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Abstract

We investigate the long-time behavior of viscosity solutions of Hamilton-
Jacobi equations in R™ with convex and coercive Hamiltonians and give three
general criteria for the convergence of solutions to asymptotic solutions as time
goes to infinity. We apply the criteria to obtain more specific sufficient conditions
for the convergence to asymptotic solutions and then examine them with exam-
ples. We take the dynamical approach to these investigations which is based on
tools from weak KAM theory such as extremal curves, Aubry sets and represen-

tation formulas for solutions.
1 Introduction.

We are concerned with the Cauchy problem for the Hamilton-Jacobi equation

u+ H(x,Du) =0 in R" x (0,4+00),
u(-,0) = uy on R™,

and study the long-time behavior of the solution of (1.1).
We assume the following (A1)—(A5) throughout this paper.
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(A1) H e C(R™xR"),

(A2) inf{H(x,p)|x € B(0,r), |p| > R} — +00 as R — +oo for every r > 0,
(A3) H(x,p) is convex with respect to p for every x € R",

(A4) for each ¢ € Sy, there exist C' > 0 and ¢ € S;;_, such that

|z|—00
(A5) uy € C(RY).

Here and henceforth, we denote by Sy (resp., Sy, S7) the set of all continuous viscosity
solutions (resp., subsolutions, supersolutions) of H(z, Du(x)) = 0 in R™. Similarly,
given a domain 2, we denote by S () (resp., S (2), S;7(€2)) the set of all continuous
viscosity solutions (resp., subsolutions, supersolutions) of H(z, Du(x)) =0 in 2. See,
for instance, [2, 20] for overviews on Hamilton-Jacobi equations and viscosity solutions
theory.

Note that hypotheses (A1)-(A5) are not enough to assure the unique solvability
of (1.1) in the sense of viscosity solution. To start our discussion with this generality,
we define the (unique) solution of (1.1) as follows. For any ¢» € C(R") and t > 0, we
define the function 731 on R™ by

0

Tota) = int{ [ Lin(s) i) ds+via(-0) | wee=t oo} (12

and refer to the function u(z,t) := Tiug(x) as the solution of (1.1). Here L is the
Lagrangian of H defined by L(z,§) = sup,cpa(§ - p — H(z,p)) for (z,€) € R*® and
C([a, b]; x), with a < b, denotes the space of all absolutely continuous functions (called
curves) 7 : [a, ) — R" (i.e. n € AC([a, b])) such that n(b) = z. Also, C((—o0, al;z)
denotes the space of all functions n € C((—o0, a]) such that n € C([c, a];z) for all
c<a.

We remark here that Ty1(z) is well-defined with the following interpretation and
Tip(z) € [—o0, 00) for all (z,t) € R™ x [0, 00). To see this, we fix ¢» € C(R™). Note
that L(z, &) is lower semicontinuous on R**, due to the assumption that H € C(R*"),
and hence that the function s — L(n(s), n(s)) is Lebesgue measurable on (—oo, 0)
for any n € AC((—o0, 0]). Noting that H(z, 0) = —infeepn L(z,§) for all z € R", we
observe that, for each ¢t > 0, r > 0 and n € AC([—t, 0]) satistying n([—t,0]) C B(0,7),
we have L(n(s), 1(s)) > —maxzep(,r) H(x, 0). Therefore, for n € AC([—t, 0]), it is

natural to set

/Lwamwwzw

—t
if s — L(n(s), n(s)) is not integrable on (—t, 0). With this interpretation, Tyi(x) is
well-defined for all (z,t) € R™ x [0, c0). Next, thanks to (A1)—(A3), we may choose a



constant € > 0 for each > 0 (see Lemma 2.3 below or [18, Proposition 2.1]) such that
SUD(4.6)eB(0,r) x B(0,) L(,§) < 00. Then we see that for all (x,t) € R x [0, 00),

0

Toi(z) < / L(z, 0)ds + (x) = L(z, 0)t + (x) < 00.

—t
Now, let us consider an example where Tiug(xz) = —oo for some (z,t). Let n = 1,
H(p) = (1/2)p?* and ug(z) = —x?. Then the Lagrangian L of H is given by L(§) =
(1/2)€2. Consider the curve n € C((—oo, 0]; 0) given by n(s) = cs, with ¢ > 0, and
observe that for any ¢ > 0,

o it , Ct
Tiuo(0) = | L(i(s)) ds +uo(n(~1)) = = — (ct)” = —-(1 = 21),
—t
which implies that Tyug(0) = —oo if t > 1/2. We recall here (see [18, Theorems

A.1, A.2]) that if the function u(x,t) := Tyug(x) is continuous on an open set U C
R"™ x (0, 00), then w is a viscosity solution of u; + H(xz, Du) =0 in U.
The objective of this paper is to investigate the long-time behavior of the solution

of (1.1). More precisely, we are concerned with the convergence of the form
u(z,t) +at — p(x) — 0 in C(R") as t — oo (1.3)

for some a € R and ¢ € C(R"™), where C'(R") is equipped with the topology of locally
uniform convergence. Note that if u satisfies (1.1) in the viscosity sense, then the
function ¢(x) — at, which we call an asymptotic solution of (1.1), enjoys the following

stationary Hamilton-Jacobi equation in the viscosity sense:
H(z,D¢)=a in R". (1.4)

Thus a natural question related to (1.3) is the additive eigenvalue problem for H which
seeks for a pair (a,¢) € R x C(R™) such that ¢ is a solution of (1.4), i.e., ¢ € Sy_,.
The additive eigenvalue problem appears in ergodic control, in which it is called the
ergodic control problem, and in homogenization, in which it is called the cell problem.
A standard approach to (1.3) is first to solve the additive eigenvalue problem for H
and then to try to prove the convergence (1.3) for each fixed solution of the additive
eigenvalue problem for H. However, to simplify our presentation in this paper, we will
deal only with the latter step in the above approach and investigate if (1.3) holds for a
fixed a € R. We assume moreover that a = 0. Indeed, convergence (1.3) with general
a is equivalent to (1.3) with @ = 0 once H and u are replaced by H —a and u(z,t)+ at,
respectively. We will show in Theorem 2.9 below that

liminfu(z,t) = ux(x) for all z € R",

t—o0



under the additional assumption:
(A6) —o0 <y (7) < Uux(x) < oo for all z € R”,

where

uy (z) :=sup{o(x)|p € Sy, ¢ <wup in R"},
Uso(2) = nf{Y(x) | € Sy, ¥ >wuy, in R"}.

This condition is equivalent to saying that
{08 |d<uy mR"}#0 and {p€Sy|¢>u; inR"}#0D.
Thus our purpose in this paper is to show the following convergence:
u(,t) — Uy in C(R™) ast — oo. (1.5)

Asymptotic problems of this type has been studied intensively in the last decade.
As one of the most typical cases, it was proved that if H satisfies (A1)—(A3) and H (z,p)
is Z"-periodic with respect to x and is strictly convex with respect to p, then for each
Z™-periodic initial function vy € BUC(R™) there exists a solution (a,¢) € R x C(R")
of the additive eigenvalue problem for H such that (1.3) is valid and the constant a
is determined independently of u,. We refer to the literatures [4, 6, 7, 10, 11, 21,
22, 23| and references therein for more details. Remark that [4] deal with non-convex
Hamiltonians whereas most of others are concerned only with convex ones.

It has also been of interest in recent years on the long-time behavior of viscosity
solutions to (1.1) that are not necessarily spatially periodic. As far as non-periodic
solutions are concerned, the above (A1)-(A6) are insufficient to obtain the convergence
(1.3) even if we admit strict convexity for H in any sense (see [5, 16]). The papers
3, 14, 16, 18] deal with some situations in which the solution of (1.1) has indeed the
desired convergence of the form (1.3) for a suitable (a, ¢).

Motivated by these earlier results, given a point z € R", we introduce three general
criteria, each of which, together mostly with (A1)—-(A6) above, guarantees the pointwise

convergence of the solution u of (1.1):
u(z,t) — us(z) ast — oo. (1.6)

We then apply these criteria to obtain general convergence results of the form (1.5)
and apply them to several examples. Our results cover most of existing results, and,
on the other hand, involve a few observations which seem to be new.

One of our new observations is concerned with strict convexity for H. As pointed
out in several literatures (see e.g. [4]), it is necessary in some situations to require a

sort of strict convexity for H, as a genuine nonlinearity for H, so that the solution
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of (1.1) converges to an asymptotic solution as ¢ — oo. In the present paper, we use
condition (A7); or (A7)_ which guarantees, respectively, strict convexity of H(x,p)
in p at the zero level-set of H “upward” or “downward” (see Section 4 for the precise
requirements). We point out here that some of our convergence results involving (A7)_
are not covered by the previous results. Another important feature in this paper is in
the observations of a “switch-back” motion of nearly optimal curves for the variational
formula (1.2) for Tiuy in some situations. In one-dimensional case we have already
encountered such a switch-back motion (see [17]), and here we investigate with greater
generality the cases where such switch-back motions appear.

We use the dynamical approach in our investigations here which is based on tools
from weak KAM theory (see e.g. [10, 13, 8, 9]) such as extremal curves, Aubry sets
and representations formulas for solutions. Indeed, we formulate our general criteria
for the convergence to asymptotic solutions in terms of extremal curves, which seems
inevitable to attain further generality.

This paper is organized as follows. In the next section, we give some preliminaries
on tools in our dynamical approach such as dynamic programming principle, extremal
curves, Aubry sets, etc. In Section 3, we formulate and prove representation formulas
for solutions u € Sy, which are very close those obtained in [19]. In Section 4, we
give three general criteria, called (C1), (C2), (C3), for the pointwise convergence (1.6).
Sections 4, 5 and 6 are devoted to establishing some results based on (C1), (C2) and
(C3), respectively, and furthermore to applying them to (mostly simple) examples.

Before closing the introduction, we give a few of our notation. We use dp to denote
the indicator function of the set B, that is, dg(z) = 0if x € B and = oo otherwise. For
a metric space X, UC(X) (resp., BUC(X)) denotes the space of uniformly continuous
(resp., bounded uniformly continuous) functions on X. For a, b € R we write a A

b = min{a, b}. For real-valued functions f,g, f A g denotes the function given by
fAglae) =min{f(z), g(x)}.

2 Preliminaries.

We assume always in this section that (A1)—(A5) hold and will later assume also that

(A6) holds. We usually write u(x,t) for Tyug(z) for simplicity of notation. We set
uy (x) :=sup{o(x)|p € Sy, ¢ <up in R"},
Uso(2) :=nf{ ()| € Sy, ¥ >wu, in R"},

where we use the standard convention: inf ) = oo and sup () = —o0.

Theorem 2.1. Assume that ug (x) = —oo for some x € R™. Then

liminfu(xz,t) = —co  for all z € R"

t—o0



According to this theorem, in order to get convergence (1.3) for a = 0, we have to
assume that ug (x) > —oo for all x € R™.

We need the following two lemmas to prove the theorem above.

Lemma 2.2. For any x € R" and t, s > 0 we have

u(z,t + s) = inf {/ L(n(r),n(r))dr +u(n(—=s),t) | ne€C([—s,0]; x)}

—S

The above identity is referred to as the dynamic programming principle in the
theory of optimal control and as the semi-group property in terms of PDE. Here we
have to be careful that the expression under the infimum symbol may have value co—oo,
and we regard oo — oo as 0co. An explanation on this interpretation is that only those
n € C([—s, 0]; ) which have finite integral

/ Ln(r), 7)) dr

—S

are considered to be “admissible”. The proof of the lemma above is standard and we

omit giving it here.

Lemma 2.3. For each R > 0 there are constants Cr > 0 and dgp > 0 such that
L(z,&) < Cg for all (z,€) € B(0, R) x B(0, dg).

For a proof of this lemma we refer to [18, Proposition 2.1].

Proof of Theorem 2.1. We argue by contradiction. Thus we suppose that u, (z) = —oo
and that there exists an zp € R™ such that liminf, . u(zo,t) > —oo. By translation,
we may assume that zy = 0.

We show first that for each R > 0 there exists a constant Mg > 0 such that u(x,t) >
—Mp, for all (x,t) € B(0, R)x|0,00). For this, we fix R > 0 and choose constants 7 > 0
and Cy > 0 so that u(0,t) > —Cj for allt > 7. Let Cr > 0 and dg > 0 be the constants
from Lemma 2.3 and fix any (z, t) € B(0, R) x [0, 00). Let n € C'([—tg, 0]), with
tg :== T + R/0g, be the line segment such that n(0) = 0, n(—tg) = = and |n(s)| < dg
for all s € (—tg, 0), and observe by the dynamic programming principle that for any

t>0,
0

u(0,t+tgr) < / L(n(s),n(s)) ds +u(x,t) < Crtg + u(z,t).

—th
Hence we get wu(z,t) > —Mpg for all (z,t) € R™ x (0, 00), where My := Cgtg + Cy.
Next we observe by (1.2) with ¢ = ug that u(z,t) < L(x,0)t + ug(x) for all (z,t) €
R" x [0, 00). Since L(z,0) = — min,ern H(z, p) is a continuous function of x because of
(A1)—(A2), we see that u is locally bounded on R™ x [0, 00) and hence by [18, Theorem

A.1] for instance that u* is a viscosity subsolution of u; + H(z, Du) = 0 in R" x (0, 00),
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where u* is the upper semicontinuous envelope of u. Set w(x) = inf;sou*(z,t) for
x € R, and observe that w is an upper semicontinuous viscosity solution of H(z, Dw) =
0 in R™. Also, since u*(z,t) < L(x,0)t 4+ uo(z) for all (z,t) € R" x (0, 00), we
have w(z) < up(z) for all x € R™. Since H is coercive, it is a standard observation
that w € C(R"). Now we see that ug (x) > w(xz) > —oo for all z € R, which is a

contradiction. ]
Theorem 2.4. Suppose that uy () > —oo for x € R™ and that us(x) = co. Then

lim u(z,t) = oo.

t—o00

As a consequence of this theorem, in order to have convergence (1.3) for a = 0, we

need to assume that u.(z) < oo for all x € R™.

Proof. By assumption, we have wug(z) > —oo and uy(x) = oo for all z € R". We
suppose that lim inf, ., u(xg,t) < oo for some xy € R", and will obtain a contradiction.

We define the function v~ on R™ x [0,00) by ™ (z,t) = Tiu, (z). Since ug < ug
in R", we have u™(z,t) < u(x,t) for all (z,t) € R™ x [0,00). Recall (see e.g. [18,
Proposition 2.5]) that for any ¢ € Sp,

¥ (0(0)) = p(n(=t)) < /tL(n(S)J?(S))dS for all n € AC([—t, 0]).  (2.1)

In particular, since v, € S5, we get
ug (x) < Tyug () = u™ (x,t)  for all (z,t) € R™ x [0, 00).

This together with the dynamic programming principle yields

u (z,t+s) > mf{/ ) dr +ug (n(—t)) | n€C([—t, 0; 2)} = u (z,t)

forallz € R" and t,s € [0,00). Thus we see that the function v~ (x, t) is non-decreasing
in t for any x € R™.

We may assume without any loss of generality that zo = 0. We choose a constant
Cy > 0 so that liminf, .., u(0,t) < C;. By the monotonicity of v (0,t), we have

u (0,t) <y forallt>0.

Fix any R > 0 and = € B(0, R). Let Cgr > 0 and dg > 0 be the constants from Lemma
2.3. Set tr = R/0gr. Let n € C([—tg, 0]; z) be the line segment joining = to the origin.
Noting that |7(s)| < dg for all s € [—tg, 0], by the dynamic programming principle we
get for all t € [0, 00),

0
u (z,t +1tg) < / L(n(s),n(s))ds+u(0,t) < Crtr +u (0,t) < Crtr + Ci.

—tp



Moreover, since u(x,t) < L(x,0)t + ug(x) for all t > 0, by setting

Kr:= max ([L(y,0)[tr + uo(y)|) + Crtr + Ci,
yEB(0,R)

we obtain u™ (x,t) < Ky for all (z,t) € B(0, R) x [0,00).

We show next that u~ is locally Lipschitz continuous on R™ x [0, 00). Indeed,
fixing R > 0, z,y € B(0, R) with x # y and ¢ > 0, we observe as above by using the
monotonicity of u~ (z,t) in ¢, the dynamic programming principle and Lemma 2.3 that

for any 7 > 0, if |z — y| < 0T, then
u (y,t) <u (y,t+7) <u (x,t) + CgT.
Thus we obtain
lu™(y,t) —u (z,t)| < Crdp'|lz —y| for all z,y € B(0, R) and ¢ > 0.
Similarly, we get for z € B(0, R) and ¢, s € [0, o0),
u (z,t) <u (x,t+s) <u (z,t) + Cgs,

and hence |u™(z,t) — u (z,s)] < Cglt — s| for all z € B(0, R) and t,s € [0, 00).
Thus, the function u~ is Lipschitz continuous on B(0, R) x [0, co). Now, setting
w(z) = limy_u (x,t) for z € R™, we see that w is locally Lipschitz continuous
in R" and w € Sy. The monotonicity of the function v~ (z,¢) in ¢ guarantees that
uy < w in R™. Therefore we see that uy(z) < w(z) < oo for all x € R™, which is a

contradiction. ]

In view of Theorems 2.1 and 2.4, we henceforth assume, in addition to (A1)—(A5),
that (A6) holds. Of course, we now have u, € Sy and uy, € Sp.

Theorem 2.5. Let ¢ € Sy and z € R". Then there exists a curve vy € C((—o0, 0]; z)
such that for all t > 0,

/ L(y(s), 1(s)) ds = ¢(2) — ¢(y(=1)). (2.2)

We do not give here the proof of the lemma above. Instead, we give two lemmas
which may be useful for the proof. Indeed, with the next two lemmas at hand, one can
follow, for instance, the proof of [18, Theorem 1.6].

Recall that a curve v € C((—o0, 0]; 2) is said to be extremal for ¢ at z if it satisfies
(2.2) for all t > 0. We denote by &.(¢) the set of all extremal curves for ¢ at z. Also,
we often use the notation: £(¢) := | Ex(0) and € 1=, ().

reR? ~x



Lemma 2.6. Let ¢ € Sy. Then, for all (x,t) € R™ x [0, c0),

0

o) = nf{ [ Lote).i(e)) ds+ otn(=) | e c(=t, 0 )}

Proof. We write v(z,t) for the right hand side of the above equality. We need to show
that v(x,t) = ¢(x) for all (z,t) € R™ x (0, c0).
As before, since ¢ € S;;, we have

0

¢(x) — o(n(=1)) < / L(n(s),7(s))ds  for all (z,t) € R", n € C([~,0]; x),

—t

and consequently
o(z) <wv(x,t) for all (z,t) € R" x [0, 00). (2.3)
We recall that
v(x,t) < ¢(z) + L(z,0)t  for all (z,t) € R" x [0, 00),

which shows together with (2.3) that v is bounded locally on R™ x [0, c0). Now, we note
(see for instance [18]) that v is a viscosity solution of v; + H(z, Dv) = 0 in R™ x (0, 00)
in the sense that the upper envelope v* (resp., lower envelope v,) of v is a viscosity
subsolution (resp., supersolution) of v; + H(z, Dv) = 0 in R" x (0, co). By the above
estimates on v we see that v is continuous for ¢ = 0.

It reamins to show that v(z,t) < ¢(x) for all (x,t) € R" x [0, 00). Since ¢+ 1 and v*
are subsolutions of u; + H (z, Du) = 0 in R"™ x (0, 00), we see by the convexity of H that
the function v*(z,t) A (¢(x) + 1) is a subsolution of u; + H(x, Du) = 0 in R™ x (0, 00).
Hence, by replacing v* by the function v*(x,t) A (¢(z) 4+ 1) if necessary, we may assume
that v*(z,t) < ¢(x) + 1 for all (x,t) € R" x [0,00). By (A4) there is a pair of a C' > 0
and a function ¢ € Sy_ such that lim,—.(¢ — ¥)(z) = co. Fix any € € (0, 1)
and define the function w on R" x [0, 00) by w(z,t) := (1 — e)v*(z,t) + (¢ (x) — Ct).
Observe by the convexity of H that w is a viscosity subsolution of w; + H(x, Dw) =0
in R™ x (0, o0). Here, by adding a constant to 1) we may assume that ¢» < ¢ on R",
and note that w(x,0) < ¢(x) for all z € R" and

w(z,t) —o(z) <e((z) —¢p(x) —1—-Ct)+1 for all (z,t) € R" x [0, 00),

and therefore that there is a constant R > 0 such that w(z,t) < ¢(z) for all (z,t) €
(R™\ B(0, R)) x [0,00). We apply a standard comparison result for viscosity sub- and
supersolutions of u; + H(x, Du) = 0 in Int B(0, R + 1) x [0, 00), to obtain w < ¢ in
B(0, R+1) x [0,00), which assures that w < ¢ in R" x [0, c0). Sending ¢ — 0, we get
v*(x,t) < ¢(z) for all (x,t) € R™ x [0, 00), from which we conclude that v(x,t) = ¢(z)
for all (z,t) € R™ x [0, 00). O



Remark 2.1. As above, if ) € Sy, then we have by (2.1)

0

b(z) < inf{/_tL(n(s),ﬁ(s))ds+z/1(n(—t)) [ nec(t 0:n)} forzeR (24)

Moreover, if ¢ € Sy and v € &,(¢) for some z € R, then the function t — (¢ —
¥)(y(—t)) is non-increasing on [0, oo). Indeed, by (2.4), we have

www»—wwm»s/7uﬂﬁn@»w for any a < b < 0.

Then, by the extremality of v, we deduce that

Q/LW@A@D%—¢W®»—M%®)ﬂﬂmwa<b§0

From these, we get (¢ — ¥)(y(a)) < (¢ — ¥)(y(b)) for any a < b < 0.
The following observation is similar to [18, Lemma 6.5].

Lemma 2.7. Let ¢ € Sy. Then for each R > 0 there is an M > 0 such that, for any
y € B(0, R), ifn € C([0,1]; y) satisfies

tALm@mw»w<aw—mmmmﬁ, (2.5)
then n(t) € B(0, M) for allt € [0, 1].

Proof. Fix R > 0, and let y € B(0, R) and n € C([0, 1]; y) satisfy (2.5). Let C > 0
and ¢ € Sy;_ be those from assumption (A4) corresponding to ¢ € Sy. Then, for all
t €10, 1), we have (see e.g. [18, Proposition 2.5])

¢wm—wwmsAwammw
w@—ww»s[LW$mww+a
Adding the these two and (2.5), we obtain

(¢ —)(n(t) < (¢ =) (y) +1+C,

which assures that n(t) € B(0, M) for all ¢t € [0, 1] and for some M > 0 depending
only on R > 0, ¢, ¥ and C. n

Assumption (A4) is only needed in our arguments to guarantee the existence of

extremal curves as observed in the theorem above.
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Example 2.2. Indeed, hypotheses (A1)—(A3) are not enough to guarantee existence of
extremal curves. To see this, let n = 1 and consider the Hamiltonian H(z,p) := (z* +
1)(lp— 1| = 1). Observe that its Lagrangian L is given by L(x,§) = 0_(s211),224+1](§) +
£+ x® + 1. Note that H(z,0) = 0 for any = € R and ¢(z) = 0 is a solution of
H(z,D¢(z)) = 0 in R. Fix any z € R and suppose that there is an extremal curve
v € E.(¢). By the extremality of , we have

0=0¢(z) — p(y(—1t)) = / L(v(s), 4(s))ds for all t > 0.

—t

Consequently, we get §(s) + v(s)? + 1 = 0 for a.e. s < 0 since L(z,&) > 0 for all
(z,€) € R% Integrating this ODE, we get

arctan z — arctany(—t) +t =0 for all £ > 0.
That is, we must have
v(—t) = tan(arctan z +t)  for all ¢ > 0.

This function «y, however, is not continuous on (—oo, 0], which is a contradiction. Thus

we conclude that there is no extremal curve for ¢.

A class of Hamiltonians H which satisfy (A1)—(A4) is given as follows. Let H, €
C(R*) and f € C(R"). Assume that Hy € BUC(R" x B(0,R)) for all R > 0 and
limp_.o inf{Ho(x,p) | * € R", [p| > R} = oo. Then it is easily checked that the
function H(z,p) := Ho(z,p) — f(z) satisfies (A1)—(A4).

Proposition 2.8. The function u is continuous on R™ x [0, o) and satisfies (1.1) in

the viscosity sense.

Proof. As before, we have wu(z,t) < L(x,0)t + up(z) and wu(z,t) > ug(x) for all
(x,t) € R™ x [0,00). Hence the function u is locally bounded in R™ x [0,00). It
is known (see e.g. [18, Theorems A.1 and A.2]) that u* (resp., u.) is a viscosity
subsolution (resp., supersolution) of u; + H(z, Du) = 0 in R" x (0, c0).

It remains to show that w is continuous in R" x [0, 00), that is, u* < u, in R"x [0, 00).
We show first that lim;_, 1o u(x,t) = up(z) uniformly on compact subsets of R”. By
assumption (A4), we may choose C' > 0 and ¢ € Sy_(, so that lim ;. (ug —¥)(2) =
oo. Let R > 0 and ¢ € (0,1). Fix any (z,t) € B(0,R) x (0, 1]. We choose a
v € C([—t, 0]; ) so that

0
o) +e> [ L)) ds + unl(-1), (2:6)
—t
and note that 0
vle) = vlr(-0) < [ (L0193 + Clds 1)



Combining these two inequalities, we get

u(z, t) + &> () + (uo — ) (v(—t)) = Ct,

and hence

(ug — ) (v(=1)) < (uo — ¥)(x) + L(x,0)t + Ct +&.
From this we find a constant Mg > R, independent of (z,t) € B(0, R) x (0, 1], such
that |y(—t)| < Mg.

We choose a constant Kp > 0, depending on R and ¢, so that |ug(z) — uo(y)| <
e+ Kglx — y| for all 2,y € B(0, Mg). Now we recall (see e.g. [18, Proof of Lemma
6.4]) that there is a constant C; = Cy(R,e) > 0 such that L(y,§) > (Kr + 1)|¢] — Cy
for all (z,£) € B(0, Mg) x R". Using this, we get

[ e 066 = s < [ 1665660

<&+ L(x,0)t + ug(x) — uo(y(—t)) < 2e + L(z,0)t + Kglr — y(-1)|
<2+ L(z,0)t + Kg /0 17 (s)| ds,
—t
and therefore
o201 < [ 1)l ds < 22+ (€ + g 116, O 28)

Let wg be the modulus of continuity of ug — ¢» on B(0, Mg). We observe by (2.6)
and (2.7) that

u(z, t) > —e +(x) + (ug — ) (y(—=t)) — Ct > —e + ug(x) — wr(|lz —y(-1t)|) — Ct.

From this and (2.8) we see that there is a modulus vg such that u(z,t) > ug(x) — vg(t)
for all (z,t) € B(0,R) x [0, 1].

Now, as in the proof of Lemma 2.6, we may apply a comparison result for viscosity
sub- and supersolutions, to obtain (u, + A) A u* < wu, in R™ x [0,00) for all A > 0,
which shows that u* < u, in R™ x [0, 00). O

Theorem 2.9. The following two equalities hold: for all (z,t) € R™ x [0, 00),

(Thug )(z) = irgu(x, s) and ux(z) = liminfu(zx,s).

We can easily adapt the proof of [16, Lemma 4.1] to prove the above theorem.
As noted in the introduction, because of Theorem 2.9, our problem is now reduced

to proving the locally uniform convergence (1.5), that is,

Tiug — us in C(R™) ast — oo.
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Proposition 2.10. The pointwise convergence
u(z,t) = uso(x) ast— oo (2.9)
for every x € R™ is equivalent to the locally uniform convergence (1.5).

Proof. We need only to show that the pointwise convergence (2.9) yields the locally
uniform convergecne (1.5). Since u, € Sy, the function ¢t — Tyug (x) is non-decreasing
in [0, co) and Tyug () — us(x) as t — oo for all x € R™. Therefore, by Dini’s lemma,
we see that Tiuy — Uy in C(R™) as t — 0o. By comparison, we get Tiu, () < u(x,t)
for all (z,t) € R™ x [0, 00). These show that max{0, us(z) — u(z,t)} — 0 locally
uniformly in z € R" as t — oo.

Next we assume that (2.9) holds for every x € R". Fix any R > 0 and let Cgr > 0
and 0z > 0 be the constants from Lemma 2.3. Observe by the dynamic programming
principle that for any z,y € B(0, R) and h > 0, if |y — x| < dgh, then

u(y,t + h) < Crh +u(z,t).
From this and (2.9), we get

lim sup u(y, t) < us(x) + Crh

t—o0

for all z,y € B(0,R), h > 0 such that |y — 2| < dgh. Hence, by the continuity of
U and a standard compactness arguemnt, we see that max{0, u(z,t) — ux(x)} — 0
uniformly for x € B(0, R) as t — co. We thus conclude that u(-,t) — us in C(R") as

t — 0. O

It is well-known (e.g. [7, 14, 18, 17]) under a little more restrictive hypotheses that

u, can be represented as
uy () = inf{uo(y) + dy(z,y) |y € R"}  for x € R", (2.10)
where dy is defined by
dy(w,y) = sup{d(z) — d(y) | & € Sy}
Indeed, the formula (2.10) is still valid in our setting. To see this, we observe that
v(x) = inf{ug(y) + du(z,y) |y € R"} <wp(z) + du(x,x) = up(z) for all x € R™.

Also, since dg(-,y) is the maximum subsolution of H(z, Du) = 0 in R" among those

vanishing at y, we have
ug (2) —uo(y) < ug (2) —ug (y) < dp(z,y) forall z,y € R,
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from which we get ug () < v(z) for all x € R". We thus conclude that u, = v.
Note (see e.g. [18, Proposition 8.2]) that dy can be written as
0

du(z,y) = inf{/ L(n(s),7(s))ds | t >0, n € C([=t,0);z), n(—t) = y}. (2.11)
—1
Now, we introduce the Aubry set Ag (see e.g. [13]) as the subset of R™ defined by
AH = {y < R™ ’ dH(,y) < SH}

A remark here is that dy(-,y) € Sg(R"\ {y}) for all y € R", ie, dg(-,y) is a vis-
cosity solution of H(z, Du) = 0 in R™ \ {y}. Recall (see e.g. [18, 13]) that another

characterization for y € R" to be in Apg is given by the condition

inf{/_tL(n(s),ﬁ(s))ds | t>1, ne AC([—t, 0]), n(0) =n(—t) =y} =0. (2.12)

In particular, if L(y,0) < 0 for some y, then y € Ay. Such a point y is called an
equilibrium. Note here that L(z,0) > 0 for all x € R” since (A6) is in effect and
accordingly min,egn H(z,p) < 0 for all x € R™. Thus we have: y is an equilibrium if
and only if L(y,0) = 0.

Theorem 2.11. (a) Let v € E(us). Then limy_ oo (oo — ug )(7(—t)) = 0. (b) Let
¢ €Sy and v € E(¢). Then every w-limit point of the orbit yv(—t), t > 0, is a point of
Ay, that is, if {t;} C (0,00) is an increasing sequence such that lim; ... t; = oo and

lim; .o y(—t;) =y for some y € R", then y € Ap.

Proof. To see that (a) is valid, we set 7(0) = z and observe that
0
Tyug (2) < / L(7(5),7(s)) ds + ug (v(=t)) = uoo(2) = ueo(y(=1)) + ug (v(=1))-
—t
Since limy o Ty (2) = Uso(z) by Theorem 2.9, from the above inequality, we get
lim sup,_, o (Uoo —ug ) (7(—t)) < 0. But we have u,, > u, in R™ and hence lim;_, o (0o —
ug ) (v(=1)) = 0.

We next show that (b) is valid. Let y € R” be a limit point of a sequence {y(—t,)},
where {t;} C (0, co) is an increasing sequence such that t; — oo and vy(—t;) — y
as 7 — oo. Let 6 > 0 and C' > 0 be, respectively, the constants 0z and Cg from
Lemma 2.3 for R = |y| + 1. Fix ¢ > 0 and choose j,k € N so that ¢; +1 < ¢

and |y(=t;) —y| + [v(=tx) — y| < min{ed/C, 1} and [o(y(—1;)) — o(v(—tk))| < €.
Setting y; = y(—t;) and 7; = [y — il /6 for i = j, k, & = 0(y; — y)/ly; — yl if y; # v,
& =0y —yk)/ly — yk| if yx # y, and r = t;, — t;, we define the curve n by
y — s for s € [—7;, 0],
n(s) = y(s+ 1 —t5) for s € [—(1; + 1), —75],
ye — (s+1+1r)& forse|—(rj+r+m), —(1;,+7)].
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We observe that n(0) = n(—(7; +r+ 7)) =y, 7 +r+ 7, > 1 and

| o)
—(Tj+r+71)

- / Liy — s.€;) ds + / T L(y(s).4(s)) ds + / Liys — 56, &) ds

—T; —tg —Tk

< O(15 + 7)) + 0(y;) — dyn) < 2e,
and conclude that y € Ay. [
We recall the following proposition.

Lemma 2.12. Let U C R™ be an open set. Then, Ay NU = 0 if and only if there
exist function f € C(R™) and ¢ € Si.y such that f >0 in R™ and f >0 in U.

Instead of giving a proof of the lemma above, let us recall [18, Lemmas 8.4, 8.5]
which states that the same equivalence as above holds for any compact subsets U of
R". From this, we see immediately that the “if” part is valid. The proof of the “only
if” part is as follows. We choose a sequence {K;} of compact subsets of U so that
U; Ky = U. Fix a ¢y € Sy and then select a sequence {¢);} C Sy in view of the
proof of [18, Lemma 8.4] so that H(z, Dy;) < —J; in a neighborhood of K in the
viscosity sense for any j € N, where §; > 0 is a constant, and g < 9; < 9y + 1 in
R" for all j € N. We next observe that ¢ := 37 1;/2/ converges in C(R") and
that ¢ is a subsolution of H(xz, DY) < —f(z) in R in the viscosity sense for some
function f € C(R™) satisfying f > 0 in R” and f > 0 in U. See also Fathi-Siconolfi
[12, Proposition 6.1].

3 Representation formula.

We assume throughout this section that (Al)-(A4) are satisfied and that Sy # 0,
and we establish a representation formula for v € Sy. We do not assume here that
(A6) holds, but remark that (A6) implies that S5 # (. Our formula is similar to
representation formulas for v € Sy () obtained in [19, Theorems 5.1 and 5.3] for
general domain 2 C R”, which extend the classical representation formula [13, Theorem

6.7] for v € Sy(Q2), in the case where Q is an n dimensional torus, of the form

v(r) = inf{du(z,y) +v(y) | y € An},

where dy and Apy are defined in the same way as in the previous section.
Fix any v € Sy. Let v € £(v). Note that

| L0360 ds = otr-0) — e < [ L0(s)Gs)) ds

s -r



for 0 <t < r and any n € AC(|—r, —t]) satisfying n(s) = v(s) at s = —t, —r. Hence

we have
o(y(—)) — v(3(—r)) = inf / Lin(s), #(s)) ds,

where the infimum is taken over all n € AC([—r, —t]), with n(s) = y(s) at s = —t, —r-.
This together with (2.11) assures that

v(y(=t)) = v(y(=7r)) +du(y(=t), y(=r)) for 0 <t <7 (3.1)

Lemma 3.1. Let v € Sy and v € E(v). There is a function ¢ € Sy such that as
t — 00,

v(Y (=) + du(-, y(=t)) — ¢ in C(R").
Moreover ¢ has the properties: (a) ¢ =v on y((—o0, 0]) and (b) ¢ > v in R™.

The above lemma is similar to [19, Lemma 5.2].

Proof. Set 1y(x) = v(y(—t)) + dy(z,v(—t)) for (x,t) € R" x [0, c0). We have v(z) <
v(y(=t)) + du(z,y(—t)) for any (z,t) € R™ x [0, 0o) and hence v < ¢, in R™ for any
t > 0. Next let 0 < s <t By (3.1) we see that v(vy(—s)) = ¥ (v(—s)). That is, we
have 1, = v on the set v([—t, 0]). Since ¢ € Sj;, we get for x € R",

(@) = Yu(v(=5)) < du(,7(=9)),

and hence

(@) < u(7(=8)) + du(x,7(=5)) = v(7(=5)) + du(2,7(=s)) = bs(2).

Now, noting that {¢;}:>0 is locally equi-Lipschitz continuous and locally uniformly
bounded in R™, we conclude by the monotonicity of the sequence {¢,} that ¢, converges
to a function ¢ in C'(R") as t — oo. It is clear that v = ¢ on y((—o0, 0]) and v < ¢
on R". To check that ¢ € Sy, we consider first the case where sup,-, |y(—t)| = oc.
We choose a sequence {¢;} C (0,00) so that |y(—t;)] — oo (and hence t; — o0) as
j — o0. Since ¥y € Sg(R™\ {7(—t)}), we see by the stability of the viscosity property
that ¢ € Sy. Next assume that sup;s,|y(—t)| < oo. We may choose a sequence
{t;} C (0, co0) diverging to infinity such that v(—t;) — y as j — oo for some y € R",

and we have
v(y(=t;)) +du (-, v(=t;)) — v(y) + du(y) in C(R") as j— oo,

which shows that ¢ = v(y) + dg(-,y). Now, since y € Ay due to Theorem 2.11 (b), we
conclude that ¢ € Sy. m
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Similarly to [19], we write g(v,v) for the function ¢ € Sy given by the lemma
above. That is,

g9(v,7)(x) = lim [o(y(=1)) + du(z,7(=1))] for z € R™.

t—o0

We remark in view of Theorem 2.11 (b) that, in the above definition, we have either

limy_,o [y(—t)| = 00 or g(v,v) = v(y) + du(-,y) for some y € Ay.
Theorem 3.2. Let v € Sy. Then
v(z) =inf{g(v,y)(x) | v € E(v)} for all z € R". (3.2)

Proof. We write w(x) for the right hand side of the above identity. Let z € R". In
view of Theorem 2.5, there exists a v € £,(v), and, by the definition of g(v, ), we have
v = g(v,7v) on y((—o0, 0]). In particular, v(z) = g(v,7)(z) > w(z). Hence, w < v in
R™. On the other hand, since v < g(v,~) in R" for any v € £(v) by Lemma 3.1, we

have v < w in R™. Thus we see that v = w in R™. O

Note that the function ¢ := g(v,7), with v € Sy and v € £(v), has the property
that ¢(y;) +du(-,y;) — ¢ in C(R") as j — oo for some sequence {y;} C R” satisfying
either lim;_, |y;| = oo or lim;_,. y; = y for some yy € Ay. (Take y; = v(—t;) with
an appropriate sequence t; — 00.) We denote the set of the functions ¢ € Sy having
this property by A*, which is similar to the union of A} and Ay in [19].

The above formula (3.2) is more precise than that in [19, Theomre 5.4] due to,

roughly speaking, the fact that the choice of the “ideal boundary”

{9, 7) v € &)\ {v(y) +du(,y) |y € Au}

of R™\ Ap here depends on v.
We define the functions g*(v,7) on R™ for v € C(R") and v € &€ by

9" (v,7)(z) = limsup[v(y(=t)) + du (2, v(~1))],

t—o00

g9~ (v,7)(x) = lim inf[v(y(=1)) + du (z, 7(=1))].

t—o0
We write g(v,v) for g*(v,7v) if g7 (v,y) = ¢ (v,7) € C(R™). Of course, we have
—o00 < g~ (v,7)(x) < g7 (v,7)(z) < oo for all z € R™. We denote by By the set of
all those ¢ € Sy for which there corresponds a sequence {(y;,c;)} € R™™! such that
&+ di(5) — ¢ in CR?) as j — o0,

Proposition 3.3. Let (v,7) € C(R")XE. (a) If g7 (v,7)(x) € R (resp., g~ (v,7)(xg) €
R) for some xq € R", then g™ (v,v) € By (resp., g~ (v,v) € By). (b) If v € S, then
v <g (v,7) in R".
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Proof. We begin with assertion (a). Assume that g™ (v,v)(z¢) € R for some x, € R™.
Choose a ¢ € Sy so that v € £(¢). We know that for some 1) € Sy,

d(y(=t)) +du(-,v(=t)) — ¢ in C(R") ast — oo.

Hence, we get

9" (v,7)(w0) — (wo) = limsuplv(y(—1)) — (y(~1))]

t—o0

=g (v,7)(z) —¢(x) for all x € R™.

That is, we have g% (v,7)(x) = ¢¥(x) + g7 (v,7)(x0) — ¥ (x0) for all x € R™ and therefore
g (v,7) € By. An argument parallel to the above shows that if g~ (v,y)(zo) € R for
some xo € R", then ¢~ (v,7) € By.

Next we turn to assertion (b). Assume that v € S;. Recalling that v(z) —
v(y(=t)) < dyg(z,v(—t)) for all x € R™, ¢t > 0, we see that v(z) < g (v,7v)(z) for
all x € R™. The proof is complete. Il

The following proposition is an obvious consequence of Proposition 3.3 and Theo-

rem 3.2.

Corollary 3.4. (a) If p € Sy, then
¢(x) < inf{g~(¢,7)(x) |y € E}  for all z € R™.
(b) If ¢ € Sy, then

¢(z) =inf{g™(¢,7)(z) | v € E} = inf{g" (¢, 7)(x) |y € E} for allx € R™.

4 General criteria for pointwise convergence.

Throughout this section we assume that H and wug satisfy (A1)-(A6), and we will later
assume additionally either (A7), or (A7)_.

As Proposition 2.10 states, in order to show the locally uniform convergence (1.5),
we need only to show the pointwise convergence of Tiug(z) of us(x) as t — oo for every

x € R". Let z € R™. In this section we seek for criteria for the pointwise convergence
u(z, t) := (Tyup)(2) — uxo(z) ast — oo. (4.1)
We fix any v € &,(u), and we introduce the first criterion
(C1)  Tim (up — ueo)(v(—t)) = 0.

Note that uy; < ug in R™ and lim; o (Ueo — g ) (7(—%)) = 0 by Theorem 2.11 (a). Hence

condition (C1) is equivalent to the condition

lim (uo — 1 )(7(~1)) = 0.

t—o00
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Theorem 4.1. Under condition (C1), the convergence (4.1) holds.

Proof. By the variational formula (1.2) with ) = ug and the definition of extremal

curves, we see that

UQﬂS/LM$%W%+mM%D

—t

= Uoo(2) — Uoo (Y(—1)) + ug(y(—1)) for all ¢t > 0.
From this together with (C1) and Theorem 2.9, we get

limsup u(z,t) < uxo(2) + tli)rglo(uo — Uso) (V(—1)) = Uoo(2) = liminf u(z, ),

t—o0 t—oo
which implies (4.1). O
Next we introduce our second criterion.

(C2) For each ¢ > 0 there exists a 7 > 0 such that for any ¢ > 0 and for some
URS AC([_ta O])y

n(—t) = n(0) = () am»L/LWSLM$Ms<a

—t

Theorem 4.2. Under condition (C2), the convergence (4.1) holds.

Proof. Fix any ¢ > 0 and let 7 > 0 be the constant from assumption (C2). Set
y = v(—7) and choose a ¢ > 0 in view of Theorem 2.9 so that u(y, ) < ux(y) + €.
Fix any ¢ > 0. By (C2), we may choose an n € AC([—t, 0]) such that n(—t) = n(0) =y
and o

| znts) i as <<

Now, using the dynamic programming principle (Lemma 2.2), we compute that

ue a0 < [ L)) ds+ulr(=7), t40)

-7

0

< Uoo(2) = Uso(y) + / L(n(s), 1(s)) ds +u(n(=t), o)

—t
< Uoo(2) = Uso(Y) + Uoo (Y) + 26 = Uno(2) + 2¢.
Consequently we obtain
limsupu(z, t) < ux(z) = litm infu(z, t),
t—o00 —00

which concludes the proof. O]
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Our third criterion is the following.

(C3) For any € > 0, there exists a 7 > 0 and for each t > 7, a ¢(t) € [0, 7] such that

Uoo(V(=t)) + & > u(y(=1), 0 (1)).

Note that the above inequality is equivalent to the condition that there is an n €
C([—o(t), 0]; v(—t)) such that

0

Uoo(Y(—t)) + > / L(n(s), 7(s)) ds + uo(n(=o(t))).

—o(t)
In our next theorem, condition (C3) is used together with one of the conditions

(A7)L on H, which are certain strict convexity requirements on H. We set @ :=
{(z,p) e R*"| H(z,p) = 0} and

S = {(z,6) e R*"|(z,p) € Q, &€ Dy H(z,p) for some p € R"},
where Dy H(x,p) stands for the subdifferential of H with respect to the p-variable.
(AT7); (resp., (A7)_) There exists a modulus w satisfying w(r) > 0 for r > 0 such
that for all (z,p) € Q, € € Dy H(z,p) and ¢ € R",

H(z,p+q)2&-qg+w((€-q)y)  (esp, 2 g+w((E-9)-)),
where ry := max{£r,0} for r € R.

Roughly speaking, (A7), (resp., (A7)_) means that H(x, -) is strictly convex “up-
ward” (resp., “downward”) at the zero-level set of H uniformly in z € R". We remark
here that condition (A7), has already been used in [4, 16] to replace the strict convex-
ity of H(x,-) in order to get the convergence (4.1) and also that condition (A7)_ has
been discussed in [17] when n = 1.

Theorem 4.3. Assume that (C3) and either (A7), or (A7)_ are satisfied. Then (4.1)
holds.

Lemma 4.4. Assume that H satisfies (A7)s (resp., (A7)-). Then, there exist a con-
stant &1 > 0 and a modulus wy such that for any € € [0,81] (resp., € € [—61,0]) and
(z,€) €5,

L(z, (1+¢)§) < (1+¢)L(x,&) + [elwi(le]). (4.2)

The estimate of this type was proved first by [7] when H(z, -) is strictly convex.

Proof. The proof of (4.2) under (A7), is exactly the same as that of [16, Lemma
3.2]. Moreover, by a careful review of its proof, one sees that (4.2) is also valid under
(AT)_. O
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Proof of Theorem 4.3. We need only to prove that limsup, . u(z,t) < us(z). Fix
any £ > 0 and choose a 7 > 0 and a o(t) € [0, 7] for each t > 7 as in (C3).

We first consider the case when (A7), holds. Let §; and w; be those from Lemma
44. Fix t > 7, and set § = o(t) and 6 = 6/(t — 6). Note that (1 + )t —0) =t
and lim; .., 6 = 0. We assume that ¢ is sufficiently large, so that 0 € [0, d;]. Define
n € C((—o0, 0]; ) by n(s) = v((1 + d)s) and observe that n(—t + ) = y(—t) and by
Lemma 4.4 that for a.e. s <0,

L(n(s),(s)) < (1 +0)L(7((1 +0)s), ¥((1 + 8)s)) + dwi(9).

Hence we get

[ Haei)ds < [ 16,360 ds + (¢ = 8)ain (),
and furthermore

w0 < [ L)) ds-+ un(—1+6).0)

< [ L0613 ds + 8(0) + ur(~1),0(0)
< Uoo(2) = U (Y(—1)) + Uso(V(—1)) + € + w1 (§) = use(2) + € + O (0).

From this we get limsup,_ . u(z,t) < uso(2) + &.

We next consider the case when (A7)_ holds. As before, let 6; and w; be those
from Lemma 4.4. Let ¢t > 27, and set § = o(t — 7) and 6 = (7 — 0)/(t — 6), so that
(1-0)(t—0) =t—7and lim;_,. 6 = 0. Assume that ¢ is sufficiently large, so that
d € [0, §1]. Define the curve n € C((—o0, 0]; z) by n(s) = v((1 — d)s) and observe that
n(—t+0) = y(—t+ 7). As above, using Lemma 4.4, we get

s < [ L)) ds + (- 0)5ao).
We then compute that

u(ert) < [ Lin(s)i(s)) ds -+ uln(—t + 6).6)

—t+0

< / L6330 ds + a4 7). 001 = 7))

< oo (2) = oo (Y(=t + 7)) + (T = O)wi(0) + oo (V=L + 7)) + €
= Uno(2) + €+ (T — O)w1(6),

and obtain limsup, . u(z,t) < ux(z) +e. Now, since € > 0 is arbitrary, we see that

limy oo u(2, 1) < Uoo(2). O
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5 Results based on (C1) and examples.

The following result is an easy consequence of Theorem 4.1.

Theorem 5.1. Assume that (A1)-(A6) hold. Let ¢y € Sy and assume that ug > g
in R™ and
lim (ug — to)(x) = 0.

|z|—o00

Moreover assume that Ay = (. Then the convergence (1.5) holds.

Proof. By the assumption on vy, we see that 1y < u;, < up in R"™ and moreover
limy) o0 (wo—ug ) (@) = 0. Since Ay = 0, by Theorem 2.11 (b), we have limy_.o [y(—t)| =
oo for all v € €. It is now clear that (C1) is valid for all v € £(us,). Hence, we see
from Theorem 4.1 that convergence (1.5) holds. O

A variation of the above theorem is the following.

Theorem 5.2. Assume that (A1)-(A6) hold. Assume that ug > 1y in R"™ for some
Yo € Sy Assume moreover that for any ¢ € Sy such that ¢ > 1y in R,

lim (ug — o) (v(=1)) =0 for all v € E(¢).
Then the convergence (1.5) holds.

Proof. As above, we have ¢y < u; < uy and ¥y < uy in R". Hence, by assumption,
we get limy oo (ug — ug )(7(—t)) = 0 for all v € E(uw). That is, (C1) is valid for all
v € E(Uno). Thus, the convergence (1.5) holds. O

We next generalize [3, Theorem 4.2], a result due to Barles-Roquejoffre, in light of
(C1).

Theorem 5.3. Assume that (A1)-(A5) hold. Assume in addition that there exist
functions ¢ € Sy and Y € Sy 5, with § > 0, such that infge(ug — ¢ A 1p) > —o0 and

lim sup{[(uo = @)()| | (¥ = )(x) > 7} =0. (5.1)
Then the convergence (1.5) holds, and moreover, us = ¢ on R™.

The same convergence assertion as above has been established in [3, Theorem 4.2]

under the assumption that
lim (ug — ¢)(z) =0, (5.2)

|z|—o0

which is a stronger requirement than (5.1).
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Proof. We intend to apply Theorem 5.2 to prove the above assertion. We choose a
constant C' > 0 so that ug > ¢ Ay — C in R". Fix any € > 0. By assumption (5.1),
we may choose an R = R(¢) > 0 so that for any x € R, if (¢ — ¢)(z) < —R, then
|p(x) — ug(x)| < e. Define the function w = w, by setting w = ¢ A (v — R—C) —e.
Note that w € S;;. Fix any € R”, and observe that if ¢(z) < (z) — R, then

w(r) <A (Y= R)(z) —e = o) — & < uol).
Next, if ¢(x) > ¥ (x) — R, then we have
wx)=1Yx) —R—C—c=¢NWp—R)(x) —C —c < dpANY(x) — C —e < up(z).

Hence, w < ug in R”. We define the function ¢y € S by ¢o(x) = sup,.,w:(z). Note
that w. < 1y < ug in R” for any € > 0 and also by construction that ¢y < ¢ in R™.
Consequently, we have ¢y < uy; < ug in R™ and, in particular, u, () > —oo for all
r e R"™

We temporarily denote by V' the set of all functions v € Sy satisfying v > oAy —C
in R™". We show that lim; .. (ug — %) (y(—t)) = 0 for any v € V and v € £(v). For
this let v € V. Fix any v € &,(v), with z € R". We show that

lim (6 — ) (+(~1)) = —o0. (53)

Indeed, for any ¢ > 0 we get

and hence
v(y(=t)) = v(v(=1)) S v(2) — ¥(z) — 6t
Now, using the inequality v > ¢ A — C, we get

¢ AP(y(=1)) = (v(—t)) S v(z) = ¥(z) =6t + C,

from which we deduce that (5.3) holds.

Fix any € > 0. In view of (5.3), we choose a 7 > 0 so that (¢—v)(y(—t)) < —R.—C
for all ¢ > 7. Noting that w. < ¢y < uy < wp in R" and that for any z € R", if
¢(x) < (x) — R, then |ug(z) — ¢(x)| < e, we observe that for any ¢t > 7,

uo((—)) > ug (1(~1)) > (1)) 2 6 A (& — Be — C)(y(~1))
— 9(1(~1)) — £ = up(r(—t)) — 2.
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From this, we conclude that
i (ug —¢ho)(v(=1)) = lim (uy —2o)(y(=1)) =0 forally € E(v), ve V. (54)
To check that (A6) is satisfied, we first observe from (5.1) and (5.3) that
tlirgo(gzﬁ —ug)(y(—=t)) =0 forallye&(v),veV. (5.5)

This together with (5.4) shows that g(¢,v) = g(uo,v) = g(ug, ) for all v € E(¢). We
then observe by Corollary 3.4 and Theorem 3.2 that for any z € R",

uy (z) < inf{g (ug,7)(x) | v € €} < inf{g(uy,7) (@) | v € E(9)}
= inf{g(¢,7)(x) | v € £(d)} = d(x).

We now have 1y < 1y < uy < ¢ in R, and we see that (A6) holds. We may now
invoke Theorem 5.2, to conclude that the convergence (1.5) holds.

It remains to show that u,, = ¢. We know already that u,, < ¢ in R™. Since
pNY e Sy and p ANY —C < upin R”, we have us > 1y > ¢ Ay — C in R". Hence,
U € V. By (5.4) and (5.5), since u; < uyp < ¢ in R, we get g(uso,y) = g(0, ) for
all v € £(ux). Hence we have

¢(x) = inf{g(¢,7)(x) [ v € €} <inf{g(¢,7)(x) [ 7 € E(uso)}
= inf{g(teo, 7)(x) | 7 € E(Uoo)} = Uso(x) for all z € R,

completing the proof. O

We examine the following simple example with Theorem 5.3 and compare it with

a result in [3].

Example 5.1. We consider the Hamiltonian H given by H(p) = |p| — 1. Note that
the corresponding Lagrangian is L(§) = dp0,1y(§) + 1. It is easy to check that H enjoys
(A1)-(A4). We now fix any pyp € 0B(0,1), and set ¢(z) := po - ¢ and ¢(z) := 0 for
v € R". Note that ¢ € Sy and ¢ € Sp;,,. Assume that the initial function ug € C(R")
satisfies
Jim sup{|(uo — 9)(@)] | @ € R, po-w < —r} =0

as well as the condition that infge(ug — ¢ A V) > —oo in R™. Then, by applying
Theorem 5.3, we conclude that u(-,t) — ¢ in C(R") as t — oo. In this example, the
condition (5.2) does not hold, and in this sense, Theorem 5.3 refines [3, Theorem 4.2].
On the other hand, by replacing the previous ¢ by the function ¢(z) := —|x|, we still
have ¢ € Sy. In order to apply Theorem 5.3 to the present situation, we have to
assume that ug € C'(R") satisfies

lim sup{|(uo — 6)(2)] | &(x) < —r} =0.

But, this assumption is equivalent to the condition (5.2) which is exactly the condition

required in [3, Theorem 4.2].
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6 Results based on (C2) and examples.

We start by formulating a result based on (C2), which is motivated by the main result
in [14].

Theorem 6.1. Assume that (A1)-(A5) hold and that there are two functions ¢o, ¢1 €
Sy such that

lim (¢pg — ¢1)(z) =00 and i[élnf (up — ¢g) > —00. (6.1)

|z|—o00

Assume moreover that
Ay #0 and L(z,0) =0 for allz € Ay. (6.2)
Then the convergence (1.5) holds.

Note that the second condition of (6.2) says that Ay consists only of equilibria.

Proof. We may assume by adding a constant to ¢y that ug > ¢g in R". We then have
o < ug < upin R™ Fix a y € Ay and observe that u. < ug (y) + du(-,y) in R™
Hence, (A6) is valid.

Fix any v € &,(uw), with z € R"™, and note by Remark 2.1 that the function
t — (oo — ¢1)(y(—t)) is non-increasing on [0,00) and hence (uy — ¢1)(7(—t)) <
(Uoo — ¢1)(2) for all ¢ > 0. Since us, > ¢ in R™, this monotonicity and (6.1) together
assure that v(—t) € B(0,R) for all ¢ > 0 and some R > 0. Theorem 2.11 (b) now
assures that dist(y(—t),Ay) — 0 as t — oo. Fix any ¢ > 0 and choose a point
y € Ag so that |y(—t) —y| = dist(y(—t), Ax). (Recall that Ay is a closed subset
of R™) Let ég > 0 and Cr > 0 be those constants from Lemma 2.3. Let r > 0,
set & 1= 0p(y — v(—=t))/|ly — v(=t)| and p := dist(y(—t), Ay), and define the curve
n € AC([-r, 0]) by

y(—t) — s for s € [—p/dr, 0],
n(s) =<y for s € [—=r+ p/or, —p/0r],
Y(=t) + (s +7)§ for s € [—r, —r+ p/ig]

if 0gr > 2p and n(s) = y(—t) if dgr < 2p. It is easy to see that

/ Lin(s), i(s)) ds < % :%disw—t),AH).

It is now obvious that (C2) holds for all v € £(uw). Thus, applying Theorem 4.2, we
conclude that the convergence (1.5) holds. O
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Remark 6.1. (a) Under the hypotheses of Theorem 6.1, we have
Uoo(2) = inf{ug (y) + dy(z,y) |y € Ay} for all z € R™.

Indeed, in the proof above, we have observed that lim; ., dist(y(—t), Ag) = 0, and
therefore Theorem 3.2 yields the above representation formula.

(b) We know that for any x € R", L(z,0) = 0 if and only if inf,cgn H(z,p) = 0.
Therefore, by virtue of Lemma 2.12, we see that the condition (6.2) is stated equiva-
lently that there are functions ¢, f € C'(R™) such that 1 is a subsolution of H(x, Dv) =
finR™ f<0in R" and for z € R", f(z) = 0 if and only if inf,cgn H(z,p) = 0.

Condition (C2) covers another situation, where nearly optimal curves for (1.2) with
1 = ug exhibit a “switch-back” motion for large ¢t. We discuss first a simple example.

Let n = 1 and consider the case where the Hamiltonian H is given by H(x,p) :=
Ip| — el and ug is given by wug(z) = min{|z| — 2,0}. It is clear that (A1)-(A5) are
satisfied. It is easy to see that dy(x,y) = ‘f; e’ ds‘ for all =,y € R. By the formula

ug (v) = inf{uo(y) + du(z,y) | y € R},

we see that uy (z) = —e "l — 1 for # € R. We define the functions d. € Sy by
di(z) =lim, 4o dp(x,y), and observe that dy(z) = e™ for x € R and that us(x) =
limy, oo g (y) + (dy Ad_)(z) = e71*l — 1 for 2 € R. Note that the Lagrangian L is
given by L(z,&) = 0_11(§) + e .

For a given z € R, we define v € C((—00,0];2) by v(s) = z — sgn(z) s, where
sgn(z) =1 for z > 0 and = —1 for z < 0. Then, it is easy to see that v € &,(u) and

|7(—t)| — o0 as t — oo. Fix any € > 0 and choose a 7 > 0 so that

2/ e ®ds < e.
[v(=7)]

We define n € AC([—t, 0]) for any fixed ¢ > 0 by

¥(—7) —sgn(z) s for —
n(s) =
Y(—=7) + sgn(z) (s + 1) for —

and observe that 1(0) = n(—t) = v(—7) and

/0 Lin(s),i(s)) ds < 2/00 et ds < e,

—t Iy (=7l

so that condition (C2) is valid for the given 7. Now, Theorem 4.2 guarantees that the

convergence (1.5) holds.
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We remark that the curve n € AC(|—t, 0]) built here has a switch-back motion in
which the point n(—s), with s € [0, ], moves toward oo or —oo with a unit speed up to
the time ¢/2 and then moves back to the starting point. It is also worth mentioning that
condition (C1) does not hold in this case. Indeed, we have lim; . (up — tso) (7(—1)) =
1>0.

We continue by generalizing the above observation, where “switch-back” motions

appear in nearly optimal curves for (1.2) with ¢ = ug. We introduce the following:

(A8) H(x,0) <0 for all z € R™ and there exists a A > 1 such that

H(z,—p) < H(z,\p) forall (z,p)c R*™. (6.3)
Note that condition (6.3) is equivalent to the condition

L(z,—¢) < L(x, \¢) for all (z,¢) € R*™. (6.4)

Theorem 6.2. Assume that (A1)-(A6) and (A8) hold and that ug is bounded below on
R™. Then, the convergence (1.5) holds.

Assumption (A8) can be relaxed in the above assertion as follows. Let ¢y € Sp.

(A8)" There exists a A > 1 such that for every (z,p) € Q, £ € Dy H(x,p), ¢ € R”
and ¢ € 9.¢0(),

H(z,q —Xg) > & (¢ +q—p), (6.5)
where 0.¢0(x) denotes the Clarke derivative of ¢y at z € R™.

Assumption (A8) is a particular case of (A8)" where ¢y = 0. We return to this point

and give a generalization of Theorem 6.2 later in this section.

Proof of Theorem 6.2. Since the function ¢q := 0 is a subsolution of H(x, Du) = 0 in
R™ and ugp(z) > —C for all x € R™ and some C' > 0, we see that u () > u, () > —C
for z € R™.

Fix any 7 € &,(uw), 2 € R™. In view of Theorem 4.2, we only need to show that
(C2) holds. By assumption, we have mingegn L(z,§) = —H(x,0) > 0 for all z € R™
Observe that

0< /t L(7(5),5(8)) ds = oo () — oo (V(—1)) < Uso(x) + C for all ¢ > 0.

Consequently, the function s — L(7(s),¥(s)) is integrable on (—oo, 0). Fix an arbitrary
€ > 0. Then, there exists a 7 > 0 such that

/_ T L(y(s), A(s)) ds < . (6.6)

o0
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Fix any t > 0. Let A > 1 be the constant from (A8), and set § = ¢/(A + 1), so that
A0 —t) = —0. We define the curve n € AC([—t, 0]) by

v(s—17) if se[-0,0],

77(5) = 7(_/\—1(8_,_15) _7—) if se€ [_t; _9}'

Note that n(—t) = n(0) = v(—7). Then, using (6.4) and (6.6), we compute that

—T

[t = [ 16ea60ds A [ La-x )

—t —0—71 —0—T1

<(1+)) /__T L(v(s),4(s)) ds < (1+ N,

00—

which assures that (C2) holds. O
Next, we give an example of a class of Hamiltonians H which satisfy (AS).

Example 6.2. Let Hy € C(R**) and f € C(R"). Define the function H € C'(R?*") by
H(z,p) = Ho(z,p) — f(x). We assume here that Hy has the convexity property (A3)
and that there exist a« > 1, 3 > 1, 7 > 1 and Cj > 0 such that for all (z,p) € R*",

a Mp|® < Ho(z,p) < alp|” and 0< f(z) < Co(1+ |z])~.

To prove that H satisfies property (A8), let A > 1 be a constant which will be specified
later and observe that

Hy(z, —p) < alp|® < ®X7P a7 \pl® < a®?XPHy(z, \p) for all (z,p) € R*™.

By selecting A = o?/?, we get H(z,—p) < H(x, \p) for all (z,p) € R?>". Note also
that Hy(z,0) = 0 and H(z,0) = —f(x) < 0 for all (z,p) € R*". Hence, H satisfies
(A8). Let up € C(R™) be a bounded function. It is clear that (A1), (A2) and (A5) are
satisfied. Also, it is not difficult to check that (A4) is satisfied. We define ¢y € C(R™)

by ¢o(z) = —aCy Om(l + )7 7dr, and observe that for x # 0,

H(w, Dio(w)) > o' Dipo(@)]” = f(z) = Co(1 + |27 = f(z) > 0,

which implies that ¢y € Sj;. Note that v is a bounded function on R™ and that
0 € ;. By Perron’s method, we see that there is a bounded solution of H(z, Du) =0
in R™ and moreover that (A6) is satisfied. We conclude that all the hypotheses of
Theorem 6.2 are fulfilled with these H and uqg.

The condition (6.4) and the convexity of L implies that mingegn L(z,§) = L(z,0).
Hence, under hypotheses (A3) and (A8), we have mingegn L(x, &) = L(z,0) > 0, and,

in view of (2.12), we see easily that x € R" is a point in Ap if and only if z is an
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equilibrium point. Thus, in general under the hypotheses, nearly optimal curves n for
the variational formula (1.2), with ) = ug, may not have a switch-back motion. But
if we suppose in addition to (A8) that H(z,0) < 0 for all z € R™. Then, in view
of Lemma 2.12 and Theorem 2.11 (b), we have |y(—t)] — o0 as t — oo for any
v € E(us). Hence, under this additional assumption, the curves 1 constructed in the

proof of Theorem 6.2 have a switch-back motion.

Remark 6.3. Combining proofs of Theorems 6.1 and 6.2 allows us to replace (6.3) in
Theorem 6.2 by a weaker condition that Ay consists only of equilibria and inequality
(6.3) is required only for (z,p) € (R™\ B(0, R)) x R", with some R > 0. This remark

applies also to Theorem 6.3 below.

We now give a generalization of Theorem 6.2, in which condition (A8) is replaced
by (A8).

Theorem 6.3. Assume that (A1)-(A6) hold. Let ¢g € Sy be such that ug > ¢y in R”,
and assume that (A8) holds with this ¢o. Then the convergence (1.5) holds.

We need a lemma for the proof.
Lemma 6.4. Let H satisfy (A1)-(A3), and let ¢ € Sy;. Then, (A8) holds if and only
of
L{z, =\ + A€ ¢ < L(2,§) =& ¢ (6.7)
for all (x,&) € S and ¢ € Ocpo(x).

Proof. We assume (A8)’. Recalling the definition of ) and S, we observe that
§p=Hiz,p)+ L(r,€) = L(z,€)  forall (z,p) € Q and € € Dy H(z,p).

Fix any (z,€) € S and ¢’ € 0.¢p(x). Fix a p € R" so that £ € Dy H(x,p). Then, in

view of (6.5), we have
L(x,§) =& p=2&-(d +q) —H(z,d = Ag)  forall geR".
Hence

L(x,&) > sup{{- (¢ +q) — H(z,q' — M)}

geER™

= sup{(=2719) g~ Hlzq)} + (14 X7)€ -

= L(z, - A"+ 1+ A HE ¢,

from which follows (6.7).
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We next assume (6.7) and fix any (z,p) € Q, & € Dy H(z,p), ¢ € R" and ¢ €
O.00(x). Then

H(z,q' — A\g)
= f;le{C (¢ = Ag) — L(z,Q)} = f;@{c (AT 4 q) = Lz, =270}
>Eq—[Llz, = AT+ A g > q—[L(x,8) =& =€ (d +a—p).
Hence (A8)" is valid. O

Proof of Theorem 6.3. Fix any v € &,(us), with z € R". Let ¢ be a measurable
function on (—oo, 0) such that ¢(s) € 0.¢0(7(s)) for a.e. s € (—00,0) and
bo(2) — do(y(—1)) = /_i q(s) - y(s) ds for all ¢ > 0.
Now, since us, > ¢¢ in R”, for t > 0 we have
0
| @646 —ats)-5(s)) ds

= (thoo = ¢0)(2) = (oo — G0)(¥(=1)) < (uoo — ¢0)(2).

Note that q(s) - 4(s) < L(x(s),4(s)) + H(3(s),q(s)) < L(3(s),4(s)) for ae. s €
(—o0, 0). From these, we see that the function s — L(v(s),5(s)) — q(s) - §(s) is
non-negative a.e. and integrable on (—oo, 0).

We now follow the proof of Theorem 6.2. Fix any € > 0 and choose a 7 > 0 so that

| @66):46) —d(s) 55 ds <= (6:5)

Fix any ¢t > 0. Let A > 1 be the constant from (A8)’, and set § = t/(A+1). We define
the curve n € AC([—t, 0]) by

v(s—17) if se[-0,0],
n(s) = '
V(=N (s+t)—7) if se[-t, —0)].
Then we have n(—t) = n(0) = v(—7). Next, noting that (y(s),%(s)) € S for a.e
s € (—00,0) and using (6.7) and (6.8), we compute that

—T

/ Lin(s),i(s)) ds = /  Ly(s)A(s)) ds 4+ A / Lix(s), —A"V(s)) ds

—t —0—1 —0—1

B /_T [L(v(s),7(5)) = als) - 7 (s)] ds

0—r1

L0 A 9) A ) 3] ds

<10 [ L66AE) ~ 1) 6] ds < (142,
and conclude that (C2) holds. O
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7 Results based on (C3) and examples.

A variant of Theorem 6.1 is given by the next theorem which can be also regarded as

a version of [18, Theorem 1.3]

Theorem 7.1. Assume that (A1)-(A5) and either (A7)y or (A7)- hold and that there
are two functions ¢o, ¢1 € Sy such that

lim (¢pg — ¢1)(z) =00 and i[élnf(uo — ¢g) > —00.

|z|—o00
Assume moreover that Ay # (0. Then the convergence (1.5) holds.

Proof. As in the proof of Theorem 6.1, we see that (A6) holds. It remains to show that
(C3) holds for any v € E(us). Fix v € &,, with z € R™, and observe as in Theorem
6.1 that there is a constant R > 0 such that v(s) € B(0,R) for all s < 0. Now we
fix any ¢ > 0 and choose, in view of Theorem 2.9, a 7, > 0 for each y € B(0, R) so
that ux(y) + € > u(y, 7). Next, using the compactness of B(0, R) and the continuity
of e, u, we deduce that there exists a 7 > 0 such that u.(z) + ¢ > u(x, 7,) for any
x € B(0, R) and some 7, € [0, 7]. That is, (C3) is valid for any v € &(uw). O

It is easily seen by the compactness argument in the proof above that condition
(C3) holds for any v € E(us) in the case where H(-,p) and ug are Z"-periodic. The
criterion (C3) applies to the case where H and ug are upper semi-periodic and obliquely
lower semi-almost periodic, respectively. The convergence result in this case has been
established in [16] (see also [15]). We recall that a function H on R?*" is said to
be upper (resp., lower) semi-periodic if for any {y;} C R™ there exist a subsequence
{;} < {y;}, a sequence {§;} C R" converging to zero and a function G € C(R*")
such that H(z +y,p) — G(x,p) in C(R**) as j — oo and H(z +y; +&;,p) < G(z,p)
(vesp., H(x+y;+&;,p) > G(x,p)) for all (z,p, j) € R** x N. Also, a function f on R"
is said to be obliquely lower (resp., upper) semi-almost periodic if for any {y;} C R"
and any € > 0 there exist a subsequence {y;} C {y;} and a function g € C(R")
such that f(x +y}) — g(x) in C(R") as j — oo and f(z + yj) + ¢ > g(x) (resp.,
flx+9;) — e < g(x)) for all (x,5) € R* x N. It is easily checked that if H is upper
(or lower) semi-periodic, then it is bounded, uniformly continuous on R" x B(0, R),
i.e. H € BUC(R" x B(0, R)), for any R > 0 and that if f is obliquely upper (or lower)
semi-almost periodic, then it is uniformly continuous on R", i.e., f € UC(R").

For the later references, we introduce two conditions on H:

(A1) H e BUC(R" x B(0, R)) for all R > 0.
(A2) inf{H(z,p)|z € R", |p| > R} — 400 as R — +oc.

We state [16, Theorem 2.2] as follows and prove it in a way based on (C3).
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Theorem 7.2. Assume that H and ug are upper semi-periodic and obliquely lower
semi-almost periodic, respectively, and that (A2), (A3), (A6) and either (A7)y or
(A7) hold. Then the convergence (1.5) holds.

Proof. Note that (A1) (A2) and (A5) are satisfied. As is well-known (see e.g. [16]),
doe to (A2) and the fact that H satisfies (A1)’ and uy € UC(R"), the solution u of
(1.1) is uniformly continuous on R"™ x [0, co). Moreover, because of assumption (A6),
we have real-valued functions u, and u.. To prove the convergence (1.5), it is enough
to show that the function u(-,t) A (us + 1), which is also a solution of (1.1) with ug
replaced by ug A (e + 1), converges to us in C'(R"™) as t — oo. Therefore, we may
assume by replacing the function w by the function u A (u. + 1) if necessary that
uy () < ulz,t) < ug(x) + 1 for all (z,t) € R" x [0, c0).

We need only to show that (C3) holds for any v € E(us). Fix any 7 € E(uw).
We argue by contradiction, and thus suppose that (C3) does not hold with this v and
therefore there exists an € > 0 and for each j € N a ¢; > j such that

min u(y(—t;),s) > us(y(—t;)) +¢ forall j € N. (7.1)

0<s<j
Set y; = y(—t;) for j € N. Noting that the function ¢ — (us — ugy )(y(—t)) is non-
increasing and non-negative on [0, co) and that uy (z) < u(x,t) < ux(z) + 1 for all
(x,t) € R" x [0, 00), we observe that

sup{ e (7(5)) — u(1(s), )] | £ > 0, s < 0} < oc.

Now, we may assume that there are functions G € C(R*"), v € C(R™ x [0,0)) and a

sequence {&;} C R™ converging to zero such that as j — oo,
H(-+y;+¢&,-) — G in C(R™),
u(-+ 45 +&,0) = uco(y; + &) — v in C(R" x [0, 00)), (7.2)
H(-+y; +&,)) <G in R* and u(- + y; + &,0) — uno(y; + &) > v(-,0) — /4 in
R"™ x [0,00) for all j € N. Note that v is the solution of (1.1), with H and ug replaced
by G and vy := v(+,0), respectively. Note also that w := u(- + y; + &, ) — ueo(y; + &)
is a supersolution of wy + G(x, Dw) = 0 in R™ x (0, co) and that w(-,0) > vy — /4 in

R"™. Now we obtain by comparison,
u(- 4y + &) —u(y; +&) >v—¢/4 inR" x [0, co) for all j € N.

In particular, we see that 0 > v,(0) —e/4 for all j € N, where vy (x) :=
liminf; . v(z,t). We choose a 7 > 0 so that v(0,7) — /4 < v5(0). Since uy is
(globally) Lipschitz continuous in R™ by (A2)’, we may assume that u(y; + &) <
Uso(y;) +€/4 for all j € N. Also we may assume in view of (7.2) that u(y;, 7) — uso(y; +
§;) <v(0,7)+¢e/4 for all j € N. Combining these together, we get u(y;, 7) < uoo(y;)+e,
which contradicts (7.1). The proof is complete. O
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The proof above suggests formulating the following theorem.

Theorem 7.3. Let H satisfy (A1), (A2), (A3), (A6) and either (A7), or (A7)-.
Let ug € UC(R™), and assume that ug < us + C in R™ for some C' > 0. Then, the
convergence (1.5) is valid provided that for any sequence {y;} C R™ satisfying

u(-+yp) — teelyy) — v in C(R" x [0, o00) (7.3)

for some v € C(R"™ x [0,00)), the inequality v (0) < 0 holds, where vy, is the function
on R"™ defined by vy (x) := liminf, . v(x,t).

We remark that, as the following proof shows, we need to assume the condition
(7.3) only for those sequences {y;} given by y; = v(—t;), with sequences {¢;} C (0, o)
diverging to infinity and v € £(uw,), in the above theorem.

Proof. Note that condition (A4) is a consequence of (A1) and (A2)’. Hence, (A1)-(A6)
are fulfilled. It is enough to show that (C3) is valid for all v € £(uw).

Fix any 7 € &(uw), and we suppose that (C3) does not hold with this v and
therefore there is an € > 0 and for each j € N a positive number ¢; > j such that

in u(y(=t;), 8) 2 uoo(ys) +¢, (74)

and will get a contradiction.

We set y; = v(—t;) for j € N, and observe that u.(y;) < uo(y;) < uao(y;) + C
for all j € N. It is a standard observation, due to (Al)’, (A2)" and the uniform
continuity of ug, that w € UC(R™ x [0, T) for all " > 0. By taking a subsequence of
{t;} if necessary, we may assume that the convergnece (7.3) holds. Also, since v, is
Lipschitz continuous on R”, we may assume that ug (- + y;) — teo(y;) — w in C(R™)
as j — oo for some w € Sy. Recalling that lim; . (usx — ug )(y(—t)) = 0 and that
u(z,t) > ug (x) for all (z,t) € R™ x [0, 0o0), we see that w(0) = 0 and v(x,t) > w(x)
for all (z,t) € R" x [0, 00). Hence we get v, (z) := infi>o v(x,t) > w(x) for all x € R™.
In particular, v,,(0) > vy (0) > w(0) = 0. On the other hand, by assumption, we have
Uoo(0) < 0 and therefore v,,(0) = 0. By the definition of v, (0), we may choose a 7 > 0
so that v (0) + /2 > v(0,7). Moreover, by definition, we may assume by taking a
subsequence if necessary that v(0,7) +¢/2 > u(y;, 7) — us(y;) for all j € N. Thus we
obtain

13
u(y;, 7) < v(0,7) + Uso(yy) + 5 < Voo (0) + oo (Y5) + € = uco(y;) + €,

which contradicts (7.4). O

We give here two examples to which we may apply Theorem 7.3.
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Example 7.1. Let n = 1, and let f € BUC(R) be any function such that f > 0 in
R. We set F(z) = [ f(y)dy for z € R and define H € C(R?) and ¢ € UC(R) by
H(x,p) = p*— f(z)? and ¢(x) := min{F(x), —F(z)} = —|F(x)|. Note that H satisfies
(A1), (A2), (A3) and (A7)L. Since F, —F € Sy, we see in view of convexity (A3)
that ¢ € Sy. Moreover, it is easily seen that dy(z,y) = |F(z) — F(y)| for all z,y € R.

Now, let py € BUC(R) be any function satisfying the following property: for any
€ > 0, there exists an [ > 0 such that

min po(z + y) < i%fpg +e¢  forall xeR. (7.5)

ly|<i

Remark that (7.5) is valid for any almost periodic function. But, we do not assume
any kind of periodicities on neither H nor py.
We set ug = ¢+ py € UC(R) and let u be the solution of the Cauchy problem (1.1)

with H and ug defined above. What we prove is the following convergence:
u(-,t) — o+ i%f(uo — ) in C(R) as t— oo. (7.6)

In what follows, we assume that infg(ug — ¢) = infg pg = 0, which does not lose any
generality. In this case, we have u;, = us = ¢ in R. To see this, we may just apply,
for instance, formula (2.10) for u,. We observe that D¢(z) = £f(z) if £ < 0 and
DyH (x,p) = 2p for all (z,p) € R? and therefore that for any v € (o), if +v(0) < 0,
then 4(s) = £2f(y(s)) for all s < 0. It is then easy to see that neither condition (C1)
nor (C2) holds in general.

To show the convergence (7.6), we intend to use Theorem 7.3. Fix any {y,;} C R. By
passing to a subsequence if necessary, we may assume that there are only three cases:
(i) im; . yj; = yo € R for some yy € R, (ii) lim; . y; = 00, and (iii) lim;_,, y; = —o0.
As in Theorem 7.3, we assume that u(-+y;, ) —¢(y;) — vin C(R" x [0, 00)) as j — 0.
In the case when (i) lim;_. y; = yo for some yy € R, we have v = u(- + yo, ) — ¢(vo)
and hence v, (0) = liminf; . v(0,%) = us(yo) — ¢(yo) = 0.

Next consider the case when (ii) lim;_,, y; = co. We may assume that H(-+y;,-) —
G in C(R?) and f(-4vy;) — €, po(-+y;) — qo in C(R") as j — oo for some G € C(R?),
e, qo € BUC(R"). Set E(x) = [ e(y)dy. Observe that G(z,p) = p* — e(x)?, that gq
satisfies property (7.5) with pg replaced by qo, and that vy(z) := v(z,0) = —E(z)+qo(x)
for all z € R. Now the function v solves problem (1.1) with G and vy in place of H
and ug, respectively. As before, we see that v, = v = —F in R. We now conclude
that v,,(0) = —E(0) = 0. An argument similar to the above applies to the case when
(ili) lim; .o y; = —00, to yield v5(0) = 0. Theorem 7.3 now guarantees that (7.6) is
valid.

Finally, the condition (7.5) can be relaxed and it is indeed replaced by the following:

34



for each € > 0 there exists an [ > 0 such that

lim sup min pg(x + y) < inf pg + €.
lz|—oo  [YI<! R

The example above leads us to formulate the following proposition.

Theorem 7.4. Let H satisfy (A1), (A2), (A3) and either (A7); or (A7)-. Let
¢o € Sy and py € BUC(R"). Assume that ug = ¢o + po and that for any € > 0 and
v € E(Uuno) such that limy_, |y(—t)| = oo there exists an l > 0 for which

lim sup min po(y(—t + s)) < iﬂlélnfpo +e. (7.7)

t—o0 [s|<l

Then, the convergence (1.5) is valid.

Proof. We may assume without loss of generality that infg. py = 0. Since ¢y < ug <
¢o + Supgn po in R™, we have ¢g < 1y < oo < ¢ + Supgn po in R™. In particular, (A6)
holds.

Let v € E(uw) and let {t;} C (0, 00) be an increasing sequence diverging to infinity.
We set y; = y(—t;) for j € N. We note that

Y(s) € DoH(y(s),b(s)) and H(y(s),b(s)) =0 fora.e. s<0

for some measurable function b on (—oo, 0), and in view of (A1) and (A2)" we see
that v is (globally) Lipschitz continuous on (—oo, 0]. Now, by replacing {y;} by a

subsequence if necessary, we may assume that as 7 — oo,

H(-+vy;,) — G in C(R™),
Uso(* + Yj) — Uoo(y) = w, po(- +y;) = q in C(R"),
u(- +yj, ) — uo(y;) = v in C(R" x [0, 00)),
(- —t;) =y(=t;) = n in H(=k, k), k €N,

where H'(a,b) indicates the usual topology of the Sobolev space consisting of functions
f on (a, b) such that fab(f(s)2 + f(s)?)ds < 0.

We consider the case when liminf; . |y;| < co. We may assume by selecting
again a subsequence if needed that lim;_., y; = yo for some yo € R". Then we have
u(- + Yo, *) — Uso(yo) = v in R™ x [0, 00) and hence

U0 (0) := liminf v(0, ) = lim inf(u(0,t) — ux(0)) = 0.

t—o0 t—o00

Next we consider the case when lim, ., |y;| = co. Fix any a < b and take j to be

large enough so that b —t; < 0. Note by the extremality of v that
b
Uoo V(=15 + b)) = uso(V(—1; + a)) = / L(y(=tj 4 s),¥(=t; + ) ds. (7.8)
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Fix any § > 0 and define the function K5 € C'(R?*") by

Kg(l',f) = maX{g P G(:U>p) - 5|p’2}
pER™
Here we note that G satisfies (A1)’, (A2)" and (A3). Setting
F(z,8) = {p € R" | Ks(2,&) + G(z,p) +0lp|” = £ p < 0},

we observe that F'(z,£) C R" is a non-empty, compact, convex subset for any (z,&) €
R?*" and the multi-function F is continuous in R?". By a selection theorem (see e.g.
[1, Theorem 1.8.1]), there is a function f € C'(R*") such that f(z,§) € F(z,¢) for all
(z,€) € R*™. Set g(s) = f(n(s),n(s)) for s € R and observe that
b b
[ 00t + 83t 4 ) ds = [ Fi-t+9)- 9(s) = HO(—t + 5).(5) ds.

Combining this with (7.8) and sending j — oo, we get

b
MWW—wWM»Z/Oﬁ%M@—GW®y®D%
ab b
;/%M@Mw+M@W®2/KM@MW®-

By applying the monotone convergence theorem, we get

b
w(n(®)) — wina@) = [ Klats)i(s) ds,
where K denotes the Lagrangian corresponding to G. From this we infer that

w(n(b)) = w(n(a)) = da(n(b),n(a)) for any a <b.

Hence, 1 is an extremal curve for w. It is not difficult to deduce from (7.7) that for each
€ > 0 there is an [ > 0 such that minjg<; go(n(t +s)) < € for all t € R. In particular,
we have infs<( go(n(s)) = 0.

We set vy = v(+,0) and define the function v, € C(R™) by

vy () = inf{vo(y) + dg(z,y) | y € R"}.
Observe that for any = € R",
vo(2) = lim (o (x +y;) + po(® + 4;) — too(y))
< Jim (oo (@ +95) — oo (17) + po( + 7)) = w(@) + qo(x).

Moreover, noting that 7(0) = 0 and infs,<o ¢o(n(s)) = 0 and using the extremality of 7,
we observe that

vo (0) < mf{w(n(s)) + qo(n(s)) + de(0,9(s)) | s < 0} = w(0) + inf go(n(s)) = 0.

Theorem 7.3 (with the remark next to it) now guarantees that (1.5) holds. O
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The following example indicates another direction to generalize Example 7.1 to

multi-dimensional cases.

Example 7.2. For each i = 1,...,n, let f; € BUC(R"), « = 1,...,n, be such that
infgn f; > 0 or supg. f;i < 0. We set

H(z,p) = max {p? — fi(x)pi} forx € R", p=(p1,...,pn) € R™

1<i<n

Clearly, H(z,0) = 0 for all z € R™ and hence ¢, := 0 is a solution of H(z, Du) =0 in
R™. Moreover, H satisfies (A1), (A2)", (A3), (A6) and (A7)s. Let up € BUC(R") be
such that for any € > 0 and some [ > 0,

minug(z +y) <infug+e  foral x e R". (7.9)
ly[<l R

As usual let u be the solution of the Cauchy problem (1.1) with H and wug defined

above. We claim here that (7.6) holds with ¢ = 0, that is,

u( -, 1) —>iﬂ£1nfu0 in C(R") as t— oc.

To prove this, we check that the hypotheses of Theorem 7.3 are valid. For this
purpose, we may assume without loss of generality that infg» vy = 0. Then, ug > ug >
0 in R™. We also observe from the assumption on f; that, for any ¢ € Sy, ¢(z) is
non-increasing or non-decreasing with respect to the k-th component of x for every
1 < k < n. This and (7.9) imply that u; = 0. Let {y;} C R" be any sequence such
that

u(- +yj,) — v in C(R"x [0, 00)) asj— oo
for some v € BUC(R™ x [0,00)). Set vy := v(+,0) and remark that infg. vo =0 and vy
inherits property (7.9). By taking a subsequence of {y;} if necessary, we may assume

that
filt-+y;)) — g in C(R") asj—oo foreach i=1,....,n

for some g; € BUC(R"), i = 1,...,n. Then, we have infg.g; > 0 or supg.g; < 0
according to the sign of f; for each i =1,...,n. Now, we set

G(z,p) = max {p; — gi(x)p;} forz €R", p=(p1,...,pn) ER".

1<i<n

Then, for any ¢ € S, ¢(z) is non-increasing or non-decreasing with respect to the
k-th component of x for every 1 < k < n. This fact together with property (7.9) for v,
ensures that v, (z) := sup{¢¥(z) | ¥ € S5, ¥ < vy in R*} =0 for all x € R". Hence,
we have v, (0) = 0 and conclude that (1.5) holds.
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An important feature of H in Example 7.2 is the following: the polars of Ky (x) :=
{p € R" | H(x,p) < 0}, defined as Ky(z)* :=={( € R" | {-p<0 forall pe Ky(z)},
and K¢g(z)* of Kg(z) :== {p € R" | G(x,p) < 0}, with x € R", contain a convex cone
K, with non-empty interior and with vertex at the origin. More explicitly, if f; > 0 in
R™ for all j, then Ky (z) U Kg(x) C [0, 00)™ and (—oo, 0" C Ky (x)* N Kg(x)*. That
is, in this case, we can select (—oo, 0]" as Ky. In general, if H(z,0) =0 for all z € R"
and K C R™ is a closed convex cone with vertex at the origin such that K C Ky(z)*

for all x € R™, then we have
dy(x,y) =0 for any z,y € R" such that r —y € K.

Indeed, since 0 € Sy, we have dy(x,y) > 0 for all z,y € R". For the function
v:=dg(-,y), with y € R", we have

U(y—l—tf)—v(y)S/th(s)fdsg() for any £ € K, t >0,

where ¢ € L*>(0, t) is a function satisfying H(y + s&, q(s)) < 0 for a.e. s € (0,1).
Accordingly, we see that dy(x,y) = 0 if x —y € K. Moroeover, we see from this that
if K has a nonempty interior and uy has the the property that for each £ > 0 there is
an [ > 0 such that

inf < inf £
|?1)’1‘1§lu0(x—i-y) infuo +e,

then us(z) = infge ug. Using this observation, we may extend the convergence asser-

tion of Example 7.2 to some extent, but we do not give here the details.
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