A PDE APPROACH TO SMALL STOCHASTIC PERTURBATIONS
OF HAMILTONIAN FLOWS

HITOSHI ISHIIA*! AND PANAGIOTIS E. SOUGANIDISE2

ABSTRACT. In this note we present a unified approach, based on pde methods,
for the study of averaging principles for (small) stochastic perturbations of Hamil-
tonian flows in two space dimensions. Such problems were introduced by Freidlin
and Wentzell and have been the subject of extensive study in the last few years.
When the Hamiltonian flow has critical points, it exhibits complicated behavior
near the critical points under a small stochastic perturbation. Asymptotically the
slow (averaged) motion takes place on a graph. The issues are to identify both the
equations on the sides and the boundary conditions at the vertices of the graph.
In their original work Freidlin and Wentzell, using probabilistic techniques, consid-
ered perturbations by Brownian motions, while later Freidlin and Weber studied,
combining probabilistic and analytic techniques based on hypoelliptic operators, a
special degenerate case. Recently Sowers revisited the uniformly elliptic case and
constructed what amounts to approximate correctors for the averaging problem.
Our approach is based on pde techniques, works for both cases and, as a matter of
fact, applies to more general degenerate anisotropic elliptic operators.

1. INTRODUCTION

In this note we present a unified approach, based on pde methods, for the study
of averaging principles for (small) stochastic perturbations of Hamiltonian flows in
two space dimensions. Such problems were introduced by Freidlin and Wentzell and
have been the subject of extensive study in the last few years. When the Hamilton-
ian flow has critical points, it exhibits complicated behavior near the critical points
under a small stochastic perturbation. Asymptotically the slow (averaged) motion

takes place on a graph. The issues are to identify both the equations on the sides and
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the boundary conditions at the vertices of the graph. In their original work Freidlin
and Wentzell [4], using probabilistic techniques, considered perturbations by Brown-
ian motions, while later Freidlin and Weber [3] studied, combining probabilistic and
analytic techniques based on hypoelliptic operators, a special degenerate case. More
recently Sowers [6, 5] revisited the nondegenerate problem and constructed what
amounts to approximate correctors for the averaging problem. Although natural,
finding such correctors involves serious technical difficulties near the critical points.

In this note we consider anisotropic, possibly degenerate perturbations, thus gener-
alizing significantly the previously known results. Using entirely pde-techniques, we
provide a considerably simpler and unified approach to study the problem. After the
statement of the problem we explain our strategy and discuss the new ideas we are
introducing here.

We begin by describing the general setting and introducing the necessary material
to state the asymptotic problem we are interested in.

We are given a Hamiltonian function

(1.1) H e C*(R?) suchthat lim H(z) = oo,

|z|—o0

with exactly three nondegenerate critical points 2z, zo and z3. Although it is possible
to consider more critical points, to keep the presentation simpler here we restrict to

the case of only three. More precisely, we assume that

[ there exist 21, 72, 23 € R? such that
DH(z) = DH(z) = DH(z3) =0 and DH(z) #0 in R?\ {21, 22, 23},
max(H (z1), H(z3)) < H(z2), and the matrices

kD2H(zl) and D?H (z3) are positive definite and det D*H (zy) < 0,

(1.2)

and, to simplify the notation, henceforth we choose
2p=0 and H(0)=0.

It follows from Morse theory (see [1]) that, for any i > 0, the open set {z € R?:
H(x) < h} is connected and the open set {x € R? : H(z) < 0} has exactly two
connected components D and Ds3 such that z; € Dy and 23 € Ds.

Next we choose hy, ha, hy € R such that

H(Zl) < h < O, 0= H(Zz) < hy and H(Zg) < h3 < O,
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we consider the open sets
Q={rceR*:0< H(z) < hy}, and, for i€ {1,3}, Oy ={x e D;:h; < H(x) <0},
their “outer” boundaries
OoutSli = {2 € Q; : H(x) = h;},
as well as the intervals
Jo = (0, he) and, for 7 € {1,3}, J; = (h;,0),

and, finally, for i € {1,2,3} and h € J;, the “loops”

The pde we study is set in the connected (a simple argument justifies the last

observation) set
Q={reR*: H(x) =0} U (U_,Q),
with boundary
O = Oout 21 U Opu 22 U Oout §23.
Finally, hence to forth, we write

(1.3) b= DH = (H,,, —H,,),

where the subscript z; indicates the differentiation with respect to the variable z;.
The problem we are considering here is the asymptotic behavior, as ¢ — 0, of the

solution u® of the boundary value problem

(1.4)

3

{— div(ADu®) — (bg+e7'b)-Du* =g in Q,

u*=p° on ON.

We do not know if, in the generality described below, problem (1.4) has a unique
solution or not. In this note we do not address this issue but rather we concentrate

on the asymptotic analysis.
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We assume that
p° € C(09) and, for each i € {1,2,3}, there exists a constant d;
(1.5) { such that, in the limit ¢ — 0, p® — d; uniformly on Ouy£2;,
(1.6) A(x) = (a;j)1<ij<2 is a smooth, symmetric, nonnegative matrix,

(1.7) by is a smooth vector field,

1) fori € {1,2,3} and h € J; \ {0}, there exists z;;, € ¢;(h) such that
' A(zp)DH () - DH (1) > 0,
and

in a local orientation-preserving coordinate system at the origin,

1.9 1
(1.9) where D?H(0) = (? 0), a11(0) > 0 and ag(0) > 0.

A change of variables is orientation-preserving if its Jacobian is everywhere posi-
tive. A coordinate system is orientation-preserving if it is obtained from the original
coordinate system by an orientation-preserving change of variables. We remark (see
Appendix) that the form of (1.4) as well as the conditions (1.8) and (1.9) are invariant
under any orientation-preserving change of variables.

Regarding (1.9), we note that the Morse lemma (see [1]) yields, after a C*-orientation

preserving change of variables which fixes the origin, some x > 0 such that
(1.10) H(z1,29) = 1172 in S, = {z € R? : max{|z1], |z2|} < Kk} C Q,

and, in these local coordinates,

For future reference we write
2
|DoH| = (a1, H2, + (a1 + a1 ) Hyy Hyy + asH2) "> = (ADH - DH)'?,
and, for a smooth ¢,

Agp = div(AD¢) = (a11¢z, + @1204,),, + (a21P2; + a2202,),, -

To state the result, we need some additional preliminary material. To this end, we

consider the initial value problem (Hamiltonian system)

(1.11) X(t)=DH(X(t)) and X(0)=z¢cR?
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which admits a unique global in time solution X (¢, x). Note that, in view of (1.1),
X, X e C*(RxR%:R?)  and  H(X(t,z))=H(z) forall (t,z)eR xR

Fix i € {1,2,3} and h € J; \ {0}. Since X(R,z) = {X(t,z) : t € R} C c;i(h) if
x € ¢i(h), and DH(x) # 0 for all x € ¢;(h), it is easily seen that the map t — X (¢, )
is periodic in ¢ for all z € ¢;(h).

It follows from the geometry of the domains ;’s that, for any = € ¢;(h) and h # 0,
(1.12) ci(h) = X(R,x),
and, moreover,
the minimal period T;(h) of X (R, z) is independent of z € ¢;(h)
(113) { and 0 < T;(h) < oc.

Throughout the paper, for i = 1,3, we fix p; € ¢;(0) \ {0} and we denote by Y;(h)

the solution of the initial value problem

vy DHYi(h))
(1.14) Y(h)_W

where Y/(h) = dY;(h)/dh, and we set

and  Y;(0) = p;,

It is immediate that
H(Y;(h))=h forall helh;, hy] and Y;€ C*([hy, hy);R?).

To simplify the presentation, we introduce Y5 and [l as well just by setting either
(Y27l2) = (thl) or (YQ,ZQ) = (3/?3713)-

N
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In the sequel we make several observations and statements which hold true for all
i € {1,2,3}. To avoid repeating the latter, henceforth, in all statements which hold
for all the i’s, we will simply write 7.

Let ®; : R x J; — R? be given by ®;(t,h) = X(¢,Yi(h)). It follows that ®; €
C3(R x J;) and, since H(®;(t,h)) = h for all (t,h) € R x J;,

(1.15) det D®; =1 on R x.J,.

The limit of the u®’s is described by the unique solution (uy,us,us) € C(J;) x
C(J2) x C(J3) of the boundary value problem
(T;Au;)" — (T;Byu;)' + (T;Boiw;) — TiCoui + T3, = 0 in J;,
(1.16) Bauy(0) = Zi:l,?) Biui(0),
u1(0) = u2(0) = u3(0) and wu;(h;) = d;,
where, for h € J;,
(Ai(h) = T(h)™" [ | DoH (@(t, h))|dt,

Bi(h) = Ty(h) ™" fi(h)Ao H(®;(t, h))dt,

)
Boi(h) = Ti(h) ™" [;"" (bo - DH)(®:(t, h))dt
(1.17)
Coi(h) = Ty(h) ™" ;") div bo(®, (¢, h))dt,

Gi(h) = Ti(h) ™" [0 g(@y(t, b)),

0
(Bi = limy o4 (AT ((=1)"h).

As it is shown in Section 2, (1.16) can be rewritten as
(1.18) Paus(0) = 325y 5 Bi1; (0),

The result is:

Theorem 1.1. Assume (1.1), (1.2), (1.5), (1.6), (1.7), (1.8), (1.9), and let u® €
02(9) and (Ul,UQ,Ug) € (Ol(jl) N 02(J1)) X (Cl(jg) N CQ(JQ)) X (Cl(jg) N OQ(Jg))
be a solution of (1.4) and the unique solution of (1.16) respectively. Then, as € — 0,

(1.19) ut — u;o H  uniformly on €.

This theorem was proved by Freidlin and Wentzell [4] for the Laplacian, i.e., A = I,

and with slightly more general Hamiltonian H. (Note that our restrictions on H are
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motivated by the desire to keep the presentation simpler.) Freidlin and Webber
[3] studied, using different techniques, a very special degenerate operator, namely
Agp = ¢uyz, and a particular H. Finally Sowers [6, 5] considered extensions of [4]
and constructed what amounts to approximate correctors.

As remarked earlier here we prove a more general result and provide a unified
approach based entirely on pde methods. Our proof not only is simpler than the
earlier ones but also introduces several new ideas.

Next we outline some of the key points/steps of the paper. We begin with (1.16).
The fact that any uniform in  limit of the u®’s is a function of H is due to the
presence of the e™! factor in front of the b in (1.4). The specific form of (1.16) follows
from the above observation and a more or less standard averaging argument. The
condition at the vertex is a consequence of simple integration by parts given that the
u®’s solve (1.4) in all of Q. The heart of the argument is therefore to establish the
uniform convergence. This requires uniform in € estimates, a delicate issue in view
of the linearity of the equation and the fact that the matrix A may be degenerate.
The former affects possible L> -bounds while the second comes in when trying to
obtain uniform gradient bounds. In the paper we obtain the L* -bounds in an
indirect way. First we prove the result assuming such bounds and then we use a
classical blow up argument to obtain the sup-estimates. Assuming the latter we use
standard arguments from the theory of viscosity solutions and the periodicity along
the trajectories of the Hamiltonian system (for h # 0) to prove that the largest and
smallest possible limits of the u®’s are solutions of the (1.16) away from the vertex.
A key step here is to use (1.8) to prove a local, uniform in e, L?-estimate for the
derivative of the u’s in a direction e. To find this direction we think that —b = —DH
has the direction of time, and, for € {|DH| # 0}, we choose a unit vector e # 0 so
that e and —b(x) span R?. This enables us to show that, along subsequences, the u®’s
converge along subsequences in {|DH| # 0} to a solution of the (1.16) away from the
vertex. To conclude we need to prove the convergence on ). For this we construct
appropriate inner and outer barriers that control the behavior near the origin and
o09).

The paper is organized as follows. Section 2, which is divided into three parts,
is devoted to the analysis of (1.16). In the first part we study some properties of
the minimal periods. In the last two parts, we consider the coefficients of the ode in

(1.16) and provide the general formula for the solution of (1.16). Section 3 is devoted
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to the proof of Theorem 1.1. It relies on four results that we formulate as separate
theorems. They are: a, uniform in ¢, L -bound for the u®’s (Theorem 3.1, proved
in Section 3), the convergence along subsequences of the u®’s on the set {|DoH| > 0}
(Theorem 3.2, proved in Section 4 combined with Theorem 3.1), and the existence
of outer barriers and inner barriers (Theorem 3.3 and Theorem 3.4 respectively, both
proved in Section 5). In the proofs we repeatedly perform orientation preserving
changes of variables. We show in the Appendix that such transformations preserve
the general structure of the problem. Finally we also formulate as a lemma a simple
consequence of the classical Green’s theorem that we use several times in the proofs.

Throughout the paper we denote by C' positive constants, that may change from line
to line and are independent of €. The latter is always taken to be positive. Moreover
we use the term “solution” to mean either a classical (if smooth) or a viscosity (if
only continuous) solution.

We conclude with the notation we use in the paper.

Notation: For any a,b € R,z = (21, 73) € R% f : V — R¥ V C R™, symmetric

matrix A of order k, and family of bounded functions w, : 2 — R we have:

( |x\oo = max{|x1|, |$2‘}7

[flloov = sup[f(2)] - z € V1,
{f>0t={xeV:f(x)>0} for k=1,

w* (&) = limsup*w () = limsup, .o w(y).

(w™ (z) = liminf,w®(z) = liminf, ., .o w*(y).

2. THE LIMIT PROBLEM

2.1. Some properties of the minimal period. We study here the regularity and
the behavior for small h of the minimal periods 77,75 and T5. Both are necessary for
the regularity of the coefficients of (1.16) as well as some other estimates later in the
paper. At first passage the reader may choose to skip the proofs.

We begin with

Lemma 2.1. T; € C3(J; \ {0}).

Proof. Since Y; € C3(J;) is injective, we may choose ¢ € C3(R?) such that, for all
x € l;, ¢(x) =0 and Do(x) # 0.

Set ¥(t, h) = ¢(X(t,Y;(h))) for (t,h) € R x J;, and note that, for all h € J; \ {0},
Y(Ti(h), h) = ¢(Y;(h)) = 0. Moreover, since, for any h € J;, the vectors Do(Y;(h))
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and DH(Y;(h)) are parallel to each other, we see that, if h € J; \ {0}, then
Ui(Ty(h), h) = D(Y(h)) - X (T3(h), Yi(h)) = D (Yi(h)) - DH(Y;(h)) # 0,
and the claim follows from the implicit function theorem. 0J

The small h behavior of the T;’s is the subject of

Lemma 2.2. There exists C > 0 such that, for all h € J;,
(2.1) C~og(|h|™ +2) < Tiy(h) < Clog(|h|™! +2).
Proof. Since the arguments are similar we only prove (2.1) for T5, which, for notational

simplicity, we denote for the rest of the proof by T

In view of (1.10), we have
m = inf{|DH(x)| : x € Q, |H(x)| > k*/4} > 0.

Let h € (0,x%/4), fix x € Qy so that h = H(x), consider the trajectory X (t) =
X (t,x) and observe that X (f) = v/h(1, 1) € S, for some £ € [0, T(h)). Assuming
that, after a translation, X (0) = vA(1, 1), we find that X (t) = VA (¢!, e~t) for all
t € [0,7] with 7 > 0 given by vhe” = k. It is then clear that 7 < T'(h) and, hence,

(2.2) T(h) > log(kh™Y?) for 0<h < K?/4.
If diam(B) denotes the diameter of the set B, we have
T(h) T(h) _
2 diam(c(0)) < 2 diam(ca(h)) < / X |dt = / [DH(X)|dt < T(h) sup |DH]|,
0 0 Q

and, thus,
T(h) > 2(sup |DH|)™" diam(cy(0)),
Q

which yields, in view of (2.2), the lower bound for 75 in (2.1).
Applying Green’s theorem, for A = 9?/9z? + 02 /0z%, we find
T(hz) T(h)
/ AHdzr = / |DH(®y(t, hy))|*dt — / |DH (X (t))|*dt.
{h<H<h2} 0 0

Accordingly, if h > k%/4,

T(h) T'(h2)
m2 T(h) g/ |DH(X(t)]2dt§/|AH|dx+/ \DH(®s(t, hy)) e,
0 Q 0

and, hence,

(2.3) T(h) gm‘2</Q]AH|dx+/cz(h2) DH|d).
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On the other hand, if 0 < h < x?/4, then assuming, as before, that X (0) = v/A(1,1)
and vVhe™ = k, we find

T(h)—T
/|AH\dx+/ |\DH|dl z/ |DH(X (t)*dt > m*(T(h) — 27),
Q ca(h2) T

and, hence,

T(h) §27—|—m2</ ]AH\daﬁL/
Q c

|DH|dl)
2 (h2)

1
§—10g(/<2h_1)—|—m_2</ \AH|d:p+/ yDH|dz>.
2 Q ea(ha)

Combining the above estimate and (2.3) yields, for some other C' > 0, the second
inequality in (2.1) for Ts. O

2.2. The coefficients of the ode in (1.16). Here we establish the properties (posi-
tivity, regularity as well as what is necessary to show (1.18)) of the coefficients of the
ode in (1.16).

Applying Lemma 6.1 to

fi=anH, +aH,, and fo=anH, + axH,,,

with o; = T;(h) for h € J;, and differentiating the resulting formula with respect by

to h, we obtain

d Ti(h)
:E/ |DoH o ®;(t, h)|*dt
0

d T;(h)
(2.4) ~dh J,
Ti(h) T;(h)
== / (fl,ml + f2,a;2) o (I)Z(t, h)dt = / AOH e} q)l(t7 h)dt
0 0

(T:4:)'(h)

(le:vl + f2Hmz) © CI)(t, h)dt

and

d [Tt T(h)
:%/ |(bo - DH) o ®;(t, h)|*dt = / div by o @;(t, h)dt
0 0

= (T;Cu;)(h).

We have:

Lemma 2.3. A;, B; € C?(J;\ {0}), 4; > 0, and (2.4) and (2.5) hold for all h € J;.
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Proof. The positivity of the A;’s is immediate from (1.17) and (1.8), the claimed
regularity follows from the fact that T; € C3(J; \ {0}), and the formulae were derived
above. O

Using (2.4) and (2.5) we find that the equation in (1.16) can be rewritten as

(2.6) (T; Au)' + T;Bosul, + T;g; = 0 in J;

or

(2.7) Al + (B; + Boi)u, +9; =0 in J;.
We have:

Lemma 2.4. The constants [3; in (1.17) are well-defined and positive and the func-
tions Ty A;, (T;A;)™Y, T;Bo; and By /A; are uniformly continuous in J;.

Proof. Tt is immediate from (1.17) that A;, B; and g; are bounded. Accordingly, in

view of Lemma 2.2, we see that T;B; € L'(J;) and, since

TAY(0) = (T AR + [ (3w,

T;A; is uniformly continuous in J; and the limits 3; = limy, .o (T;A;)((—1)%h) exist.

We focus now on T5A,, since the arguments for T7A; and T5A3 are similar. In
view of (1.9) and (1.10), we may choose (by taking x > 0 small enough) constants
0 < ag < ay < oo such that, for z € S,

ap < min{ay1(x), ax(x)} < max{ai;(z),an(r)} < a;

and, hence,
|a12(2)| = a21(2)] < Vai(z)az(z) < ar.
Fix h € (0,e %1/%2) set 2 = Vh(1, 1) € V and X (t) = X (t, ), and recall that
X(t) = Vh(et, et) for |t| < 7, where, as before, Vhe™ = .
As in the proof of Lemma 2.2, we find that T5(h) > 7 and, hence,

/w) DX ) > / (a0 Xa(t)? — 2a1| X1 () X2 (t)| + aoXa(t)?) dt

T h
— h/o (ao(ezt +e ) — 2al)dt > %(627 — 1) — 2a;hT.

Noting that

2 4 8
27-:log%2ﬂ and € —1>27 4272 >27r%> alT,
ag Qo
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we get
(TxAs)(h) > Th( — 1)+ 2a1ht — 2a1hT = % (k* —h) > o o
Since ToAs > 0 in (0, hg], we conclude that

inf (TQAQ) (h) > 0.

heJo

Hence, 3; > 0, and the function (T;A;)~! is uniformly continuous in J;.
Similarly, we have T;Cy; € L'(.J;) and

(TBu)(1) = (TiBu) (1) + | (T:Co)n)iy

and therefore, the function T;By; is uniformly continuous in J;.

The last claim is a consequence of the already obtained regularity. ([l
Set

2.5) 3= (1B (0) = i (TBo) (1)),
We have:

Lemma 2.5. Y (=1)ig=0 and 30 (—1) =0.

Proof. Fix 0 < & < min{(=1)'h; : i = 1,2,3}, let Q) = {z € Q : |H(z)| < &},
observe that 0Q(¢) has three connected components ¢;(—¢), c2(e) and c3(—¢), and
note that, for © € cy(e), DH(x) points outward from 2(e), while, for i = 1,3 and
x € ¢;(—¢), DH(z) points inward to Q(e).

Using Lemma 6.1 with f1 = a1;H,, + CL12Hx2 and fo = ag H,, + asH,,, we find

/ AoH (z -) / |DoH |*(®;(t, —¢))dt
Q(e) i=1,3

+/ | Do H|?(®s(t, €))dt.

Similarly we have

Ti(~e)
/ div by (z Z/ (b - DH)(®;(t, —e))dt
Q(e) i=1,3

+ / TQ(E)(bO - DH)(®s(t, ))dt.

Letting ¢ — 0 yields the claim. ([l
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2.3. The boundary value problem for the ode. Solutions u = (uy, us, usz) of the
ode (1.18), without the boundary conditions, are given, for some constants C;;, with
1=1,2,3,7=1,2 by

h
ui(h) =Ci + Cin / (T;A:) ()~ e o B4 gy
(2.9) .70 ;
- [ @y [ e R B e g ¢ dgan
0

0

Using the boundary conditions of (1.18) in (2.9) we find
C. C.
( ) U( ) 1 uz( ) (T;Al)((]) ﬁz an u( ) 1+ Gz Q

where
h; -
P= [ @Ay e oo gy
(2.11) Oh
i n . A
Qi = / (TiA) ()™ / e I Po AL ds (6 (€)dedny.
0

0
The above and the boundary conditions at the vertex in (1.18) lead to the linear

system
Ciy=Cy =Cy, Cop =Y Cip and Cy + CipP; — Q; = d;,
i=1,3
whose unique solution is given by

3 ip~1(d. .
(212) Cﬂ = Zl_g_gl)(f)ll)fgl_j_ Ql) and Ciz = P{l(di + QZ - Cl )
i=1 i

3. THE PROOF OF THE MAIN THEOREM

We formulate here as theorems the steps, described in the informal discussion at
the end of the Introduction, that lead to the proof of Theorem 1.1.
We have:

Theorem 3.1. (uniform bound) Assume (1.1), (1.2), (1.5), (1.6), (1.7), (1.8),
(1.9) and let u® be a solution of (1.4). There exists g > 0 such that

(3.1) sup ||u||co,0 < 00.
0<e<eo

Theorem 3.1, which is very important for the proof of Theorem 1.1, is proved by a
blow up argument provided that we can first prove it under the additional assumption
that (3.1) holds. The proof of the convergence of the u®’s, if (3.1) holds, consists of

three steps which we formulate as separate theorems. The first is to show, that along
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subsequences, the u’s converge, locally uniformly, in Q \ {0}. The next two steps
entail the construction of appropriate barriers yielding the convergence away from
the origin and, finally, on .

We have:

Theorem 3.2. (precompactness) Assume (1.1), (1.2), (1.5), (1.6), (1.7), (1.8),
(1.9), and let u® be a solution of (1.4) and set N = {x € Q : |DoH(x)| > 0}. Let
{ej}jen C (0, 00) be a sequence converging to zero such that sup;ey [|[u%||c0 < 0.

Then the family {u®} is precompact in in C(N).

Theorem 3.3. (outer barriers) Assume (1.1), (1.2), (1.5), (1.6), (1.7), (1.8), (1.9),
let 0 < hy < mini:1,273 ’hly and set I; = (hz, —ho) Zf@ =13 and Iy = (ho, hg) There
exist g9 € (0, 1) and families {w$}ee(o,e9) C C*( N {|H| > ho}), such that w$ is a

solution of
—(Ag+ (bo +e7'0) - D)yws < =1 in QN {|H| > ho},
w; < —1 on QN{|H| = h},
and, as € — 0, the w’s converge uniformly to some w; € C(Q; N {(=1)"H > ho})

and w; — d; uniformly on Oyu$2;.

Theorem 3.4. (inner barriers) Assume (1.1), (1.2), (1.5), (1.6), (1.7), (1.8) and
(1.9). There exist eg € (0, 1), a neighborhood V- C € of the origin and a family
{v°}ec(0,29) € C*(V) such that v° solves

_(A(] + (bo + 8—1[)) . D)Ue S -1 m ‘/,
and, as € — 0, v* — 0 wuniformly on V.
Assuming temporarily Theorems 3.1, 3.2, 3.3 and 3.4, we continue with the

Proof of Theorem 1.1. Theorems 3.1 and 3.2 yield the existence of sequences €; — 0
along which the u®’s converge locally uniformly in N.

In order to show the convergence of the whole family ¢ in , it is enough to prove
that the u®’s converge uniformly in Q; to u; o H ~recall that (uy,ug, us) is the unique
solution of (1.16).

We introduce next the classical half-relaxed limits ( see [2])

ut = limsup*u® and wuw = liminf,u,
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which, in view Theorem 3.1, are well-defined and bounded on €. The aim is thus to
show that ut =4~ = u; o H on ;.

The first step is to prove that, for each i, there exists some v; € C(J;) such that
ut=u" =v;0H in Q.

Noting that the theory of viscosity solutions yields

—b-Dut <0 and —b-Du >0 in €,

it follows that u™ and u~ are respectively nondecreasing and nonincreasing along the
curve (X (¢, ))er, given by (1.11).

Next fix i € {1,2,3} and = € ; and set h = H(x). The monotonicity of u™ along
the curve (X (t,z))er yields, for all ¢t € [0, T;(h)],

u(2) = uT(X(Ti(h), 7)) = u™(X(t,2)) = " (X(0,2)) = u™ (),
i.e., u™ is constant on the loop ¢;(h). Similarly, we find that u~ is constant on the
loop ¢;(h) as well.

Since, in view of (1.8), the loop ¢;(h) intersects N, and, by the choice of the ¢;’s,
ut =wu" in ¢;(h) NN (recall that the u®’s converge in N), we finally find that, for
some constant v;(h) depending on i and h,

(3.2) ut=u" =wv(h) on ¢(h).

In particular, u™ =~ in Q\ {H # 0}, which implies that u* =u~ € C(Q\ {H #
0}), and, hence, v; € C(J;).

The next step is to establish that ut = «~ in {H = 0} \ {0}. We assume in the
rest of proof that (1.10) holds. Then we have that

{H=0}NS,={z€S;:x1=0}U{z €S,:xy =0}
{H = 0} = CQ(O) = Cl<0) U Cg(O),
and, for z € S, \ {0},
’DOH(O,$2)’2 = GQQ(O,.TQ).CL’% and |D0H($1,0)’2 = CZ11<£L'1,0)$%.

In view of (1.9), we may also choose x > 0 small enough so that |[DyH|?> > 0 in
{H =0}nS,\{0}. Tt follows that {H =0} NS, \ {0} C N and, hence,

ut=u" in {H=0}nS,\{0}.

Next we fix ¢ € {1,3} and x € ¢;(0) \ {0}, and note that there exist y,z € ¢;(0) N
Se and s < 0 < t such that X(s,z) = y and X(¢t,z) = z. Using, as above, the

monotonicity of u* along the curves (X (t,z))scr, we conclude that ut = u~ = v;(0)
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on ¢;(0) \ {0} for some constant v;(0). Moreover, we see that v;(0) = lim,_4 u;(h) =

limp, - v;(h). In particular, setting v9(0) = limy, o+ u2(h), we find that
1)1(0) = UQ(O) = U3<O) and v; € O(JZ U {O})

Now we prove that u*(0) = u(0). Observe that, in view of Theorem 3.4, there
exist 9 > 0, a neighborhood V' of the origin, and a family {v°}.c(0z) C C*(V) such
that

—(Ag+ (bp+e7'0) - D)v* < —1 in V and l% |v°]| oy = 0.
By choosing k > 0 even smaller, if needed, we may assume that S, C V, and, for
0 > 0, we set
Seo={r €S, |H(z)| <} and ej(k,0) =max{|u(x) —v1(0)] : z € 05,5},
and observe that, since v1(0) = v2(0) = v3(0), for each i € {1, 2,3},

lim lim e;(k,0) = clsin(l)maxﬂvi(h) —0;(0)]: 0 < (—=1)'h <4} = 0.

6—0 j—o00

Set
fi = 01(0) = €;(k,0) = (9]l + D([[v7||co,y + %) in Sgs,
and note that

— (Do +(bo+e7'0) D) fs < ~[lglloce =1 < g—1 in Ses,
u > f;  on 0S.;s.

The maximum principle implies that u®3 > f; on S, s, and, hence, after sending
first j — oo and then § — 0, we get u=(0) > v1(0).

A similar argument with f; replaced by the function
fi = 010) + €;(r,0) + ([[gllc.o + 1) (|7 ][0,y — %) for x € Sy,

yields v (0) < v1(0) and, thus, u*(0) = v (0) = v;(0) for ¢ € {1,2,3}.

Fix hy € (0, min;—1 23 |h;|) and observe that, in view of Theorem 3.1, there exist
g0, M > 0 so that M > ||g[|.0 + SUDce(0 60 ||| 00.02-

Replacing, if needed, ¢y by a smaller positive number, we recall that Theorem 3.3
yields a family {w®}.c,e) € C*(u N {|H| > ho}) which converges uniformly in
QN A{|h] > ho}.

In addition,

—(Ag+(bo+e'b)-D)w® < —1 in QN{|H| > ho} and w® < —1 on UN{|H| = ho},
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and
lii% w®=M"1td;, on Oy
If
¢ = Mw® —max{|p°(z) — d;| : © € Oowt 2, i = 1,2, 3},
then

—(Aog+ (b +e7'0)-D)ff<—M < g in QN{|H| > ho},
ff<u® on 8(9 N{|H| > ho}) and liH(l) f©=d; uniformly on 0yu€;.

Since, by comparison, f¢ < uf on QN {|H| > he}, for each i € {1,2,3}, we find
that d; < u™ on 0y §);, and, by a similar argument, d; > ut on 0,€2;. Hence,
u” =ut =d; on Ogut&);.

Since u™ = u~ everywhere, it is now easy to see that, as j — oo,
u¥ — v; 0o H  uniformly on ;.

The last step is to identify (v1,vq, v3) as the unique solution of (1.16), and, hence,
conclude that, as € — 0, the u®’s converge to u; o H uniformly in Q.
To this end, fix i € {1,2,3} and ¢ € CZ(J;). Integrating (1.4) by parts, we find

/Q {uf(¢" o HIDyH|? + ¢ o H (AgH — by - DH) — divby¢o H) + g o H}ydx = 0.

Tf;king € = ¢; and sending j — oo, we get
(3.3) /J Ti(W){(Awi¢" + (B; — Boi)vid') + (i — Covi)¢}dh = 0.

Since ¢ is arl;itrary, in view of (2.3), (2.5) and (2.6), (3.3) gives

A + (Bi+ By)vi+§; =0 in  J;.

Next fix ¢ € C3(J) with J = (max{hy, hs}, ha), and observe, as above, that

/{u€(¢“ o H|DoH? + ¢ o H(AGH — by - DH) — divby o H) + g¢p o H}ydx = 0,
andg,2 therefore,

0= /0h2 T2{(A202¢" + (B2 — Bo2)v2d') + (G2 — Coova)d}dh

(3.4) 0
+2 /h T{(Awid" + (Bi = Bos)vid') + (3 — Coivi) $}dh.

i=1,3
Since
(T; A9 — T AV 0) = (TiA) v + T, A:0" — (T;A0))' ¢,
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and
(T; Boyvip)' = T;Bojvi¢’ + (T;Bo;) vip + T; Bojvip,

integrating by parts, with 0 < § < hg, and using (2.4) and (2.5) we find

- (T2A2U2¢/ - T2A2@§¢ - T23021)2¢)(5)

ha
{(T2A2) va¢" + ToAxd” — (T2 Azvy) ¢ — (ToBogva¢' + (ToBoz) v20b)
+ TQBOQ’Uéqb}dh
ha
{T2A2¢” + T2B2U2¢/ - (T2B02U2¢, + T2002112¢) - (T2AQU§),¢ - TQBozvéﬁb}dh
5
ha
= / {TQAQQb” + TngUQQbI — (TQBQQ’UQ¢I + T200202¢) — (TQAQ’U;)/gb — TQBOQ’U;QS}dh
5
ha
{T2A20" + Ty Bavad' — (TaBogva¢' + ToCoova@) + Togag }dh.
5
Hence,

—(T2A2U2¢/ - T2A2Ué¢ - T2BO2U2¢) (O)
ho

{T2A2¢” + Ty Bovg' — (T2302712¢I + T5Co2020) + Tagag}dh.
0

Similarly, for ¢ € {1, 3}, we have
(T;Aw¢" — T Awi¢ — TiBoivig) (0)
= /hO{TiAinH + T;Bivi¢' — (TiBoivi¢' + T;Covi¢) + Tigi¢}dh,
and, therefore, in view of (3.4) and (2.8),

(=B202(0) + ) Bywi(0 + (B20(0) +7202(0) = Y (B0/(0) +7:3(0)))$(0).

i=1,3 1=1,3

If we choose ¢ so that ¢/(0) = 0 and ¢(0) # 0 and note that v2 = >, 37, by
Lemma 2.5, and v1(0) = v2(0) = v3(0), then we find that the boundary condition

(35) 521)2 Z 61
1=1,3
is satisfied. Thus the triple (vq, v, v3) is the solution of (1.16). O

We conclude this Section with the
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Proof of Theorem 3.1. We use a standard blow-up argument. Arguing by contradic-

tion, we assume that there exists ¢; — 0 such that

lim [|u™ ||oo.0 = 00.

j—00

To this end, let M; = ||u¥ /oo, ¢; = u® /M;, and observe that ¢; is a solution of
(1.4), with €, g and p° replaced respectively by ¢;, g/M; and p% /M;. Moreover, as
J — 00, the g/M;’s and p* /M,’s converge to zero uniformly on © and 0f2 respectively.
Finally, we have ||¢;||c.o =1 for j € N.

We may now apply the argument of the proof of Theorem 1.1, where the uniform
boundedness of the u®’s is assumed, to the sequence {¢;} in place of {u%} to conclude
that the ¢,’s converge uniformly in  to ¢; o H on €2;, where the triple (11, 1, ¥3) is
the unique solution of (1.16) with d; = 0 for all 7. Obviously, the triple (0,0,0) is a
solution of this ode problem. Therefore, we have ¢; = 0 for all .. However, this shows
that the functions ¢; converge to zero uniformly on 2 as j — oo, which contradicts
the fact that ||¢;||c.q =1 for all j. O

4. THE LOCAL COMPACTNESS

To prove Theorem 3.2 it is necessary to obtain some, independent of e, apriori
bounds for Duf. Since the matrix A may be degenerate, we do not have global
Lipschitz bounds for the u®’s. To go around this difficulty, we use the structure of the
Hamiltonian H. In particular we use the fact that, if for some unit vector e € R? and
x € Q, e- DH(z) # 0, then, in a neighborhood of z, (1.4) behaves like a parabolic
equation, with —b as the time direction, and a small parameter in front of the all the
other terms.

In the next Theorem, we assume some apriori bounds, which we prove later, and

show the existence of a convergent subsequence w/ = u% as ¢; — 0.

Theorem 4.1. Fiz oy € Q and a sequence €; — 0, and, in addition to the assump-
tions of Theorem 8.2, assume that, for some unit vector ey € R? and a compact
neighborhood U C Q of xg, eq - DH(x¢) # 0 and

(4.1) sup <\|u€jy|oo,U +/(eo : Dqu(x))2dm) < .
JeN U
There exists a neighborhood V' of xo and a subsequence {ur }yen such that

limsup® u“% = liminf, u* in V.
k—oo k—o0
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Proof. After rotating coordinates (see Appendix) we may assume that ey = (0, 1)
and, hence, ey - DH(x) = H,,(z). Moreover to simplify the presentation we write u’
for u®.

First we prove the claim in the special case that, for all z € U, H(z) = x5 where,
for a,b >0, U = [z01 — a, xo1 + a] X [zo2 — b, xo2 + b].

To this end, we write (s,t) for x — xg, i.e., 1 = 21 + s and x5 = x99 + ¢, and, thus,
we regard u/, a;;, by and g as functions of (s,t), and we note that, in this simplified
setting, DH(x) = (1, 0) for x € U and the pde for u = w/ in U is the parabolic-like
equation

—Agu — by - Du — sj_lus =gq.

Since, by assumption, there exists C' > 0 such that, for all j € N,
17 | sor + / ul'dsdt < C,
U
Chebychev’s inequality yields

b
; 2C
min /ug(s,t)%ztg—,

a/2<s<a J_y a

and, for each j € N, we may choose s; € [a/2, a] so that

b
/ uj (s, t)2dt < ¢

-b a

Set, for 7 > 0, w(r) = (Cr/a)'/?, and observe that, for all ¢;,t, € [~b, b] and j € N,
(4.2) W (s5,t1) — (s, t2)| < wts — o).

It follows from the Ascoli-Arzela theorem that there exist ¢ € C([—b, b]) and a

sequence jp — oo such that, as k — oo and on [—b, b],
u(s5,7) = 6().
Fix v > 0, choose p € (0,b/3) so that w(2p) < v, p,q € C*(R;[0,00)) such that
p=0 in [-p,p| and p>2C in R\ (-2p,2p),
<0 in R, ¢g=0 in [—a/2,00) and ¢(—a) > 2C,

and note that, for any 7 € [—b/3, b/3], (—a, a) x (1 —2p, T+ 2p) C U.
Finally fix 7 € [-b/3, b/3] and j € N, let W = (—a, s;) X (T —2p, T+ 2p), and, for
(s,t) € W, set

w(s,t) = (s;,7) +7+plt —7)+~(s; — s) + q(s).
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We note that in the remainder of the proof the claims we are making are valid for
sufficiently large 7.
It follows that, on W,
—ws — gj(Aow + by - Dw+g) > v — g;(Aow + by - Dw + g) > 0,
and thus, if w > w’ on W, the maximum principle yields
w>u on W.
For the comparison on W, observe that, if |t — 7| = 2p, then
w(s,t) > u(s;,7) +2C > C > (s, t),
w(—a,t) > (s;,t) + ¢(—a) > C > v/ (—a,t),
and, since |t — 7| < 2p,
w(s;, t) >u(s;,7) +v > u(sj, 7) +w(2p) > (s, ).
Similarly, for (s,t) € (—a, s;) X (T — 2p, T + 2p), we get
w(s,t) >0 (s5,7) — v —p(t —7) — (55 — 5) — q(s).
In particular, if (s,t) € (—a/2, a/2) x (T — p, T + p), we have
[/ (s, t) — ! (s5,7)] < 7(1+ 55— 5) < (L + 2a).
Hence, since lim; o, u/(s;,7) = ¢(7), for s € (—a/2, a/2), we obtain

lim sup uw’* (s, 7) < (1) + 2v(1 + a),

k—oo
and
lilgn infu’*(s,7) > ¢(7) — 2v(1 + a).
Finally, since v > 0 and 7 € (—b/3, b/3) are arbitrary, we conclude that
lim sup* u’* = lilgninf* u* =¢ on (—a/2, a/2) x (—=b/3, b/3),
k—o0 0
and the proof of the claim in this simplified setting is complete.

Next, we show that it is possible, after a change of variables, to transform the
general setting into the one studied above.

To this end, let ® : U — R? be given by ®(x) = (z1, H(z)). Since H,,(x¢) > 0, ®
is an order-preserving diffeomorphism from a neighborhood of zy to a neighborhood
of (zo1, H(xp)). Setting v/(®(z)) = w/(z) and H(®(z)) = H(z), in the new variable
y = ®(x), we have

H(y) =y, and DH(y) = (1, 0).
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Consequently, in view of invariance of the form of the pde (1.4) under change of vari-
ables (see Appendix), we deduce that v/ satisfies, in a neighborhood of (o, H(x())

and for some by and §,
L N
—Agv) —bg - DV — e vy =g,

where &)w = (A11wy, + A12Wy, )y, + (G21Wy, + A20W,y, )y, for some a;;.
Also, noting that vl (z) = v} (®(x))H,,(x) and det D®(z) = H,,(x), we find that,

Y2

in a small neighborhood U of (zo1, H (o)),

sup (||v7||007[7+/~v§2(y) dy> < 00.
U

jEN

The proof is now complete. 0J

We proceed with the proofs of the (4.1) and, in particular, the integral bound since
the sup-estimate follows from Theorem 3.1. Throughout the arguments below we
assume that Theorem 3.4 holds. Its proof will be presented in Section 6.

We have:

Lemma 4.1. Let u® be a solution of (1.4). For any compact subset K of Q, there
ezists a constant C'x > 0 such that for all 0 < e < 1,

[ 1Dw e < Cull g+ 1,
Proof. Fix € € (0,&¢) and let ¢ € CZ(J;). Then
/Q {(Ag+ (bg +e71b) - D)uf + gyp o Hdx = 0.
In addition, l

/ Apuu°¢po Hdx = —/ (|Dow’*¢ 0 H + ¢/ o H(Du, Dh)o) du

7

= —/ (D026 o H — | Do|| Do H|¢' o H) da,
Q;
where, for € Q and &7 € R?,

(€, Mo = ar(x)&m + arz2(x)(§1m2 + Eamy) + agz(2)E2mp.

Moreover,

Z/Qi(bo -Du)upo Hdr = /Ql(gb o Hby) - D(uf)?dw = — /Qi(u‘s)2 div(¢ o H by) dz,
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and

2/Q (b- Duf)ufpo H dax = —/Q (uf)? div(po Hb) dz = —/Q (u¥)*¢' o Hb- DH dx = 0.
R;placing ¢ by ¢? in the ablove computation and recallizng Theorem 3.1, we find

C > 0, depending only on supg_. .., [|t°||s,2, H, ¢, a;; and by such that

(4.3) /Q |Dou[’¢* o Hdz < C(||u||2,q + 1).

Similarly, if ¢ € CZ(J) with J = (max;—; 3 h;, hs), then, for some C' > 0, we also

have

(4.4) / |Dou[*¢° o H dz < C(|Juf]|%, o + 1).
Combining (4.3) and ?4.4) yields the claim. O
We present now the

Proof of Theorem 3.2. The precompactness of the family {u®}.~o in C(N) follows
from standard compactness and diagonal arguments once we show that, for each
xo € N and every sequence €; — 0, there exists a subsequence ¢;, — 0 and a
neighborhood V' of zy such that, if u* = u%«,
lizn sup* u® = ligg}f* uf in V.

To prove the claim we use Theorem 4.1. Thus we only need to find a vector e, € R?
for which (4.1) holds. This will be done again using a convenient change of variables.

To simplify the notation, for the rest of the proof, we write a = a1y, § = a2 = as;
and v = agy suppressing, unless necessary, the explicit z-dependence, and, after some
relabeling, we assume that 7 = 1.

Fix a compact neighborhood U C € of z(. It follows from Theorem 3.1 and Lemma
4.1, that, for j € N large enough,

Jzj U
Since ADH-DH (xy) > 0, we have either («, 5)-DH (xq) # 0 or (5,7)-DH(x) # 0,
since, otherwise, ADH (x¢) = 0. Next we assume (3,7)- DH(zg) # 0. The other case
can be treated in a similar way.
Set e = (3,7) on . By replacing, if needed, U by a smaller neighborhood, we may
assume that e - DH # 0 in U. The degenerate ellipticity of Ay yields ay > 3% in Q

and, therefore, we must have v > 0 in U.
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Observe that, for any y = (y1,y2) € R*,z € U and C, = maxy 7,

(e(z) -y)* = B2(x)yi + 28(x)y(x)yiye + 7 (x)ys
<a(@)y(@)yi + 28(x)y(@)yye + 7 (@)y; = Y(2)A(z)y -y < CLA()y - y.
Hence,
/(e(x) - D (z))*dx < C’,%/ | Dou?|*dax.
U U
Next we change variables to “straighten” the vector field e. To do this end, let

X(s,t) be the solution the initial value problem

0X (s,t)
ot
and recall that X (s, ) is smooth in a neighborhood W of the origin (s,t) = (0,0).

Note that, since

=e(X(s,t)) with X(s,0) =0+ (s,0),

px- (X 09):

where X = (Xj,X,) and X;4(s,0) = 1, it follows that det DX (0,0)

= y(zo) > 0.
Thus, by reselecting, if necessary, W small enough and setting U = X(

W), since
v(zo) > 0, we may assume that X : W — U is an orientation-preserving diffeomor-
phism.

Let + = X(y). Setting v/(y) = v/ (X(y)) and es = (0,1) € R? and noting that
DX (y)es = e(X(y)), we get, for Cx = 1/ miny | det X,

/W (e2- Do (y))*dy = /W (e2- DX ()" D (X ()))dy
<0y /W (DX (y)es - Du(X (y))?| det X (y)|dy
§C’X/ (e-Du?)? o Xdzx,

where DX (y)* denotes the transposed matrix of DX (y).
It follows that (4.1) holds with ey = eq in the new coordinate system. Similarly, if
we set H = H o X, then

- DH(y) =ey- DX(y)*DHo X =¢-DH o X #0.

Applying Theorem 4.1 we conclude the proof. O



A PDE APPROACH TO SMALL STOCHASTIC PERTURBATIONS OF HAMILTONIAN FLOW®5
5. THE CONSTRUCTION OF THE BARRIERS

The key step of the proof of Theorem 3.3 is

Theorem 5.1. Let hg and I; be as in Theorem 3.3, set W; = Q; N{|H| > ho}, and
assume that w; € C*(1;) satisfy

There exist (¢ € C*(W;) and g9 > 0 such that, if ¢ € (0,&9), then

—(Ag+ (b +e7'0) - D) +1<0 in W; and lin% |w; — ¢ |loow; = 0.

Before going into the proof of Theorem 5.1, we need to introduce some auxiliary
functions. To this end, recall that [; and I3 are respectively the curves {Yi(h) : by <
h < hyo} and {Y3(h) : hg < h < hy}, while [y is either of I; and [3. Then for each
x € V; = Q; UDou$2s, Ti(x) is the first time the flow (X (¢, x));~0 hits the curve [;, i.e.,

X(ri(z), z) €l;, and X(t,z)¢l; forall ¢e (0, n(x)).

It follows that 7, = T, 0o H in [; NV; and 7; < T; o H in V;. Also note that,
although 7; is continuous in V; \ [;, it is not, in general, continuous across [;. To
go around this difficulty, we modify the 7;’s near [; by considering the neighborhoods
Ui={x€V;:7(x) # T;(H(x))/2} and the continuous maps 7; : U; — (0, oo) defined
by

. 7i(x) it 7(z) > T;(H(x))/2,

ile) = {n(x) CT(H(x) if 7i(e) < T(H(x))/2.
When we discuss the regularity of the 7;’s near [; NV, we implicity refer to the 7;’s.
We have:

Lemma 5.1. 7; € C3(V).

Proof. As it has been already noted in the proof of Lemma 2.1, there exists ¢ €
C3(R?%R) such that ¢ = 0 and D¢ # 0 on ;. Set ¥(t,z) = ¢(X(t,z)). Since
U(r(x),x) = 0 for x € V; and ¢y (1;(x),2) = Do(Yi(H(z))) - b(Y;(H(x))) # 0 for
x € V;, the implicit function theorem yields that 7; is locally (in the sense that it has
to be replaced by 7; near [;) of class C3. O

We continue with the

Proof of Theorem 5.1. We only show the existence of (3, since the construction of (f

and (5 is similar.
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To this end, recall that X, X € C?(R x Wa), 7 € C?*(Wh), Ty € C*(Iy), Ay, By €
02(j2)7 Wo € 04(j2>7 set

f = (AO + bo . D)(U}Q O H) — (Ang (o] H + (B2 + BOQ)U)/) (@) H,
and observe that, if h = H(z) for x € W, then
f(z) =wi(h)|DoH () + wh(h) (Ao H () + bo(x) - DH (x))
— (Agwy + (By + Bog)wy)(h),
and
Tz (h)
/ FIX(t,2))dt = To(Aswl) + (Bs + Boo)w))
0
— TQ(AQ’IU,Q/ + (BQ + B()2>U)/2) = 0.

(5.1)

For z € W, define
(@)
@)= [ f(X(a)dr
0

It is clear that y € C?(W, \ [;). Moreover, recalling the notation 7 and U and the
fact that either 7 = 7 or ¥ = 7+ Ty o H in U N W, we obtain from (5.1) that, for
any r € U N W,

()

x(x) = i J(X{(t,x))dt,

and, hence, xy € C?(U NWs) and x € C?(Wy).

It turns out that x is a solution of
(5.2) —b-Dx=f inWs.
Indeed fix any x € W5 \ [; and observe that, if ¢ > 0 is sufficiently small,

T(x) =7(X(t, x)) + t.

Then
) ) T(X (¢, z))
be) - Dx(w) = XX o)| =g [ SO Xeoas]
) T(x)—t
—5 [ Gt

7(z)
— X))+ [ HC s o)

= —J(X(r(2), 2)) + f(X(7(2), 2)) = [(X(0, 2)) = — (=),
i.e., x satisfies (5.2) in Wy \ [; and, since y € C?(Ws), it satisfies (5.2) in Ws.
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Finally, we define ¢§ € C%(W3) by (5 = wy 0 H +ex. If u = (5, then, for some
C >0,

— (A + (bg +&7'b) - D)u
=—(Ao+by-D)(wgoH)—b-Dx—e(Ag+bo-D)x

—(Ao +bo - D)(wa 0 H) + f — (Ao + by - D)x

— (Aswh + (By + Boa)wsy) o H — e(Ag + by - D)x
<—2—¢e(Ag+by-D)x < -2+ Ck,
Since ¢ € (0,&9) and gy is sufficiently small, we may assume that

—(Ag+ (b +e7'0) - D)yu< —1 in W

The uniform convergence of the (5’s to wy o H in W5 is obvious. O

We present here the

Proof of Theorem 3.3. We only discuss the case © = 2, since the arguments for i = 1, 3
are similar.

Choose w € C*(I) (for instance, a quadratic function) such that
— (A" + Bow') < =2 in I, w(hy) < —2 and w(hy) = d.
Using Theorem 5.1 we find a family {w®}.e(,e) C C*(Ws) such that
—(Ag+e - D)w < —1 in Wy and Elir& |w® — v|oo,wn = 0.
A minor modification of the w®’s yields a desired family {w5}ec(o.c)- O
The rest of the section is devoted to the

Proof of Theorem 3.4. In view of (1.9) and (1.10), we may assume, by choosing x > 0
small enough, that a;; > 0 in S,.
As in [4], we consider the function £ € C*(R) given by

0=[ ¢ /e dsdt,

E(—x)=FE(x), E"(x)+22zFE(x)=1 and E(0)= E'(0) =0,

and note that, for x € R,

and

E 1
lim (z) = lim 2E'(x) = 5

T—00 log T T—00
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Accordingly, we can choose Cy > 0 such that
0< E(x) <Chlog(z+2) and 0< E'(z) <Cy in [0,00),

and, for all z € R,
1

" 26,
We define the function v on S, (or on the interval [—x, x]) by

v(x) =v(zy) = aB(fz1),

where a > 0 and 3 > 0 are constants to be fixed later.

E"(z) + 2zE'(x) |E'(z)] >

N | —

Next choose constants g > 0 and 6 > 0 such that p > |la11]|cc0 + [|[Da11lcco +
HDCL12||007Q + HbOHOO,Q and a1 Z 0 in SH.
A straightforward calculation yields that, as function of x1, v satisfies

2
/i 22 I_/8 />a/6
v 4 23%xv —2001)\_—2

in [—k, K.
while, as a function on S,
(AO + (bo —+ Eilb) . D)’U

= CLH(LU)’ZJ”(SL’l) + (all,xl (x) + a21 24 (l’))vl(l’l) + b()l(ZC)U/(LUl) + éxlv’(:cl)

2
1
> an (25— 95! + 2 0) — e+ Lan/ ()

2 2C)
. 00562 1 2 / 95 !
=5+ (L 2w8)ew + (5 — )0l
Next we fix o, 3 so that

(5.3) 0aB*>2, 1>2uB% and 608 > 20)u.

Indeed set
=40t and B = (2ue)”V2
It follows that (5.3) is satisfied for ¢ € (0, ), provided that gy € (0, 1) is so small

that
03 0

2C,  2C9\/2ue

We write v, for v and note that

> 1.

—(AO + (bo + 671b) . D)UE < -1 in SH.

Also, since
dpe 1
=g L),
ve () 7 2u8x1
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we find that, for some C' > 0 independent of ¢,
0 < v.(z) < Celog(e™! +2).

The family {v:}cc(0,c,) has the required properties. O

6. APPENDIX

6.1. Invariance under change of variables. For the convenience of the reader we
record here the change of variable formula for the pde in (1.4).

Let x = ®(y) be a C? diffeomorphism from U C R? to V C . Assume that
u € C*(V) satisfies the pde in (1.4) for some € > 0. Then @(y) = u o @ satisfies the
pde

—div(AD@) —by- Di— e 'DH-Di=§ inU,

where
A(y) = det D (y) DD (y) " Ao B(y) (D(y) "),
bo(y) = det DO(y) D (y) by o B(y),
H(y) = H o ®(y),

g(y) = det Do(y) g o (y).

This can be checked by a direct computation, which we leave to the interested
reader. If ® is orientation-preserving, i.e., det ® > 0, then /I(y) is nonnegative def-
inite. Otherwise, it is nonpositive definite, and, to keep the structure of degenerate
ellipticity of the pde, one has to multiply (A, bo, H, g) by a negative constant (e.g.,

—1), which introduces a change of the sign of the Hamiltonian.

6.2. Green’s formula. We state and prove here is a simple consequence of Green’s

formula, which is used repeatedly in the paper.

Lemma 6.1. Let f = (f1, fo) € CY(Q) and o; € J;, with i = 1,2,3. Then
3

[ Ti(e) 3 i pTilh)
Z(—l)/o (f~DH)o<I>i(t,a,-)dt:iZI(—1)/o /0 div f o ®;(t, h)dtdh.

i=1
Proof. U U ={H =0} U {x €Qy : Hxz) < a} U Up13{z € Q; : H(z) > o;}.
Green’s formula yields
f-le:/dindac,
U U
where v and dl denote respectively the outer unit vector on QU and the line element
on OU. Note that OU = U?_;¢;(ow), v = DH/|DH| on cy(az) and v = —DH/|DH|
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on Uj—1 3¢;(a;) and, if the loops ¢;(q;) are parametrized by v = ®;(t, ;) with ¢t €
0, Ti(cv)), then dl = |[DH(®;(t, «;))|dt. Thus,
3 T ()

f vdl = Z(_l)l/ (leasl + f2Hx2> o (I)z(tv az)dt

On the other hand, recalhng (1.15), we find that

/Udivfdx— /dh/ e (div f) o ®i(t, h) dt.

Combining these observations completes the proof. O
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