The classical inequality holds at the boundary points
for subsolutions of Hamilton-Jacobi equations
with coercive Hamiltonians

We consider the BVP

{ut + H(z,t,u,Du) =0 in @ :=Q x (a,b), (BVP)

u=g(z,t) on 0,Q = 98 x (a,b).
Here 2 C R", and H and g are assumed to be continuous.

CLAIM. Letu € USC(Q2x(a,b)) be a subsolution of (BVP). Assume that H is coercive.
Then u(x,t) < g(x,t) for all (z,t) € 0,Q.

Proof. Fix any (2,1) € 8;Q. Choose a sequence {z;} C O := R"\ Q so that zj, — &
as k — co. Let 7 > 0 be such that [f —r, £ + 7] C (a, b). We consider the function

d(x,t) = u(z,t) — alr — x| — Bt — f|2

on K := B((&,1), r)N(Q x (a, b)). Since ¢ € USC(K), ¢ attains a maximum at a point
(¢,7), which depends on (o, 3, k). Since ¢(&,7) > ¢(&,1), we have

alg¢ — &+ Blr — 1 < u(€ ) — u(@, ) + ald — . (2)

If we choose a sequence of (ag, ) so that (g, Br) — (00,00) and ag|E — x| — 0 as

k — 0o, then we see from (2) that (&,7) — (&,1) as k — oo and
u(,t) < liminfu(¢,7) < limsupu(é,7) (< u(,t) by USC of u).

This sequence of inequalities shows that limw(¢, 7) = u(&, 1).

We may assume that |# — x| < 1/k? for all k. We set oy = k, so that ag|? — x| <
1/k — 0as k — oo. Set pp := ap(€ — x1)/|¢ — xx| and g, = 28k(7 — 1), where By is
to be fixed. Note that fx|7 — t|* < u(¢,7) — u(d,t) + 1/k < C? for some constant C
independent of k. Hence, we have 23| — | < Cv/2Bx. We select 3, so that

—C\/208 + min H >0,
KxIxdB(0,ar)

1



where I := [u(Z,) — 1, u(#,t) + C?]. Note that u(¢,7) € 1.
Assume that k >> 1, so that (&,7) € B((#,%),7/2). We have either

qx + H(é.aTau(é.?T)apk) < 0 (3)

have u(&,7) < g(&, 7). Sending k — oo, we find that u(#,1) < g(#,{) O



