex
conjugate H} of Hy. By the strict convexity of Hp, we see that Ly € C'(R™). Define
the function ¢ € C*(R") by .

¥(x) =~ Lo(~az).
Then we have Dy(x) = DLo(—ax) and therefore, by the convex duality, Hyo(Dvy(x)) =
Diy(z) - (—ax) — L(—ax) for all z € R™. Consequently, for all z € R"™, we have

H(z, Dip(z)) = ax - DY(x) + Ho(Dy(x)) — f(z) = —Lo(—ax) — f(z).

Now we assume that there is a convex function [ € C(R"™) such that

Jim(1(-aa) + f(x)) =0, (9.3)
Jim (Lo - D)(€) =o. (9.4)

Let h denote the convex conjugate of I. We define ¢ € COT(R™) by ¢(z) = —1l(—ax)
for x € R™. This function ¢ is almost everywhere differentiable. Let x € R"™ be any
point where ¢ is differentiable. By a computation similar to the above for v, we get

az - Do(z) + h(D¢(x)) — f(z) < —l(—ax) — f(x). (9-5)

By assumption (9.4), there is a constant C' > 0 such that Lo(§) > [(§) — C for all
¢ € R™. This inequality implies that Hy < h + C' in R™. Hence, from (9.5), we get

H(z, Do(x)) < —l(—ax) — f(z) + C.

We now conclude that the function H satisfies (A4), with the functions ¢pg = ¢, ¢1 = ¥,
oo(z) =l(—ax) + f(z) — C, and o1(x) = L(—ax) + f(x).

In [FIL2], it is assumed that Hj has a superlinear growth at infinity, while here it is
only assumed that Hj is coercive. It is assumed here that Hj is strictly convex in R",
while it is only assumed in [FIL2] that Hy is just convex in R™, so that Ly may not be a
C! function. The reason why the strict convexity of Hy is not needed in [FIL2] is in the
fact that Hamiltonians H in this class have a simple structure of the Aubry sets. Indeed,
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if ¢ is the additive eigenvalue of H, then min,cgrn H(z,p) = ¢ for all z € A.. Given
such a simple property of the Aubry set, the proof of Theorem 1.3 can be simplified
greatly and does not require the C' regularity of Lo, while such a regularity is needed
in the proof of Lemma 7.8 in the general case. Any = € A, is called an equilibrium point
if min,ern H(x,p) = c. A characterization of an equilibrium point « € A, is given by
the condition that L(z,0) = —c. The property of Aubry sets .4 mentioned above can
be stated that the set A comprises only of equilibrium points.

The following example tells us that such a nice property of Aubry sets is not always
the case. Let n = 2 and here we write (z,y) for a generic point in R2. We choose a
function g € C(R?) so that g > 0 in R?, g(z,y) = 0 for all (z,y) € R?\ B((0,0),1),
and g(z,y) > 0 for all (z,y) € B((0,0),1). Also, we choose a function h € C(R?)
so that h(x,y) > 0 for all (z,y) € R?, h(x,y) = 0 for all (z,y) € B((0,0),2), and
h(z,y) > 2% +y? — 4 for all (x,y) € R% We define the Hamiltonian H € C(R?) by

H(z,y,p.q) = (p — 9(=.9))* + ¢* — g(z.9)* — h(z,y).
It is clear that this Hamiltonian H satisfies (A1)—(A3). Note that (9.1) and (9.2) are
satisfied with Ho(z,y,p,q) = (p—g(z,9))?>+¢*—g(z,y)? and f = h. Thus we see that H
satisfies (A4) as well. Note moreover that we may take the function: (z,y) — dé|(x,y)|,
with any 6 > 0, as ¢ in (A4).

Note that the zero function z = 0 is a viscosity solution of H[z] < 0 in R? and
that min(, o)er2 H(z,y,p,q) = 0 for all (z,y) € B((0,0),2). Therefore, in view of
Proposition 3.4, we deduce that the additive eigenvalue ¢ for H is zero.

Now we claim that A = B((0,0),2). Since the zero function z = 0 satisfies H|[z] =
—h(z,y) < 0in R?\ B((0,0),2), we see by Proposition 5.5 that A C B((0,0),2). Let ¢ €
C%T1(R?) be any viscosity subsolution of H[¢] = 0 in R?. Then, since H(x,y,p,q) =
(p—g(z,y))*+¢* —g(x,y)? for any (z,y,p,q) € R* x B((0,0),2), for almost all (z,y) €
B((0,0),2) we have 5

0= 50 (e,) < 29(2.1). (9.6
Since g(z,y) = 0 for all (z,y) € B((0,0),2) \ B((0,0),1), we find that D¢ = 0 a.e.
in B((0,0),2) \ B((0,0),1) and therefore that ¢(x,y) = a for all (z,y) € B((0,0),2) \
B((0,0),1) and some constant a € R. The first inequality in (9.6) guarantees that
for each y € (—1,1) the function: x — ¢(x,y) is nondecreasing in (—1,1). These
observations obviously implies that ¢(z,y) = a for all (z,y) € B((0,0),2). This shows
that for any (xg,y0) € int B((0,0),2), the function dg(z,y) = 0 in a neighborhood

of (z0,%0) and hence it is a viscosity solution of H[u] = 0 in R?. Thus we see that
int B((0,0),2) C \A. By the fact that A is a closed set, we conclude that A = B((0,0), 2).
Finally we remark that H(z,y,g(z,y),0) = —g(z,y)?> < 0 for all (z,y) €

int B((0,0), 1), which shows that any (z,y) € int B((0,0),1) is an element of 4, but

not an equilibrium point.
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Next we examine another example whose Aubry set does not contain any equilibrium
points. As before we consider the two-dimensional case. We fix o, 3 € R so that
0 < a < f and choose a function g € C([0,00)) so that g(r) = 0 for all r € [«, ],
g(r) > 0 for all r € [0,a) U (B,00), and lim, o, g(r)/r?> = co. We define the functions
Hoy, H € C(R?) by

Ho(z,y,p,9) =@ —y)> —y* + (¢ +2)* — 2,

H(z,y,p,q) = Ho(z,y,p,9) — 9(v/ 2% + y?).
It is easily seen that this function H satisfies (A1)—(A3). Let 6 > 0 and set ¥ (x,y) =
§(z? + y?) for (z,y) € R% Writing ¢, = 0v/0x and ¢, = 9/dz, we observe that
Yoz, y) = 28z, ¥y (z,y) = 20y, and Ho(x,y, Yz, y) = 46%(2* + y?) for all (z,y) € R
Therefore, for any § > 0, if we set ¢o(z,y) = —6(2? + y?) and ¢y (z,y) = —256(2? + y?)
for (z,y) € R?, then (A4) holds with these ¢¢ and ¢;.

Noting that the zero function z = 0 is a viscosity subsolution of H|[z] = 0 in R?,
we find that the additive eigenvalue ¢ for H is nonpositive. We fix any r € [«, 5] and
consider the curve v € AC([0,2x]) given by ~(t) = (z(t),y(t)) := r(cost,sint). We
denote by U the open annulus int B((0,0),3) \ B((0,0),«) for notational simplicity.
Let ¢ € COTL(R?) be a viscosity solution of H[¢] = ¢ in R"™. Such a viscosity solution
indeed exists according to Theorem 3.3. Due to Proposition 2.4, there are functions
p,q € L>°(0,2m, R?) such that for almost all ¢t € (0, 27),

£00/(6) =r(~plt) sint + a(t) cost),
(p(t),q(t)) € Dep(7(1)).
The last inclusion guarantees that H(x(t),y(t),p(t),q(t)) < c a.e. t € (0,27). Hence,

recalling that a < r < 3, we get
¢ > Ho(z(t),y(t),p(t),q(t)) = p(t)* — 2y()p(t) + q(t)* +22(t)q(t) ae. t € (0,2n).

We calculate that

T
¢waw—¢wm»=rA (—p(t)sint + q(t) cost) dt

1
<

T
< 5/ (c—p(t)* —q)?) dt < T for all T € [0, 27].
0

This clearly implies that ¢ = 0 and also that the function: t — ¢(y(¢)) is a constant.
Thus we find that ¢(z,y) = h(2? + y?) for some function h € CO([a, 3]).

Next, we show that ¢ is a constant function in U. At any r € («a,) and any
(x,y) € 0B((0,0),r), we have

¢u(z,y) = 2zh/ (2% +y?) and ¢, (z,y) = 2yh/(2* + y?),
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and, in particular, y¢.(z,y) — z¢y(x,y) = 0. Therefore, for almost all (z,y) € U, we
have

0 Z HO(xvyv ¢$7¢y) = (¢m - y)2 - y2 + (¢y +l’)2 - x? = Qf)i + ¢32/

That is, we have
¢2(2,y) = dy(z,y) =0 ae. (z,y) €U,

which assures that ¢ is a constant in U.

Now we know that for any y € U, the function: = — dg(x,y) is a constant in a
neighborhood of y, which guarantees that U C A and moreover that A4 = U.

Finally, we note that H(z,y,y, —z) = Ho(z,y,y, —7) = —2% —y? < 0 for all (z,y) €
U, and conclude that any (z,y) € A = U is not an equilibrium points.

The following two propositions give sufficient conditions for points of the Aubry set
A to be equilibrium points. Here, of course, we assume that cg = 0.

Proposition 9.1. Ify is an isolated point of A, then it is an equilibrium point.

Proof. Let v € I' be such that «(0) = y. Since y is an isolated point of A and ~(t) € A
for all t € R, we see that y(f) = y for all ¢t € R. Hence we have

1
0=dn(y) = | L0 dt = Lw.0),
0
which shows that y is an equilibrium point. O

Proposition 9.2. Assume that there exists a viscosity solution w € C(R™) of
H(z, Dw) = min,ern H(z,p) in R™. Then A consists only of equilibrium points.

For instance, if H(x,0) < H(z,p) for all (z,p) € R*, then w = 0 satisfies
H(xz,Dw(z)) = minyern» H(x,p) for all x € R™ in the viscosity sense. If H has the
form H(x,p) = ax-p+ Ho(p) — f(x) as before, then H attains a minimum as a function
of p at any point p satisfying az + D~ Hy(p) > 0 and therefore

min H(x,p) = ax-q+ Ho(q) — f(x),

where ¢ € D™ Lo(—ax) and Ly denotes the convex conjugate Hj of Hy. Therefore,
in this case, the function w(z) := —(1/a)Lo(—ax) is a viscosity solution of H[w] =
minycg» H(z,p) in R™. In these two cases, the Aubry sets consist only of equilibrium
points.

Proof. Since cy = 0, we have minycgrn H(x,p) < 0 for all x € R"™. Note that the
function o(x) := —miny,er» H(z,p) is continuous on R™ and that w is a viscosity
solution of H[w| = —o in R™. Applying Proposition 5.6 (or 5.5), we see that if y € R"
and min,er» H(y,p) < 0, then y ¢ A. That is, if y € A, then min,er~» H(y,p) = 0,
which is equivalent to say that y is an equilibrium point. O
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Appendix

We show here that value functions, associated with given Hamiltonian H or its
Lagrangian L, are viscosity solutions of H = 0.

Let H € C(R™ x R™) be a function such that for each € R™ the function:
p+— H(x,p) is convex in R™, and let L be its Lagrangian. Let S be a nonempty subset
of R™ and vy a real-valued function on S. We define the function v : R™ — [—00, 00| by

v(z) = inf{/o L(v(s),4(s)) ds + vo((0)) | ¢>0, v € Cla,1), (0) € 5}.

Theorem A.1. Let Q2 be an open subset of R™, and assume that v € C(QQ). Then v is
a viscosity subsolution of H[v] =0 in (.

Proof. Let (p,z) € C1(Q2) x Q and assume that v — ¢ attains a maximum at z. We
may assume without loss of generality that v(z) = ¢(z). Define the multi-function
F:Q —2R" by
F(z) ={{ e R" | Dp(x) - € = L(x,§) + H(z, Do(x))}.

Since, for any x € R", the function: p — H(xz,p) is a real-valued convex function in
R™, it is subdifferentiable everywhere, which shows that F(x) # 0 for all z € . Also, it
is easily seen that F'(x) is a closed convex set for any = € Q and that the multi-function
F' is upper semicontinuous in €2. By the standard existence result for the differential
inclusion (see, e.g., [AC, Theorem 2.1.3]), we see that there are a constant 7' > 0 and a
function n € Lip([0, 7], R™) such that 7(s) € —F(n(s)) a.e. s € (0,T) and n(0) =

Fix any € € (0,7"), t > 0, and v € C(n(e), t) such that v(0) € S. We define the curve

(eC(x,t+¢€) by o) {7(8) for s € [0, t]

nle+t—s) for s € (t,t+ €.
It is obvious that ((0) € S. Noting that

((s)=—nle+t—s)e F(nle+t—s))=F((s) ae se(tt+e),
we have
Dp(((s)) - C(s) = L(¢(5), () + H((5), Dp((5)))  ace. s € (t,t+e).

Hence we get



That is, we have e
[ ). Doty as <o
t
Dividing this by ¢ and sending € — 0, we obtain H (z, Dy(z)) < 0. a

Theorem A.2. Let 0 be an open subset of R™ such that SN Q = 0, and assume that
v e C(Q). Then v is a viscosity supersolution of H[v] =0 in Q.

Proof. Let (¢,y) € C*(2) x Q be such that v — ¢ has a strict minimum at y. We will
show that H(y, Dp(y)) > 0. To do this, we argue by contradicition and thus suppose
that H(y, Dp(y)) < 0. We may assume as usual that v(y) = ¢(y). We choose a
constant 7 > 0 so that B(y,r) C Q and H(z, Dyp(z)) < 0 for all x € B(y,r). We set
m = mingpg(, (v — ¢). Note that m > 0 and v(z) > ¢(z) + m for all x € IB(y, ).

Pick any ¢ > 0 and v € C(y,t) such that v(0) € S. Since y(0) & €, there is a
constant 7 € (0,t) such that v(7) € 9B(y,r) and 7(s) € B(y,r) for all s € [r,t]. We
now compute that

v(x) =e(y(t)) :¢(7(7))+/ Dip(v(s)) - y(s) ds

<v(y(7)) - m+/ [L(v(5),7(s)) + H(v(s), Dp((s)))] ds

T

<vo(7(0)) + ' L(y(s),7(s))ds + [ L(v(s),¥(s))ds —m
0 T

< un(1(0)) + / L(3(s),4(s)) ds — m.

Taking the infimum over v € C(x,t), with v(0) € S, and ¢ > 0 in the above inequality,
we get v(x) < v(x) — m, which is a contradiction. This proves that H(y, Dy(y)) > 0.
O

Remark. We may apply above theorems to (1.1) as follows. We introduce the Hamil-
tonian H € C(R™! x R"*1) defined by H(x,t,p,q) = q + H(x,p). The corresponding
Lagrangian L is given by L(z,t,&,1) = L(z,£) + d13(n), where L is the Lagrangian of
H and dy1) denotes the indicator function of the set {1} C R. We set S = R" x {0}
and Q = R” x (0,00). Also, for given up € C(R"™), we define the function vy € C(S)
by vo(x,0) = ug(x). We then observe that

wr{ [ 266,36 s+ 1620) | 7 € 0o}

- inf{/o L(C(s),{(s) ds +00(C(0)) | T>0, CeC((w,),T), C(0) s}.
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