EIGENVALUE PROBLEM FOR FULLY NONLINEAR
SECOND-ORDER ELLIPTIC PDE ON BALLS

NORIHISA IKOMA AND HITOSHI ISHII

ABSTRACT. We study the eigenvalue problem for positively homogeneous, of de-
gree one, elliptic ODE on finite intervals and PDE on balls. We establish the
existence and completeness results for principal and higher eigenpairs, i.e., pairs
of an eigenvalue and its corresponding eigenfunction.

1. INTRODUCTION
We consider the eigenvalue problem for fully nonlinear elliptic PDE

(L1) F(D*u, Du,u,z) + pu =0 in §2,
' u=0 on 02,

where {2 is a bounded domain in RY, u : 2 — R and px € R represent the unknown
function (eigenfunction) and constant (eigenvalue), respectively, and F' : SV x RY x
R x 2 — R is a given function, where S denotes the space of real symmetric N x N
matrices.

Recently there has been much interest in eigenvalue problems for fully nonlinear
PDE since the work of P.-L. Lions [14]. See [3, 12, 4, 15, 1, 17] for these developments.
See also [2, 7, 8] for some earlier related works. In this regards, most of work has
been devoted to the questions concerning principal eigenvalues, while recent work
by Esteban-Felmer-Quaas [10](see also [4]) has established the existence of other
eigenvalues beyond the principal eigenvalues and of the corresponding eigenfunctions
in the one-dimensional or the radially symmetric problem. In this paper we extend
the scope of the work of Esteban-Felmer-Quaas [10] to the eigenvalue problem set
in the LY framework.

We thus study (1.1) in the one-dimensional or radially symmetric domains. That
is, in what follows, we are concerned with the case where (2 is an open interval (a, b),
with —0o < a < b < oo, or an open ball By = Br(0) in RY of radius R € (0, oo)
with center at the origin.

We now introduce our basic assumptions (F1)-(F3) on the function F. Given
constants A € (0, co) and A € [\, o], P* denote the Pucci operators defined as
the functions on S¥ given, respectively, by P (M) = PT(M;\, A) = sup{tr AM :
Ae SN, My <A< Aly} and P~(M) = —P*(—M), where Iy denotes the N x N
identity matrix and the relation, X < Y, is the standard order relation between
X,Y € S¥. Note that if N =1 and A = oo, then P*(m) = Am for m < 0 and
P*(m) = oo for m > 0.

(F1) The function F' : S¥ x RY x R x 2 — R is a Carathéodory function, i.e.,

the function x — F(M, p,u, ) is measurable for any (M,p,u) € SV x RVT!

and the function (M, p,u) — F(M,p,u,x) is continuous for a.a. x € (2.
1
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(F2) There exist constants A € (0, 00), A € [\, o], ¢ € [1, oo] and functions
B, v € L1(£2) such that

F(Ml,PhUhI) - F(M2,P2,U2;I) §P+(M1 - M2)
+ B(z)|p1 — pa| + () |ur — us

for all (My, p1,u1), (My, pa, uz) € S¥ x RV*L and a.a. z € §2.
(F3) F(tM,tp,tu,z) = tF(M,p,u,z) forallt >0, all (M,p,u) € S¥ x RV and
a.a. r € §2.

Of course, if A = oo and M; £ M,, then the inequality in condition (F2) is
trivially satisfied.
We make an additional assumption in the multi-dimensional case.

(F4) The function F is radially symmetric in the sense that for any (m, [, ¢, u) € R*
and a.a. r € (0, R), the function

w Fmww+ Iy —w®w), qw, u, rw)

is constant on the unit sphere S~ € RY. Here and henceforth z®x denotes
the matrix in S with the (i, j) entry given by z;z; if z € RV,

We study the eigenvalue problem (1.1) in the Sobolev space W24({2). For any pair
(i, ) € R x W2(£2) which satisfies the PDE in the almost everywhere sense and
the boundary condition of (1.1) in the pointwise sense, we call y and ¢ an eigenvalue
and eigenfunction of (1.1), respectively, provided ¢(z) Z 0. We call such a pair an
eigenpair of (1.1).

We state our main results in this paper.

Theorem 1.1. Let N =1 and 2 = (a, b), and assume that (F1), (F2), with A = oo,
and (F3) hold. Then: (i) for any n € N, there exist eigenpairs (5, o), (1, ,07) €
R x W?4(a,b) of (1.1) and sequences (z;, ;)i—y, (x;,;)7— C |a, D] such that

n?j
a:xq’;o<x:’1 <---<x;n:b, a=2x,0<x,; < ---<x;’n:b,
-1+ - + + .
(=1 pn(x) >0 in (z;; y,2,,) forj=1,...,n,

(=1, (z) >0 in (Trj1:Tn;) forj=1,....n

(ii) The eigenpairs (ut, o) and (u.,, @, ) are complete in the sense that for any
eigenpair (p, o) € R x W24(a,b) of (1.1), there exist n € N and 0 > 0 such that

either (11, ) = (p,t,00,) or (p, @) = (1, , 0, ) holds.

For ¢ € [1,00], let W24(Bg) denote the space of those functions ¢ € W24(Bg)
which are radially symmetric. We may identify any function f in W24(Bg) with
a function g on [0, R] such that f(x) = g¢(|z|) for a.a. o € Bgr and we employ
the standard abuse of notation: f(z) = f(|z|) for z € Bg. We set A\, = A\/A and
¢ = N/(MN +1—)\,)if A <oo. Note that 0 < A\, <1 and ¢, € [1, N).

Theorem 1.2. Let N > 2 and {2 = Bg, and assume that (F1), (F2) with A < oo,
(F3) and (F4) hold. Assume that ¢ > max{N/2, q.} and that 3 € LN(Bg) if ¢ < N.
Then: (i) for each n € N, there exist eigenpairs (7, o), (1, @) € R x W24(Bg)
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of (1.1) and sequences (r, ;)"_o C [0, R] such that

0:r§n<r+yl<---<r;n:R O=ro, <r,, < -<r,,=R,
(=1 len(r) >0 in (ry;_yry) for j=1,....n,

(—1>-7S0n(’l">>0 m (Tnj 15 n]) fOT‘ j:17_“7n’
n(0) > 0> ¢, (0).

(ii) The eigenpairs (ut, o) and (u.,, @) are complete in the sense that for any
eigenpair (11, @) € R x W24(0, R) of (1.1), there exist n € N and 6 > 0 such that
(

either (11, @) = (. 0y) or (1, 0) = (1, , 0¢p;,) is valid.

A comparison of these results with those of [10] might be in order. The results
above treat the same eigenvalue problems as in [10]. The main differences are two
fold: one is our weaker regularity assumptions on F' and the other is in the method
of proof. In the above results the regularity of F' is imposed through (F1) and (F2),
where the functions # and ~ are assumed to be in some L? space. We use here fairly
elementary arguments to prove the existence of the principal eigenvalues and the
higher eigenvalues based, respectively, on the so-called inverse power method and
on the monotonicity on the domains of the eigenvalues.

Another feature of this article is this. Regarding the regularity hypotheses (F1)
and (F2) on F in case N > 2, our requirement on 3 in Theorem 1.2 is only that § €
LY(Br)NLY (Bgr). From the viewpoint of the existence of a solution, this requirement
seems relatively sharp in comparison with the known results [11, 13, 16, 9, 5, 6]. See
also Theorem 7.5 in this connection.

The rest of this article is organized as follows. Section 2 is devoted to the study of
the solvability of the Dirichlet problem for fully nonlinear ODE on a finite interval as
well as some estimates of solutions of fully nonlinear ODE. In Section 3 we establish
the existence of principal eigenpairs of fully nonlinear (homogeneous) ODE, and in
Section 4 we present basic properties of eigenpairs of fully nonlinear ODE. Section
5 is devoted to completing the proof of one of the main results, Theorem 1.1. In
Section 6, we turn the multi-dimensional radially symmetric problem (1.1) into
one-dimensional problem. Section 7 collects several estimates on radial functions
including the W24 estimates of radial solutions of fully nonlinear PDE. Section 8 is
devoted to the proof of Theorem 1.2.

2. SOLVABILITY OF THE DIRICHLET PROBLEM IN ONE DIMENSION

In this section we deal with the one-dimensional case and study the solvability of
the Dirichlet problem

(2.1) Fu" v u,z) =0 in (a, b),
(2.2) u(a) = u(b) =0,
where v/ = du/dz and v” = d?*u/dz?.
We assume throughout this section that (F1) and (F2), with ¢ = 1 and A = oo,
hold. We thus use P*(m) to denote P*(m;\, o) in this section.

In what follows, we use the following notation. For any function u € W1 (a, b),
Flul(z) := F(u"(z),v(z),u(z), ) and P*[u](x) = P*(u"(x)). In particular, we



4 Ikoma and Ishii

have F[0](x) = F(0,0,0,z). A function u € W?!(a,b) is said to be a subsolution
(resp., supersolution) of (2.1) if F[u](z) > 0 (resp., Flu](z) < 0) a.e. in (a,b).
The following lemma is an adaptation of [10, Lemma 2.1]

Lemma 2.1. There is a function gr : R? x (a,b) — R such that for a.a. x €
(a, b) and all (m,p,u) € R® we have m = gr(p,u,z) (resp., m < gr(p,u,x)
orm > gr(p,u,x) ) if and only if F(m,p,u,z) = 0 (resp., F(m,p,u,z) < 0 or
F(m,p,u,x) >0 ). The function gr satisfies

|97 (p1, w1, @) — gr(p2, ug, )| < )\_l(ﬁ(x)km — po| + (@) |ur — us)
for all (py,u1), (p2, uz) € R? and a.a. x € (a,b). Moreover, we have
l9r(0,0,2)| < A7YF(0,0,0,2)| for a.a. x € (a, b).

Proof. Observe by (F1) and (F2) that for a.a. = € (a, b) and any (p,u) € R?, the
function m +— F(m,p,u,z) is continuous on R and, if my,ms € R and m; < ma,
then we have
F(mhpau?x) - F(m%p:u)x) S A(Tnl - m2)7

which implies that the function m +— F(m,p,u, x) is (strictly) increasing on R and
has the range R. Hence, for a.a. x € (a, b) and any (p,u) € R?, there exists a unique
gr = gF(pv U, :E) such that m = gF<pa u, .Z’) (resp., m > gF(p7 U, :E) orm < gF(pa U, .CE))
if and only if F'(m,p,u,x) =0 (resp., F(m,p,u,z) > 0 or F(m,p,u,x) < 0).

Next we check the Lipschitz property of the function gr : R? X (a, b) — R. Let
(p1,u1), (p2,us) € R? and set g; = gr(pi,us, ), with ¢ = 1,2. If g; < go, then, by
(F2), we have

0 :F(glﬂplaulvx) - F(g27p27u27$)
< MNg1 — g2) + B(x)|p1 — pa2| +v(x)|us — ug| for a.a. x € (a, b),

which ensures the required Lipschitz property of gr. Moreover, for a.a. x € (a, b),
we get similarly to the above,

F(0,0,0,2) < —Agr(0,0,2) if gg(0,0,2) >0,
and
—F(0,0,0,2) < Agp(0,0,2) otherwise,
and we have |gr(0,0,z)] < A7 F(0,0,0,2)| for a.a. x € (a, b). O

Let gr be the function from Lemma 2.1. It is clear that (2.1) is equivalent to the
ordinary differential equation (ODE for short) of the normal form

(2.3) u'(z) = gr(u'(x),u(z),z) in (a,b).

Together with this observation and Lemma 2.1, the standard theory of ODE guar-
antees the existence of a solution to the Cauchy problem for (2.1) as stated in the
following.

Theorem 2.2. Let aj,as € R and ¢ € [a, b]. Assume that the function F|0] €
L'(a, b). Then there exists a unique solution u € W2 (a,b) of (2.1) satisfying
u(c) = a1 and u'(c) = ay.
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We remark that the mapping (ay,as) +— u from R? to C([a, b]) is continuous,
where u is the solution of (2.1) given by the above theorem. We omit here giving
the proof of the above theorem and this remark on the continuous dependence of
the solution of (2.1).

In what follows, given a function f on [a, b], we denote by f; and f_ the functions
x +— max{ f(z), 0} and x — max{—f(z), 0}, respectively.

Lemma 2.3. Let c € [a, b], f € L'(a,b) and u € W' (a,b). Assume that
M (z) + plx) | (z)] + f(z) >0 a.a. x € (a,b).

Then we have

()-ta) <)y ([ 30 ar)

/ i )exp</ “13()d )dr forall z € [c, b,

v
() (2) < ()4 () exp ( )

/)\ f+(7")exp(/ “13(¢)d )dr for all z € [a, d],

and, if u(a) <0 and u(b) <0,

(2.6) f[%&g(u < (b—a)exp (H)\ lﬂuLl(ab) A~ 1f+HL1 a,b)-

(2.4)

To see the role of the above lemma in the context of (2.1), it is worth noting
that, if f(z) > 0, the inequality A" (z) + (z)|v/(z)| + f(x) > 0 is equivalent to the
inequality P*[u](x) + B|u/(x)| + f(xz) >0

The assertion (2.6) can be regarded as a weak version of the Aleksandrov-Bakelman-
Pucci maximum principle.

In the following arguments, we use the fact that if f is absolutely continuous on
la, b], then f, and f_ are absolutely continuous on [a, b] and, for a.a. x € (a, b),

(f)(2) = F(@) and (f)(2)=0 i f(a) >0
(f)(2) =0 and (f)(x) = —f'(a) it f(z) <0,
(f+)(2) = (f-)(x) = 0 if /() =0

Proof. We write 3 and f for A\~ 15 and A\7Lf, respectlvely Setting v = (u')_ and
w = (u'), we observe that v/ < fv+ f, and w' > —fw— f, a.e. in (a, b). Hence,
(2.4) and (2.5) are consequences of Gronwall’s inequality.
For the proof of (2.6), we may assume that maxj, ;u > 0. We may moreover
assume by replacing the interval [a, b] by a smaller interval that u(z) > 0 for all
€ (a, b). We choose a point ¢ in (a, b) so that u(c) = maxy, s u, and apply (2.5),
to obtain

max(u); < exp ([1800) 1fellriao
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and moreover
u(c) <u(c) —u(a) = /C o' (r)dr < /C(u')+(7“) dr

< —ayexp (IBllan) 1l
which completes the proof. 0
Let u,v € W%1(a, b), and observe that for a.a. x € (a, b),
(2.7) Flu)(z) = Flo)(z) < P u—v](z) + B(z)(z) — o'(2)] + v(z)|u(z) — v(z)].
Henceforth we fix any x > 0, and define the function F,, on R?® X (a, b) by
F.(m,p,u,x) = F(m,p,u,z) — Ku.
As above, for any u,v € W?!(a, b) and a.a. x € (a, b), we have

Filul(z) = Filv)(x) < PTu—v)(z) + Bz) ' (z) — ' ()]

28) + (0(&) — W) (ula) — v(@) i u(z) > o(a).
We set
29) o=0w= (- e O lmen) 1N 0= )+ s

and note that lim,_ .., 0. = 0.
The following comparison principle holds for (2.1).

Theorem 2.4. Let f,g € L'(a,b) and u,v € W*'(a,b). Assume that o, < 1,
u(z) <wv(x) for z =a,b, and

F.v](z) + g(x) < Fylul(x) + f(x)  for a.a. z € (a,b).
Then

b—a
max(u —v) < —exp (||27! (g N — Lab)-
na: ( ) < =0y P (N Bz @m) INH = )+l eran)

Proof. Set w = u—wv. Asin the proof of Lemma 2.3, we may assume that max, 5 w >
0 and w(z) > 0 in (a, b). By (2.8), we get for a.a. x € (a, b),

P [w)(z) + B@)|w'(z)] + (v(z) — k)1w(z) + (f — g)+(z) = 0.
Applying Lemma 2.3 yields

maxw < (0= a)exp ([l ) I (0 = m)cw +(F = 9)) s,

where 3 = A\!/3. Hence, we get

maxw < o maxw + (b= a)exp (|8 ) IV (F = 9+l

from which we easily obtain the desired bound on maxj, 5 w. ]

A simple consequence of the above theorem is the following.

Corollary 2.5. Let u € W*(a,b) and v € W1 (a, b) be, respectively, a subsolution
and a supersolution of (2.1), with F' replaced by F,,.. Assume o, < 1. If u(x) < v(x)
for x = a,b, then u(x) < v(x) for all x € |a,b.

Next, we state and prove a strong comparison principle for (2.1).
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Theorem 2.6. Let u,v € W2 (a,b) satisfy
Fvl(x) < Flul(z)  for a.a. x € (a,b)

and u(z) < v(x) in [a,b]. Then either u(z) = v(z) or u(x) < v(x) holds in (a,b).
Furthermore if u(x) < v(zx) in (a,b), then

max{(v —u)(a), (v —u)'(a)} >0 and max{(v—u)(b),—(v—u)'(b)} > 0.
Proof. Set w = v — u and observe that
P~ w] = Blw'| —yw < 0 ae. in (a, b).

It is enough to show that if either max{w(a), w'(a)} < 0, or max{w(b), —w'(b)} <0,
or w(c) = 0 for some ¢ € (a, b), then w(z) = 0 in [a, b]. Moreover, it is enough to
show that if either max{w(a), w'(a)} < 0 or max{w(b), —w'(b)} < 0, then w(z) =0
in [a, b]. Indeed, observing that if w(c) = 0 for some ¢ € (a, b), then w(c) = w'(c) =
0 and applying the above assertion in the intervals [a, ¢] and [c, b], we deduce that
w(z) = 0 in both of two intervals [a, ] and [e, b].

We consider the case where w(a) < 0 and w’(a) < 0. Since w > 0 in [a, b, we
have indeed w(a) = w'(a) = 0. Since z := —w satisfies P*[z] + B|2'| + yw > 0 a.e.
in [a, b], we deduce from Lemma 2.3 that for all r € [a, b],

W)) < exp (IBlloen) [ SOUE®

where 3 = A" and 4 = A~'v. Integrating this over la, x|, we get for x € [a, b],

w(z) < exp (18]l /d/

<(b-a)es» (IBlloan) [ A0

From this, using Gronwall’s inequality, we see that w(z) = 0 in [a, b].
An argument parallel to the above ensures that if max{w(b), —w'(b)} = 0, then
w(z) = 0in [a, b]. O

Theorem 2.7. Let k € [0, 00). Assume that F[0] € L'(a, b) and o, < 1, where o,
is the constant defined by (2.9). Then there is a unique solution u € W1 (a,b) of the
Dirichlet problem (2.1) and (2.2), with F, in place of F. Moreover, if 3, ~, F[0] €
Li(a, b) for some q € (1, co], then u € W>4(a, b).

Proof. The uniqueness assertion is a direct consequence of Corollary 2.5. It is thus
enough to show the existence of a solultion in W?!(a, b) of (2.1) and (2.2), with F}
in place of F'.

For any d € R, we denote by u(x;a,d) the unique solution in W?!(a, b) of the
Cauchy problem for (2.1), with F, in place of F, satisfying the initial condition
(u(a;a,d), v'(a;a,d)) = (0, d), where u'(x;a,d) := Ou(x;a,d)/0x. As we have
remarked after Theorem 2.2, we know that the function d — u(b;a,d) is contiuous
from R to R.

Let dy, d2 € R be such that d; > dy. Set w(z) = u(z;a,d;) — u(x;a,dy) for
z € [a, b]. Since w € C''([a, b]) and w'(a) = dy — dy > 0, there is a point ¢ € (a, b
such that w'(x) > 0 for all (a, c|.
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Fix such a point ¢ € (a, b]. Noting that w'(x) > 0 and w(z) > 0 for all z € (a, |
and Ptw]+ flw'| + (y — k);w > 0 a.e. in (a, ¢), we find by Lemma 2.3 that for all
x € [a,c],

210 di-d= @) < o () +ute) [ A 00 -0,

where B := [|A7' 0] 11(ap)-

We show that w'(z) > 0 for all « € [a, b]. Indeed, if this is not the case, there is a
point e € (a, b] such that w'(e) = 0 and w'(z) > 0 for all z € [a, €). Using Lemma
2.3 again, we get for all = € [a, €],

2.11)  w'(2) < Bwl(e) / A () — k)4 dt = Pw(E@)|A(y = )4l )

Integrating (2.11) over (a, e), we get w(e) < o,w(e), which yields w(e) < 0. This is
a contradiction, and we conclude that w'(z) > 0 for all z € [a, b], which shows that
(2.10) holds with ¢ = b. Integrating (2.10) over (a, b), we get

(b—a)(dy — d2) < ePw(b)(1+ (b — )N = K)1ll1an)-
That is,
A (b—a)(d, —dy) .
B (14 (b—a)|A 1y = K) 4 lloi(an)

We see from this that the function d — wu(b;a,d) — dd is increasing on R for some
positive constant d. This monotonicity and the continuity of the function d —
u(b; a,d) guarantees that there is a unique d, € R such that w(b;a,d,) = 0. The
function u(x; a,d,) of x is a solution of (2.1) and (2.2), with F} in place of F.

Now, we assume that 3, v, F'[0] € L(a, b) for some ¢q € (1, oo]. Observe by (F2)
that both ¢ = v and ¢ = —u satisfy

A" (@) + B(@)|¢' (2)] + (v(2) + K)|e(@)| + [F[0](x)] = 0 for a.a. x € (a, b).
Hence,
" ()] < A7 (B(a) ' ()] + (v(2) + &) |u(z)| + | F[0] ()]

)
Noting that u € C'([a, b]), we conclude that v’ € L%(a, b) and, accordingly, u €
W24(a, b). O

u(b;a,dy) —u(b;a,ds) >

for a.a. x € (a, b).

Remark 2.8. The same assertion as Theorem 2.7 concerning the existence, uniqueness
and regularity of solutions u € W*!(a,b) of the Dirichlet problem for (2.1) is valid
under the general boundary condition u(a) = dy and u(b) = dy, where dy,dy € R
are any given constants. Indeed, one can prove this assertion in the same fashion as
in the proof above.

3. PRINCIPAL EIGENVALUES IN ONE DIMENSION

In this section we are devoted to the existence of principal eigenpairs of (1.1) in
one dimension under hypotheses (F1)-(F3).

Throughout this section we assume that N = 1, 2 = (a, b), where —0co < a <
b < 00, and (F1), (F2) with A = oo and (F3) hold. We remark that, by assumption
(F3), we have F[0] = 0.



Eigenvalue problem for fully nonlinear PDE 9

We fix a constant x > 0 so that
(3.1) o0 =04:=(b—a)exp (H)‘ilﬁ”Ll(a,b)) H)\fl(’Y - K)+|’L1(a,b) <1,

and, as before, set Fy(m,p,u,x) := F(m,p,u,x) — ku. We consider the eigenvalue
problem

(3.2)

F.(u" v u,2) + vu =0 1in (a, b),
u(a) = u(b) = 0.

We prove here the following proposition, which is obviously a special case (i.e.,
the case n = 1) of Theorem 1.1.

Theorem 3.1. There exist eigenpairs (v, "), (v, p7) € R x W4(a,b) of (3.2)
such that ot (z) > 0 and ¢~ (z) < 0 in (a,b).

The constants v and v~ in the above theorem are called, respectively, the positive
and negative principal eigenvalues of (3.2). The functions ¢t and ¢~ are called,
resepctively, positive and negative principal eigenfunctions of (3.2). Similarly, the
pairs (vt ") and (v, ) are called, respectively, positve and negative principal
eigenpairs of (3.2).

Let f € La,b), and we consider the Dirichlet problem

" !/ / :
(3.3) {Fﬁ(u Juu' )+ f=0 in (a,b),
u(a) = u(b) = 0.
Set F(m,p,u,z) = F.(m,p,u,x)— f(x). Then it is easily seen that F satisfies (F1),
(F2) and F[0] € L%(a,b). Hence, according to Theorem 2.7, there is a unique solution
u € W%9(a,b) of (3.3). We introduce the solution mapping 7" : Li(a,b) — W?(a,b)
by Tf = u.
Basic properties of the map 7" are stated in the following lemma.

Lemma 3.2. (i) The map T is positively homogeneous of degree one, i.e., T(sf) =
sTf for all s > 0 and f € L%a,b). (ii) If f € Li(a,b) and f(z) > 0 for a.a.
x € (a,b), then (T'f)(x) > 0 in [a,b]. Furthermore, if f # 0, then (T'f)(z) > 0 in
(a,b), (T'f)(a) > 0 and (Tf)'(b) < 0. (iii) There is a constant C' > 0, depending
only on b —a, k, A, ||B|lra@p) and ||V Laap), such that

(3.4) \Tf —Tgllw2a@p < Clf = 9llre@p for all f,g € L(a, b).

Proof. Let f € Li(a, b). By assumption (F3), we see that sT'f, with s > 0, is a
solution of (3.3) with f replaced by sf, which tells us that sT'f = T'(sf), proving
the homogeneity of T'.

Suppose that f is a nonnegative function. We observe by (F3) that v = 0 is a
subsolution of Fy[v] + f = 0in (a,b). Theorem 2.4 tells us that T'f(x) > 0 in [a, b].
In the case where f(z) # 0, we have (T'f)(z) # 0. Hence, we find by Theorem 2.6
(or the uniqueness assertion of Theorem 2.2) that u(z) > 0 in (a,b), v/(a) > 0 and
u'(b) < 0.

Let f,g € L9(a, b) and set u =T f — Tg. By Theorem 2.4 we have

_ _oelop
(b (b—a) ae A~

a)eB
lull e @y < ———1IA =Dl < T (f = DllLaga,v),

1
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where B = A8 12(ap)- Both of the functions ¢ = u and ¢ = —u satisfy
(3.5) A"+ Bl |+ (v +K)|e| +|f —g]| =0 ae. in (a, b).
Hence, noting that u/(c) = 0 for some ¢ € (a, b) and applying (2.4) and (2.5) of
Lemma 2.3, we get
1/ | @y < €7 LA (v + )2 ull Loy + 1A (F = D)l }-

Finally, we observe by (3.5) that

1wl zay < A7 (18N s 6 ey + 1y + Ell ooy 1l ey + 11 = gllzagan) »
proving (3.4). O

Next we define
X ={fe 0 a,b]): f(a)= f(b) =0, f'(a) >0, f(b) <0, f(x)>0in (a,b)},

and observe by Lemma 3.2 that T'f € X if f € X. We introduce the mapping R
from X to the functions on [a, b] as follows:

Tf(x)

if x € (a,b),
o —{
Tx)x if 2 = a,b.
It follows from the homogeneity of 7' that for each ¢ > 0 and f € X,
(3.6) R(tf)(z) = Rf(x) for all x € [a,b].
Lemma 3.3. (i) For any f € X, we have Rf € C([a,b]) and
Tf(x) Tf(x)

0 < min R inf < max R = su
z€la.b] flo) = ze(ad) f(r) T aefab] /@) me(apb) f(z)
(ii) The map R : X — C([a,b]) is continuous, provided that X is equipped with the
CY([a, b)) topology.

Proof. Since f,Tf € X, I'Hopital’s rule tells us that Rf is continuous at a and b,
and thus Rf € C([a, b]). It is then clear that the other assertions of (i) hold.

Next we prove the continuity of R. Let ¢ denote the function on (a, b) given by
(z) = (x —a)~'(b— ). Note that 0 < inf,—,—p¥(x)f(z) < oo for any f € X.
Note also that for any function f € C’l([a b)) satisfying f(a) = f(b) =0,

/ ()] dt < )||f||Loo<ab> for a<x<(a+b/2),

< o0

() f(
/|f ‘dt< )HfHLooab) for (a+0)/2 <z <b.

Using these observations, we compute that for any f,g € X and x € (a, b),
g(x)(T f(x) — Tg(x)) + (9(x) — f(x))Tg(x)|
Rf(x) — Rg(x)| =
i) = At 7o)
o 19 e=@o) (7] = Tg)'l=@p) + I(f = 9)'llr=@p|(T9) [ 2= (ap)
(b — a)?infap) 92 fg
From this we see that R : X — C([a, b]) is continuous. O
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Lemma 3.4. Let f € X andw=Tf. Then

min Rf < min Ru < max Ru < max Rf.
[a,b] [a,b] [a,b] [a,b]

Moreover, if minyg y Rf = ming,p) Ru, then

Tu(x) = (r[nibrll Rf)u(z) for every x € [a,b].

Proof. Set v = Tw and § = minpy Rf. Since 0f(x) < u(x) for all z € [a,b], the
function v is a supersolution of (3.3), with f replaced by 6f. By the homogeneity
of F, the function fu is a solution of (3.3), with f replaced by 6f. By Theorem
2.4, we get fu < v in [a, b], which yields ming s Rf = 6 < ming, s Ru. In a similar
fashion one can prove that max, Ru < max,, Rf.

Now, we assume that miny, Rf = ming,p Ru. Setting 6 = minj,; Rf, we note
that 0f < w in [a,b] and FiJv] = —u < —0f = F.[0u] a.e. in (a,b). By
Theorem 2.6, we have either fu(x) = v(z) in [a,b], or else Qu(x) < v(z) in (a,b),
V'(a) > 0u'(a) > 0 and v'(b) < Ou'(b) < 0. If the latter is the case, then we have
6 < min,y Ru, which is a contradiction. Thus we must have fu = v in [a, b]. [

Proof of Theorem 3.1. Fix fy € X so that || fo|lc(as) = 1, and define the sequences
(ug)ken, (fr)ken € X and (My)gen by setting inductively wy = T fy_1, My =
max(p Uy and fi(z) = uy(x)/My for k € N. Then set 6, := minj,y Ruj, and
O 1= max,p Rug. From (3.6) and Lemma 3.4, we obtain 0, < 0,41 < 0541 < Oy
Hence, the sequence (0y)ren is convergent. We set 6 := limy_., 0.

Since || fillc(ap) = 1, the sequence (uy) is bounded in W*9(a, b) thanks to (3.4).
Hence, by the Ascoli-Arzela theorem, (uy) has a subsequence (uy,;) converging to a
nonnegative function u in C*([a,b]). Since Rfi(x) = Rug(x) = upr1(x)/ fr(x) for all
x € (a,b), we have

(3.7) O fr(2) < uppr(z) < Opfir(x) for all x € [a,b].

Since || frllc(ap) = 1, we therefore get 6, < maxp upy1 = My < Oy, Noting
that fi (r) = M,;_lukj(x), we see that, as j — oo, fr, — f = (maxpy u)_lu
in C'([a,b]). By Lemma 3.2, we see that the sequence (T'fy,) converges to T'f in

C'([a,b]), which reads that (uy,41) converges to T'f in C'([a,b]). Setting v := T'f,
by Lemma 3.3, we thus obtain

(3.8) I[Ialllﬁl Rv = jllrgo I{I;lbr]l Rup, 41 = JILI’EO O, 41 = 0.

Since RT'ug; 11 = RT fi;11 = Ruy, 2, we obtain as above

(3.9) min RTv = lim min Ruy, o = 0.

[a,b] Jj—oo [a,b]
Consequently, by Lemma 3.4, we get Tv(x) = v(z) in [a, b], which implies that v
is a solution of (3.2) with v = #~!. The pair (v, ") = (671, v) is an eigenpair of
(3.2) satisfying ¢t (x) > 0 for all = € (a, b).

Note that the function G(m,p,u,z) := —F(—m, —p, —u,x) satisfies (F1)—(F3),
with the same constants A, A = oo and functions 3, v. If we define the function G
by the formula G, (m,p,u,z) = G(m,p,u,z) — Ku, then we have G,(m,p,u,x) =
—F.(—m, —p, —u,z). Observe also that u € W?4(a, b) satisfies F,;[u] +vu = 0 a.e.
in (a, b) if and only if v := —u satisfies G.[v] + vv = 0 a.e. in (a, b). We apply
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the previous observation on the existence of an eigenpair of (3.2) to the eigenvalue
problem (3.2), with G, in place of F}, to find an eigenpair (v~, 1) of (3.2), with G,
in place of F,;, such that ¢~ (z) > 0 for all z € (a, b). If we put ¢~ (z) = —¢~ (),
then (u~,¢7) is an eigenpair of (3.2) such that ¢~ (z) <0 for all z € (a, b). O

Remark 3.5. The above proof is based on the so-called inverse power method.
Indeed, combining the above proof with the uniqueness result of the principal
eigenpairs, Theorem 4.1, we see easily that the sequences (6) and (©) converge

to the constant 6 and (fi) converges to the function f in C(f2). Moreover, it
is not hard to see that the positive principal eigenvalue is given by the formula

Min e x SUP,eq,p) f () /T (2)-
4. BASIC PROPERTIES OF PRINCIPAL EIGENPAIRS IN ONE DIMENSION

In this section we study basic properties, like uniqueness and dependence on
intervals {2, of principal eigenpairs of (1.1) in one dimension.

As in the previous section, we assume throughout this section that N =1, 2 =
(a, b) for some —o0 < a < b < 00, and (F1)—(F3) hold with A = co.

Let (u",¢") and (u,¢~) denote eigenpairs of (1.1) such that ¢*(z) > 0 and
¢ (x) <0 for all z € (a, b). The existence of such eigenpairs has been established
in Theorem 3.1.

Theorem 4.1. If (u,p) € Rx W24(a,b) is an eigenpair of (1.1) such that p(x) >0
(resp., p(x) < 0) for all x € (a, b), then there exists a constant 0 > 0 such that

(s 0) = (uF,00%) (resp. (p, ) = (0™, 007) ).
The above theorem says that the principal eigenvalues p* and g~ are unique and
“half simple”.

Proof. Let (1, ) € R x W?4(a,b) be an eigenpair of (1.1) such that either ¢ > 0 or
¢ < 0in (a, b). The assertion with a nonpositive ¢ can be reduced to that of with
a nonnegative ¢ by replacing the functions ¢~, ¢ and F' by the functions —¢p~, —¢
and —F(—m, —p, —u, ), respectively. We may thus assume that ¢ > 0 in (a, b).

Using Theorem 2.6, we compare the functions ¢+ and ¢ with the constant function
zero, to find that ¢ (x) > 0 and ¢(z) > 0 in (a, b), (¢*)(a) > 0, ¢'(a) > 0,
(™) (b) <0 and ¢'(b) < 0.

To prove that ut = p, we suppose that u* # pu, and obtain a contradiction. By
symmetry, we may assume that u* < p. Now, if we set § = inf, ) ¢/¢™, then
0 <6 <ooandp>0ptin [a, b]. Observe that

Flol +ptp <0=F[0p] + pu"(0p) ae. in (a,b).

In particular, we have p(z) # 6¢™(x) in [a, b]. Applying Theorem 2.6 again, we see
that ¢(z) > 0™ (x) for all € (a, b), ¢'(a) > 0(p™") (a) and ¢'(b) < 8(p™*)'(b). But
this tells us that 6 < inf(, ;) ¢ /@™, which contradicts the definition of 6.

Having shown that u™ = u, if we suppose that ¢ # 6ot and repeat the same
argument as above, then we get a contradiction, which guarantees that ¢ = ™. [

For any nonempty subinterval [s,¢] C [a,b], we denote by u*(s,t) and = (s,t),
respectively, the positive and negative principal eigenvalues of the eigenvalue prob-
lem (1.1), with £2 = (s, t). Such positive and negative principal eigenvalues p* (s, t),
p(s,t) exist and are unique due to Theorems 3.1 and 4.1.
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Theorem 4.2. (i) Let [s1, t1] and [sq, t3] be nonempty subintervals of [a, b] such that
[s2, ta] & [s1,t1]. Then p*(s1,t1) < p(se,t2) and p=(s1,t1) < p=(s2,t2). (ii) The
functions ut(s,t) and p=(s,t) are continuous in {(s,t) € R? : a < s <t < b}. (iii)
The functions u*(s,t) and p=(s,t) diverge to infinity uniformly as t — s — 0, that
is,

(4.1) Elir&inf{u*(s,t), po(st) ta<s<t<b t—s<e}=o0.

Proof. As before, we only prove the assertion for pu* (s, ).

We first prove the assertion (i). Let [s1, t1] and [s2, t2] be two intervals such
that [a, ] D [s1, t1] 2 [s2, ta] # 0. Set uy = p*(s1,t1) and py = p'*(sy,t2).
Let ¢ € W24(sy,t1) and ¢y € W?9(sy, 1) be eigenfunctions corresponding to i
and po, respectively, such that p;(z) > 0 for = € (s;, t;) and i = 1,2. Setting
6 = inf(,, 1) p1/p2, We observe that ¢ > Oy, in [s9, to]. Observe also by the
definition of # that if we set u(x) := @1(x) — Opa(z) for = € [sq, t5], then we have
either u(xg) = 0 for some zy € (sg, ta), or u'(sy) = 0, or ¥/(t2) = 0. Suppose by
contradiction that pus < py. Then we have Flpi| 4+ popr < 0 = F[0ps] + pabps ace.
in (s2, t2). By Theorem 2.6, we deduce that ¢1(z) = 0pa(x) in (sg, t2), but this
is impossible since we have either ;(s2) > @a(s2) = 0 or 1(t2) > p(ta) = 0. We
therefore conclude that pu'(sg,t2) > pt(s1,t1).

Next we turn to (ii). Consider two sequences ($;)jen, (tj)jen C [a,b] such that
s; < tj and sp = lim; . 5; < to := lim; o t;. For each j € N, let (p;,¢;) be an
eigenpair associated with the interval (s;, ;) satisfying ¢; > 0 in (s;, t;). Moreover,
we may suppose that max, ;1¢; = 1. Let g € W24(sg,t0) be the eigenfunction
associated with the interval (sg,%p) and the eigenvalue g := u*(sg,%p) such that
@o(x) > 0 for all x € (s0,0) and maxis, ¢ wo = 1.

We intend to show that the eigenpairs (p;, ¢;) converge to the eigenpair (i, o)
in the sense that, as j — oo, maxy, |¢; — @o| + |[1; — po| — 0, where

I; := [so, to] N [s, t;] = [max{so, s;}, min{ty,¢;}].

To this end, we argue by contradiction and assume that this is not the case. We
may choose a subsequence of (115, ¢;);jen so that the infimum over the subsequence
of the quantities max;, [p; — @o| + [; — pio| is positive. For notational simplicity, we
denote this subsequence by the same symbol.

Fix constants ( and 7 so that sg < ( < n < t;. We may assume by focusing
our attention to sufficiently large j that s; < ( < n < t;. In particular, we have
(¢, n] C [s4, t;] C [a, b] and pt((,n) > p; > pt(a,b), which shows that the sequence
(pj) is bounded. We may therefore assume by passing again to a subsequence if
necessary that (j;) converges to a constant p.

We fix k > 0 as in Section 3 so that (3.1) holds. If we define F,, as in Section 3,
then we have F.[p;] + (k + pj)p; = 0 a.e. in (s;, t;). According to (iii) of Lemma
3.2, there is a constant Cy > 0, independent of j, such that

lpillw2a(s,.a) < Cols+ DIl Loty = Coli + 1™ (@, 0)] + [ (¢, m))-

Using the Ascoli-Arzela theorem, we may assume that (y;) converges to a nonneg-
ative function ¢ € C'([so,to]) in the sense that max;, [p; — @] — 0 as j — oo.
Moreover, it is easily seen that maxis, ;) © = 1.
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Now, in view of Theorem 2.7, let 1) € W?24(sq, 1) be the solution of the Dirichlet
problem F,[¢)] + (k + u)p = 0 a.e. in (so, to) and ¥(sg) = ¥(to) = 0. Set d; =
maxpr; ¢ and e; = maxpy, ;. Note here that OI; consists of exactly two points
max{sg,s;} and min{ty,¢;}. for j € N. Observe that for each j, the function
u(r) == 1(z) — dj satisfies u|y;; < 0 and

0 =FuY] + (5 + p)e = Filu+ dj] + (5 + )¢
<F.ul+djv+ (k+p)p  ae in ;.

Apply Theorem 2.4 to the functions u and ¢;, to find a constant C; > 0, independent
of j, such that

max(Y) — ;) < dj + Cil|djy + ke = @j| + e = 1595l Lay)-
J
Similarly, we obtain
max(p; — ) < ¢; + Cille;y + sl — @5l + e — 1ipsllacy)-
J

These inequalities show in the limit as j — oo that ¢» = ¢ in [sg, to]. Thus, the
pair (u, ) is an eigenpair of (1.1), ¢ > 0 in [sp, to] and max(, )¢ = 1. Theorem
4.1 ensures that (i, ) = (po, o). This is a contradiction, which proves that the
eigenpairs (1, ¢;) converge to the eigenpair (po, o) in the sense that, as j — oo,
maxy, |¢; — @o| + [#; — po| — 0. In particular, we see that p; — o as j — oo,
proving the continuity of (s,t) — u*(s,t).

Finally we prove the assertion (iii). Let (u,¢) be an eigenpair of (1.1) with
2 = (s,t), where a < s < t < b, satisfying p(z) > 0 in (s, t). Applying Theorem
2.4 yields

max p < (t = 5)Ca(k + p)+ max g,
st s,t

where C5 is a positive constant independent of s, ¢, u and . Hence, we have
1 < Cy(k + p)4(t — s), which shows that

li%lJrinf{,tﬁ(s,t) ra<s<t<b t—s<e}=o0. O
E—>

5. GENERAL EIGENVALUES IN ONE DIMENSION

In this section, we complete the proof of Theorem 1.1. We thus establish the
existence of general eigenpairs of (1.1) and their uniqueness and “half simplicity” in
one dimension under hypotheses (F1)-(F3).

Throughout this section we assume as in the previous section that N =1, 2 =
(a, b) for some —oco < a < b < oo, and (F1)—(F3) hold with A = co.

We begin with two lemmas. Let u*(s,t) and p=(s,t) denote, respectively, the
positive and negative principal eigenvalues of (1.1) with 2 = (s,t), where a < s <
t < b. (See Theorem 4.2 for the uniqueness of the positive and negative principal
eigenvalues.)

Lemma 5.1. Let (u,v) = (=, u") or (u,v) = (ut,u). Let h: (a,b) — (a,b) be
a nondecreasing continuous function such that h(s) < s in (a,b). Then there ezists
a unique function 7 : (a,b] — (a,b) such that T(t) <t and p(a, h(7(t))) = v(7(t),1)
for each t € (a,b]. Moreover, the function T is continuous and (strictly) increasing
in (a,b].
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Proof. According to Theorem 4.2, the functions p(s,t) and v(s,t) are continuous
on {(s,t) : a < s <t < b}, increasing as functions of s in (a, t) and decreasing
as functions of ¢ in (s, b). We define the continuous function g on {(s,t) € R? :
a<s<t<b}byg(s,t)=pula,h(s)) —rv(s,t). Observe that the function g(s,t) is
decreasing as a function of s in (a,t) and increasing as a function of ¢ in (s, b).

Using Theorem 4.2, we deduce that

slir(gg(s,t) =oo and slirtn g(s,t) = —oc.

It is now obvious that for each ¢ € (a, b] there exists a unique 7(t) € (a,t) such that
g(7(t),t) = 0. It is easily seen by the monotonicity of g(s,?) in s and in ¢ that the
function 7 : (a, b] — (a, b) is increasing.

Finally, to check the continuity of 7, we fix a sequence (tx)ren C (a, b] converging
to a point ¢y € (a, b] and prove that limy_,. 7(tx) = 7(tp). We may assume that ¢; >
¢ for all k and some ¢ € (a, b). By the monotonicity of 7, we have b > 7(b) > 7(t;) >

7(c) > a for all k. If we set sT := limsup,_, ., 7(tx) and s~ := liminf;_, 7(¢;), then
a < s < st < ty, by Theorem 4.2 (iii), and g(s*,ty) = g(s ,to) = 0 by the
continuity of g. Hence, we must have limy_ 7(tx) = 7(%o). O

Lemma 5.2. Let n € N and (v;)7_, (y;)7—o C [a,b] be increasing sequences such
that [xo, x| C [Yo,Yn]. Then there exists an index j € {1,...,n} such that [z;_1,x;] C
[yj—1,y;] and moreover, if [xo, xn| # [Yo, Y], then [z;_1,z;] # [yj—1,Y;].

Proof. 1f [xo, ,] = [yo,Yn], then our claim follows from the observation that either
of the inclusions [zg, 1] C [yo, y1] or [yo, y1] C [z0, z1] holds.

We consider the case [zo, z,] C [yo,Yn]- If yo < x0, then we set k := max{j : 0 <
Jj <n-—1, y; < z;} and observe that [zy, xx+1] € [k, Yr+1]. Otherwise, we have
Ty < Yp. fweset £:=min{j:1<j<n, ; <y,}, then [zo_1,2¢] T [ye—1,vy¢]. O

Henceforth we use this notation. We denote by s; the symbols +, if j is odd, and
— if j is even. For instance, ¢°2 = ¢~, 1™ = 9" and so on.

Proof of Theorem 1.1. We here prove the assertion for (u}, @) since this assertion
is easily converted to that for (i, ¢, ) by replacing the function F'(m,p,u,x) by
—F(—=m,—p, —u,x).

We treat the existence assertion (i). The assertion in the case where n = 1 has
already been shown in Theorem 3.1. We are thus concerned with the case where
n > 2.

We show by induction that for any n € N, there exists a sequence (7,;)7_; of
functions on (a,b] such that

(5.1) a<Tpi(t) <xpa(t) <...<zpn(t)=t foreveryte (a,b],
(5.2) T j(t) is a (strictly) increasing continuous function on (a,b]| for all j.
(5.3) P (205-1(t), @ (1)) = ™ (a,xp1(t)) for all t € (a,b] and j > 2.

In the case where n = 1, the sequence (z7;), with the single term given by
x11(t) = t, trivially satisfies (5.1)—(5.3).

Now, suppose that we are given a sequence (r,;)j_, satisfying (5.1)-(5.3) for

some n € N. We apply Lemma 5.1, to find an increasing continuous function 7
on (a,b] such that 7(t) < ¢t and p* (a, z,1(7(t))) = p+(7(t),t) for all t € (a,b].



16 Tkoma and Ishii

From (5.3), we get (% (zy,,-1(7(t)), s ;(7(t))) = ,u (a zn1(7(t))) for all t € (a,b]
and j = 2,...,n. We define the sequence (z,1 ]) ! by settlng Tpy1j = TpjoT if
1<j<n and Tpt1n41(t) = t. It is clear that (iUn+1])J 1 satisfies (5.1)—(5.3) with
n + 1 in place of n. This completes our induction argument.

Next, fix n > 2 and set 25 = a, 2} = xnj(b) for j =1,...,n, and u} = p* (a, z7).
It follows from (5.3) that p%(x} |, 2;) =t for j = 1,...,n. We choose functions
onj € WH(zT Ti1s x}), with j = 1,...,n, so that if j is odd (resp., even), then the
function gonj is a positive (resp., negative) principal eigenfunction corresponding

+ + o+

to pt(z}_y,27) (resp., p~(z]_;,2)). From Theorem 2.6, we see that for all j =

1,....,n—1,
(—1)7 gon]( —0)>0 and (—1)jg0;w-+1(x;-F +0) > 0.
Hence we can choose a sequence (0;)7_, of positive numbers so that ¢, = 1 and
0i0n (7 —0) =010, ;1 (] +0) forall j=1,...,n—1.
Set
() = O50n(x) if @ €[], 2] and 1 <j <m,

and observe that ¢ € W24(a,b) and (/Ln,@n) is an eigenpair of (1.1) having the
property that (=1)’~'¢,(z) > 0in (2], 27) for j =1,.

Now, we deal with the assertion (ii). le an n € N and let (uf, o) € R x
W?4(a,b) be an eigenpair obtained in the above. Let (z])}_, be the increasing
sequence of the zeroes in [a, b] of ¢, Let (u, ) € R x WQ’q(a b) be any eigenpair
of (1.1) such that the function ¢ vanishes exactly at n + 1 distinct points in [a, b].
Let (yj)?zo be the increasing sequence of zeroes of ¢ so that yo = a and b = y,,.

To proceed, we may focus on the case where ¢(z) > 0 in (yo, y1). We intend to
show that u = p and there is a constant § > 0 such that ¢ = 0. If n = 1, then
this this is a consequence of Theorem 4.1. We may therefore assume that n > 2.

From Theorems 2.2 or 2.6, we see that (—1)7¢/(y;) > 0 for all j = 0,1,...,n and
accordingly (—=1)"tp(z) > 0in (y;_1,y;) for j = 1,...,n. By Theorem 4.1, we have
pt = pti(x)_y,2)) and p = po (y] 1,y;) for 1 < j < n. Applying Lemma 5.2, we
find j,k € {1,...,n} satisfying [2]_,.27] C [y;—1,%;] and [ye—1, %] C [z}_}, 27]. In
view of Theorem 4.2, we obtain

fy = % (2, 2f) > i (Yo, y5) = o= 1 (Yk—1, y) > 0 (g, 7)) =

which yields p = pf.

By Theorem 4.2 (i) and the fact that u = p7, we infer that y; = + for all
1 < j <n—1. Furthermore, by Theorem 4.1, we see that there is a sequence (6;)"
of positive numbers so that ¢ = 6;¢; in [xj 1525
oF are both C' functions on [a, b], we see that the constants 6; are all the same.
Thus, ¢ = ¢, in [a,b] for some constant 6 > 0.

What remains is to show that every eigenfunction of (1.1) has zeroes of a finite
number. To this end, we suppose by contradiction that there is an eigenpair (u, ¢)
of (1.1) such that ¢ has infinitely many zeroes. This means that there exists an
accumulation point ¢ € [a, b] of zeroes of p. We see immediately that ¢(c) = 0, and
moreover by using Rolle’s theorem that ¢'(¢) = 0. Theorem 2.2 now allows us to

7j=1
zf] for 1 < j < n. But, since ¢ and
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conclude that ¢(z) = 0 in [a, b], which is a contradiction. This proves that every
eigenfunction of (1.1) has zeroes of a finite number. O

Next, we give basic properties of the sequence (p)pen.

Proposition 5.3. Let (,7) and (u,,) be sequences of eigenvalues given by Theorem

1.1. Then
(5.4 lin min{yf, iy} = o
(5.5) max{/,’, g, } < min{p 4, p,,} for each n € N.

Proof. Let ¢ be an eigenfunction corresponding to p,f and ()= the sequence of
zeroes of ¢. Since pf = p*(xj_q1,x;) for 1 < j < n and mini<j<,(z; — x;_1) <
(b —a)/n, we see that

pt > inf {pt(s,t), p(s,t) ra<s<t<b t—s<(b—a)/n}.
Similarly, we get
pn, > inf {pt(s,t), p(s,t) ra<s<t<b t—s<(b—a)/n}.

Thus, by Theorem 4.2 (iii), (5.4) holds.

Next let ¢, ¢, and ¢, | be eigenfunctions corresponding to the eigenvalues p;',
p, and gt respectively. Also let (z])7_, (y; )7y and (z;)"*] be the sequences of
the zeroes of ¢}, ¢, and ¢, |, respectively. By Lemma 5.2, thereisa k € {1,...,n}
such that [z, |, 2] € [z |, 2{]. Using Theorem 4.2, we have

=

Iujl_Jrl = mek (le—lv ZIj) > Mf{“ (x;—lv I;) - :U’:‘

Similarly, we deduce that there is an integer £ € {2, ...,n+1} satisfying [z, |, 2] €

[yZ—27yZ—1] and {ZZ—D ZZ] 4 [yZ—2>yZ—1] and that

fy = 1720 20) > 1% (Y Vi) = iy -

Thus we have .t > max{yu}, p, }. Similarly, we obtain p,_ , > max{x}!, p, },
which completes the proof. O

Finally, by reviewing the proof of Theorem 1.1, we note that the eigenvalues p
and p, with any n € N, are continuous as functions of (a,b) on the set {(z,y) €
R? : z <y}

6. RADIALLY SYMMETRIC SOLUTIONS

In the rest of this paper, we assume that N > 2 and study radially symmetric
solutions of PDE of the form

(6.1) F(D*u, Du,u,z) =0 in Bg,

where 0 < R < 00. B
Let u be a smooth function on Bgr. Assume that u is radially symmetric, i.e.,
u(z) = g(|x|) in Bg for some function g on [0, R]. Note that for 1 < ¢ < oo,

(62) [ s =ax [ ot
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where ay is the surface measure of the unit sphere S¥=1, and that if u € C?(Bg),
then

(I])
(6.3) Du(x) = (|x\)ﬂ and D*u(z) = ¢"(|z|) P, + J 2] (I — P,) for x #0,
where P, denotes the matrix x®z/|z|? = (z;2;/|x]*) which represents the orthogonal
projection in RY onto the one-dimensional space spanned by the vector z. In the

above situation, we have
1/2
Pu_ 9|z >\
6.4) |D? = = (g 24 (N - )2 .
(6.4) [D*u(x)| (Z axiaxﬁf”)) (rg ()P + (V= ) )

With these observations at hand, we introduce the function spaces L%(a, R) and
W24(a,R), where 0 < a < R and ¢ € [1, 00, as follows: if ¢ < oo, L%(a, R)
denotes the space of all measurable functions g on (a, R) such that r — | g( )| N-1
is integrable on (a, R), with norm given by

R 1/q
o) — ( [ tatrjer dr) |

and W24(a, R) denotes the space of all functions g € L(a, R) such that the functions
r— (g (r)|/r)r¥ "t and r — |¢g"(r)|2rV ! are integrable on (a, R), with norm given
by

7

W2a,R) 2(a,R) + ||g'/7“
where ¢’ /r denotes conveniently the function 7 — ¢/(r)/r. In the case where g = oo,
we set L>(a, R) = L*(a, R) and W>*(a, R) = {g € W**(a, R) : ¢'(0) = 0} if
a =0 and = W%*(a, R) otherwise.

We remark that Li(a, R) C LP(a, R) and W>4(a, R) C W2?(a, R), if p < ¢, by
Holder’s inequality and that L?(a, R) = Li(a, R) and W?4(a, R) = W2%(a, R), if
a > 0, together with the equivalence of their respective norms.

We recall that W24(Bg) is the subspace of the usual Sobolev space W%4(Bg)
consisting of all radially symmetric functions u € W%4(Bg), with norm

t(a,R)»

[ullwaa(sr) = llullzasg) + | Dullagsry + 11D*ulll o).
The following lemma says that W2>4(Bg) can be identified with W24(0, R).
Lemma 6.1. Let ¢ € [1, oo] and u and g measurable functions on Br and (0, R),

respectively. Assume that u(z) = g(|z|) a.e. in Br. Then, u € W*1(Bg) if and
only if g € W29(0, R). Furthermore, in this case we have

/
Du(z) = ¢z} % and Du(z) = g (2= 2L 4 91121 <JN - ®f> ae.
z| |z || |z

Proof. We treat here only the case where ¢ < 0o, and leave it to the reader to prove
the assertion in the case where ¢ = oo

First, we assume that u € W?%(Bpg), and show that ¢ € W2%(0, R). Choose a
sequence (ug)ren of smooth radial functions on By so that limy_.q. g —ul|w2apy) =
0. The existence of such a sequence (u;) can be shown by the combination of
the mollification technique and scaling of functions by multiplying the independent
variables by a positive constant less than one. For more detail on this, we note first
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that one can approximate u in W24(Bg) by the family of functions u,(z) := u(nz),
where 0 < 7 < 1, as n — 1 — 0 and secondly that if p. denotes the standard
mollification kernel with support in B., then, for each 0 < n < 1, the convolution
p- * u, belongs in C®(Bpg) for every ¢ > 0 sufficiently small and p. * Uy — Uy in
W?24(Bg) as € — 0+.

Define the function g on [0, R] by setting gx(r) = ux(x) if |x| = r. Combining
(6.2)-(6.4) applied to (uy, gx) yields

1
NN gilwzao.my < 2lunllwas (-

which is still valid if one replaces (ug, gr) by (ux — wj, g — g;). Accordingly, the
sequence (gy,) is a Cauchy sequence in W24(0, R), which implies that g € W>4(0, R)
and moreover, a]l\{q||g| wzao.r) < 2lullwasg)-

Next, we assume that g € W29(0, R), and prove that u € W>4(Bg). Note that
g € W4(a, R) C C'([a, R]) for any a € (0, R). We calculate for 0 < a < R,

R R ’
o() ~g(@le"* a2 [Tigoiacs [170
and

(6.5) a"g(a)| < a"Mg(R)| +allg'/r
Now, let ¢ € Cj(Bg) and 0 < a < R. Using the divergence theorem, we get

- / bou@)de = | P@)gla)™ dS + / b(2)g (1)
BR\Ba OBg BR\Ba

|z]

N A < g /7| o,y

L} (0,R)-

X

dz,
|z

where dS denotes the surface measure. Noting by (6.5) that

T _
| w@la) a8 < lg(@)lana Wl — 0 asa =0,
B
we get
Xy
— | Wpu(@)dz= [ P()g(|lz]); dz.
Br Br 2]

Thus, we have Du(z) = ¢'(|z|)z/|z| a.e. in Bg.
Let 0 < a < b < R, and compute that

b
9(0) — g (@)]a" < / (O de < [1g”

L1(0,b)>

and

(6.6) a" g (a)] <a"|g(b)] + [lg”

Note here that the right hand side converges to ||g"|| .10 as @ — 0 and || g”|| L1 (0.) —
0 as b — 0. As before, let ¢p € C3(Bg) and 0 < a < b < R. By the divergence
theorem, we get

I‘.
- i (), (2) do = — s ()9 (Jz]) = d
[, == [ @ e

L1 (0.b)-

, T I Tl , 5i~x2—xix-
— [ @) 5d5+/ () (g () T+ (o) 22— ) o
2] Bi\Ba 2] 2]

0B,
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where ¢;; = 1if i = j and = 0 if « # j. The last equality is clearly valid when g is
smooth. In general it may need a justification, which can be done by approximating
g by smooth functions. By (6.6), we get

/ wmmww%?dﬂ=0,
9B, ||
and accordingly,

_ Bmei(:c>uwj(x)dx:/BRw(:c) (;,”(mpﬁ; ¢z |>W) dz.

Thus, we have

r®x
Du(a) = () o + o/l
Finally, a simple calculation shows that
1
lullweoza < ax* (R + VN = Dllgllwze,n
We therefore conclude that v € W29(Bpg). O

We assume in the rest of this section that F' satisfies (F1), (F2) with A < oo
and (F4). Let u € W2%(Bg) and g € W24(0, R) satisfy u(z) = g(|z|) a.e. in Bg.
In view of Lemma 6.1, we see that u is a solution of (6.1) if and only if for a.a.
(r,w) € (0, R) x SN—1,

lim
a—0-+

(In —w®w), g (r)w,g(r),rw) = 0.

Thanks to (F4), this last condition is equivalent to the condition: for any fixed
we SN

F(g"(r)
We fix a point wy € SV~! and define the function F : R* x (0, R) — R by
F(m,l,p,u,r) = F(mwy ® wy + I(In — wo ® wo), pwo, U, Two)-

Fg"(rw®w+

g'(r)

gli'r) (IN —w® w)’g’(r)w’g(r),rw) =0 ae re (0, R)

Also, we introduce radial versions P, P~ : R? — R of the Pucci operators adapted
to this circumstance by

PH(m, 1) = PT(mwy ® wo + I(In —wo @ wyp)),
and P~ (m,l) = =P*(—m,—l). By (F2), we have
F(ma, by, pr,ur, ) — F(ma, ly, pa,ug, ) < PH(my —ma, by — lo)

+ B(rw)lpr — pa| + y(rw)|us — uzl
for all (mg,l;, pi,us,r) € R, i = 1,2, and a.a. (r,w) € (0, R) x S¥~1. In view of
Fubini’s theorem in the polar coordinates, there is a choice of w € SN¥~! having the
properties that the inequality (6.7), with this w, holds for all (my,l;, p;, u;) € R,
i = 1,2, and a.a. r € (0, R) and that the functions r +— [(rw) and r — ~(rw)
belong to L4(0, R). We fix such an w, call it wy, and, with abuse of notation, we

write § and 7 the functions r — [(rw;) and r — 7(rw;), respectively. In other
words, under the assumptions (F1), (F2) and (F4), we conclude the following;:

(6.7)
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(F5) There exist functions [, v € LI(0, R) such that
F(ma, L, pr,ur,m) — F(ma, lo, pa,ug, 1) < P (my —ma, by — o)
+ B(r)lpr — p2| + 7(r)ur — us
for all (my, l;, pi,u;) € R, i =1,2, and a.a. r € (0, R).

7. ESTIMATES ON RADIAL FUNCTIONS

We establish a priori type estimates on functions in W2(a, R), motivated by
the boundary value problem for the ODE F(u", v /r,v/,u,r) = 0 in (a, R), where
a € [0, R), with the boundary condition

u'(a) =0 if a>0, and w(R)=0.

Throughout this section we assume that N > 2, fix two constants 0 < A < A < o0,

and set A\, = A/A and ¢. = N/(1 4+ M\(N — 1)) = N/(AN + (1 = \)).

Lemma 7.1. Let a € [0, R), q € (., 00}, g € LY (0, R) and f € Li(a, R). Let v be
a measurable function on [a, R] such that for each b > 0 v is absolutely continuous
on la, R N [b, R|. Assume that f > 0 a.e. in (a, R), v/r € Li(a,R), v > 0 in
la, R], v(a) =0 ifa >0 and

V'(r) + A(N — 1)M <g(r)v(r)+ f(r) for a.a. v € (a, R).

r
Then there exists a constant C' > 0, depending only on A, q, ||gllc~y R and N,
such that

(7.1) lo/rllLeqa,r) < CIIf

An important point of the above estimate is that the constant C' can be chosen
independently of the parameter a.

Proof. Set ¢ = A (N — 1), so that v + ev < gv + f a.e. in (a, R). Note that
(rfv)’ < gur® + frf a.e. in (a, R). Accordingly, if b € (a, R), then we have for all
r € b, R],

(7.2) rfo(r) < bu(b) exp (/brg(s) ds) + /arf(t)té‘ el 9ds qt.

Since ¢ > N/(1+¢), we have 1 +¢ — N/q > 0. We fix
1 N
0==(1 - —
so that 6 > 0. By Holder’s inequality, for a <t < r < R, we have

r r 1/N r 171/N
/ gds < </ g(s)NsN 1 ds) (/ s ds)
t ¢ ¢

r\ 1-1/N
< (log%) g

By Young’s inequality, we get

/ gds < g
t

Li(a,R)"

LY(0,R)-

(N — 1)V

N
NN§N-1 ”gHLﬁV(O,R)

r\1-1/N r
LY (0,R) (log ;) < dlog i
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Setting N
—1

B = WHQHLN (0,R)

we obtain

(7.3) exp ([gds) < (;)5 oB.

Consider the case where a = 0. By comparison of the integrable function r —
(v(r)/r)4r™=1 on (0, R) and the nonintegrable function » — 1/r, we deduce that
there is a sequence (by)keny C (0, R) converging to zero such that

d 1
YN v o Lo,
i b

that is, bEv(by) < b5 ™7 = b2 for all k. This together with (7.3) yields
wu(by) exp (/brgds) < (bpr)’ e®.
Thus, sending b — a in (7.2) (along tkhe sequence b = by if a = 0), we obtain
(7.4) ru(r) < / rf(t)ta eJi 995 4t for all r € [a, R].
Combining (7.4) and (7.3), WC:% get
(7.5) v(r) < eBro—e /T f®t=°dt forr € [a, R].

Now, if ¢ = 0o, we note that e — 6 = § — 1 and get from (7.5)

PN lee@m s sy o €I lx@n)
5 (= a) = 5
which gives the desired estimate (7.1) in the case ¢ =
Next, let ¢ < oo and note that ¢ —§ = (N — 1 +5)/q —i— (=14+6)(¢—1)/q and

rN—l(%) < eIBpN-1-¢+(6=e)g (/f t”dt)
— 0By </f E‘5d15>.

By Holder’s inequality we get

r r 1/ r 1-1/
/ f(t)te—é dt < (/ f‘(t)QtN—l—HS dt) a (/ z5_1-}-(5 dt) q
T G N—146 ,,,,6 1-1/q
< (/a F)N dt) <3) )

/Rer(w)q qu/ £ H‘Sdt/ ~1-6 g,
“ r

B
_“ / FHN 1 dt,

v(r) < for all r € [a, R],

and hence,
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from which we get the estimate (7.1) with e?/d. O

Lemma 7.2. Let ¢ € (N/2, 00| and a € [0, R). Let u be a function on [a, R] such
that for each b € (a, R], the function u is absolutely continuous on [b, R|, u(R) <0

and |[(u") - /7||2(a,r) < 00. Then there exists a constant C' > 0, depending only on q
and N, such that

suPU<C(Rq T —a {V>qQI 1(u)- /7

(a, R]

r(a, R):

As a consequence of the Sobolev embedding theorem, we have W*4(Bg) C C([0, R]).
This inclusion can be deduced by the above lemma as follows. Let u € W29(0, R).
By the above lemma, we get

[ull oo, m) < |u(R)] + Ol /7

But, this inequality tells us that if we select a sequence (uy) of smooth functions
which approximates u in W2%(0, R), then it also approximates u in C([0, R]).

r(0,R)
Proof. Fix any r € (a, R|. We have

Accordingly, if ¢ < oo, we get

un< [ 04 4 < ) frlign ( / g )(q‘”“

(¢-1)/q g1
q— 1 2¢—N 2¢g—N
<(f=g) (@ =)

If g = o0, we get

R (1), (R —a?),
ulr) < / 041 < T2y a0, ) m

Lemma 7.3. Leta € [0, R) andu € WY (a, R). Assume in addition that v'(a) = 0
if a > 0. Then

1-1/N 1/N
] oo iy < NNt /el 1

We remark that the above lemma implies that W (0, R) C C'([0, R]).

Proof. Note that any function v € W2"(Bg) can be approximated by a sequence of
smooth radial functions in W2 (Bg). Thus, even in the case where a = 0, we may
assume by approximation that u is smooth and u/(a) = 0.

For any a < r < R, we have

|U N|</N|u Nl// |dt N/| /tNlll()ltN 1dt

< Nl /rl7; N2 @,y

and hence the conclusion follows. O
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A simple consequence of the above lemma is that if ¢ € L0, R) and u €
W24(0, R) for some ¢ > N, then gu’ € L0, R). The next lemma shows that a
similar regularity result holds for ¢ < N under the assumption that ¢ € LY (0, R).

Lemma 7.4. Leta € [0, R), q € (1, N) and u € W24(a, R) Assume that u'(a) =0
if a > 0 and that g € LY (0, R). Then there exists a constant C' > 0, depending only
on q and N, such that

| (I /]

Proof. We may assume by approximation that u is smooth and u'(a) = 0.
Fix any € > 0, and note that for r € (a, R),

1
W+ I ).

t(a,R

t(a,R)

PN = (N — g o) / Ny ()1 dt + g / BN 2 () (8) .

Observe that

(7.6) 199 1 a(qm < (N —qa+e)A+qB,
where
R R
7.7 A= NI () |9 dt r) | NTamE N gy
& ) |
a t
and
R R
7.8 B:= [ N/ (2)] de r)| 2 NNt gy,
(7.8) )
a t

Now, noting that ¢/N + (N — ¢)/N = 1, we compute that for ¢t € (a, R),

R R
/ ’g(r)|q7,fN+qferN71 dr < HquLN(a B) (/ T,N(qufs)/(qu)erl dT)
t e t

N g e NN
<HgHLN(aR N—gt N—q .

Combining this with (7.7) and (7.8) yields

)/N R
/ N—-1-
A< ( ) oty [ @

N — )/N
) ol

(N—q)/N

and

N g\ /N R 1 o
! — " —
e o

(N-q)/N
N —gq
e

f(a,R)"
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Thus, we get

. (N—q)/N
o], <(N q) .
(a,R) Ne LN (a,R)

X (N = 4 )l m + all /I e laemy). O
Theorem 7.5. Let a € [0, R), ¢ € (max{N/2, ¢.}, oc], 3 € L¥(0, R) N LI(0, R),
Y f2 e Li(a, R) and u € W>4(a, R). Assume that 3 >0 a.e. in (a, R) and that
Pr” ' /r)+ Bl + f >0 ae in(a,R),
P (", /r) — Bl — f2<0 a.e in(a,R),
w(a)=0 if a>0, and u(R)=0.

Then there exists a constant C' > 0, depending only on q,
and ||| zs(0, ry, such that

2q(zzR < C(Hf—i-

The above theorem gives the W7 estimates on the radial solutions of (6.1).
Although these estimates applies only to radial solutions, in comparison with known
results (see for [16, 9, 6, 13]), they are relatively sharp in the exponent ¢ and the
requirement on 3 that 8 € LY (0, R) N L4(0, R).

Proof. Fix any (m,[,d) € R? such that PT(m,l) +d > 0 and d > 0. Assume that
[ <0. Wehave 0 < Am+ AN —1)l+dif m <0and 0 < Am + A(N — 1)l + d if
m > 0. Dividing the former and latter inequalities, respectively, by A and A, after
some manipulations, we get 0 < m + M\, (N — 1)l + A7'd. That is, we have

K )

“a,R)) -

t(a,R) + ||f+

(7.9) m+MN-DI+X1d>0 if [ <0.
Similarly, we have 0 < Am + A(N — 1)|l| + d if m < 0, and hence
(7.10) m+ A YN = DI + 17 > 0.
If we set v = (u')_, then we have v(r) = —u/(r) and v'(r) = —u"(r) ae. if

v(r) >0, and v(r) = 0 and v'(r) = 0 a.e. if v(r) < 0. Using (7.9), we get
o~ AN — 1)% FA B+ AL () >0 ae in (a, R).

By Lemma 7.1, there exists a constant C; > 0, depending only on A,, ¢, N and
H)‘_lﬁnLg\J(o,R), such that

(W)= /7|l L2ary < CillAT"f1

t(a,R)"
Similarly, since
(7.11) PH(—u", —u'/r) + Blv|+ >0 ae. in (a, R),
we get
1) /7l Lsa,m) < CLIN i Lo(am)-

Thus, setting M = A" fi|lrar) + N2
(7.12) [0/ /7]l Laga,r) < C1M

4(a,R), W€ have
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Using (7.10) and (7.11), we observe that

o/

(7.13) W < ATNN = 1) — + A8+ AT+ f2)  ae. in (a, R).

7
By Lemma 7.2 and (7.12), we can choose a constant Cy > 0, depending only on ¢,
R and N, for which we have

(714) Hu||Loo(a7R) S C’ngM.

Also, by Lemmas 7.3 and 7.4 with ¢ = A\7!'3, and by Young’s inequality, for each
e > 0, we find a constant C5 > 0, depending only on ¢, ¢, N, R, ||A\™' 3|1~ (o r) and
IA"' Bl 15(0,r), for which we have

(7.15) A B toar) < €l | Le(a,ry + C1C3M.

Combining this, with ¢ = 1/2, and (7.13), we get

1 "
-l

Lir) AN = D /rll s ry + CLC3M + X (f1 + g4)
<(ATY(N = 1)Cy + C1Cs + 1) M.

*

Li(a,R)

This inequality together with (7.14) and (7.15) yields an estimate on [lul|y2.4(, g,
with the desired properties. 0

A weak maximum principle is stated as follows.

Theorem 7.6. Let ¢ € (max{N/2, ¢.}, o0], a € [0, R), v € W?9(a,R) and f €
L%(a, R). Assume that 8 € LY¥(0,R), 3> 0 a.e. in (a, R), u(R) =0, v/(a) =0 if

a >0, and u satisfies
Pr o' [r)+ Bl |+ f>0 a.e in(a, R).

Then there exists a constant C' > 0, depending only on X\, A, q, N and ||B||.~ o r),
such that

29g—N 2q—N q%l
r[na}](u <C (R -l —q ! > ||f+ Li(a,R)"
a,R ,

Proof. As in the previous proof, by Lemma 7.1, there exists a constant C; > 0,
depending only on A, ¢, N and |\~ (0,r), such that

()= /7| paga,ry < Coll A" £+

Next, by Lemma 7.2, there is a constant C'y > 0, depending only on ¢ and N, such
that

Li(a,R)

2qg—N 29g—N q%’l /
maxu < Cy (R — a0 ) * ) /rl g
a,R ’
We combine these two inequalities, to obtain the desired estimate. O

The next lemma is a version for radial functions of the strong maximum principle.

Theorem 7.7. Let ¢ € (max{N/2, q.}, oo], u € W24(0, R), 3 € L¥(0, R) and
v € L0, R). Assume that u > 0 in [0, R] and

P~ (u" ' [r) — Bl —yu <0 a.e. in (0, R).
Then either u(r) =0 in [0, R] or u(r) > 0 for all r € [0, R).
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It should be noticed that the second possibility in the last statement includes the
inequality u(0) > 0.

Proof. Note that for any fixed € € (0, R), the function (m,p,u,r) — P~ (m,p/r) —
B(r)|p| — v(r)u on R® x (e, R) satisfies (F1)-(F3), with 2 = (¢, R). In view of
Theorem 2.6, it is enough to show that if u(0) = 0, then u(r) = 0 in [0, a] for some
0<a<RAR.

To this end, we suppose that u(0) = 0. Let a € (0, R) be a constant to be fixed
later on. We may assume by replacing ¢ by min{q, N} if needed that ¢ < N. As in
the previous proof, if we set v = (u'),, then we have

v+ A(N — 1)% <A Bv+yu) ae. in (0, R)

Hence, by Lemma 7.1, we get

(W) /T L20.0) < Cullvullgo,a) < CillvllLe(0,0) %zgu,

where C > 0 is a constant independent of the choice of a. Applying Lemma 7.2 to
the function 7 +— wu(c) — u(r), with 0 < ¢ < a, we get

max (u(c) — u(r) < Coc ™7 [[(u)4/r

Li(0,c)s

where Cy > 0 is a constant independent of ¢ and a. In particular, since u(0) = 0,

we have
29q—N
max u(c) < Ca™T (). /7

Li(0,a):

Thus, we get

2g—N
maxu < C1Cha 3 V1 29(0,q) Max .
[0,a] B ()

We now fix a € (0, R) small enough so that

29g—N

C’nga q H’}/
and find that maxy 4 u = 0. O

L(0,a) <1 )

8. EXISTENCE AND UNIQUENESS OF EIGENPAIRS IN THE RADIAL CASE

This section is devoted to the proof of Theorem 1.2. Throughout this section we
assume that N > 2 and (F1)—(F4) hold with A < co. Let 8 and 7 be the functions
from (F5), and we assume throughout this section that 3 € LI(0, R)N LY (0, R) and
v € LI(0, R) for some ¢ € (max{N/2, ¢.}, o0].

As discussed in Section 6, the Dirichlet problem (1.1) for radial solutions is equiv-
alent to the following problem for functions u € W>4(0, R),

- F@" o' Jrou u,r) +pu =0 in (0, R),
(8.1) u(R) = 0.

For notational simplicity, we write F[u](r) and P*[u](r) for F(u" (r),u'(r)/r, o' (r), u(r),r)
and PE(u”(r),u'(r)/r), respectively.
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Proof of Theorem1.2 (i). As usual, we are concerned only with (u,", ;7). In view of
the argument in Section 6, we may work in the framework of the space W29(0, R),
but not in that of W2%(Bg).

Let € € (0, R/4), and define the function F. on R3 x [2¢ — R, R] by

F(m,p/r,p,u,r) if e <r <R,

Felm.p,u,r) = {F(m, —p/(2e = 1), —p,u,2e —r) if 2e — R<r <e.

Next set I, = (2¢ — R, R), and note that for all (m,p,u,r) € R? x I,
(8.2) Felm,p,u,r) = F(m,—p,u,2e —r) if r#e,

and F. satisfies hypotheses (F1)-(F4) with 2 = [. and an appropriate choice of
B and 7. The identity (8.2) is a manifestation of the symmetry in our problem
with respect to the reflection at r = ¢. Indeed, using (8.2), we easily see that if
u € W24(1I.) and v(r) := u(2e — r), then F.[v](r) = F.[u](2e —r) for a.e. 7 € I..
Thus, for any constant ;1 € R we have F.[u](r) + pu(r) = 0 a.e. r € I. if and only
if F.[v](r) 4+ pv(r) =0 ae. r € L.

Now, let n € N. By Theorem 1.1, there exist an eigenpair (pi., ¢.) € R x W24(1,)
and a sequence 26 — R = acp, < Gepp—1 < -+- < @y < beyg <--- < by = R such that

Fe[%] + Uepe = 0 a.e. in ]57
(,05(?“) >0 in (as,la bs,l)a
(=1)7¢.(r) >0 in (@ejy1,ae;) U (bej,bejrr) for 1<j<n-—1.

Observe by the symmetry with respect to the reflection at r = ¢ that the function
r — (2 — r) is an eigenfunction of (1.1), with £2 = (2¢ — R, R) and F replaced
by F., corresponding to p.. By the half simplicity of the eigenvalues (Theorem 1.1
(ii)), we may deduce that ¢.(r) = p-(2¢ — r) for all r € I.. In particular, we have
Yl(e)=0and (a.;+0b.;)/2=cforal j=1,.

Next, we show that (fic)o<c<pr/4 is bounded. To give an upper bound of (fic)o<c<ry/a;
we d1V1de the interval (R/4 R) into n intervals, I; := (R/4 R/4+ hy),..., I, ==
(R—hy, R), where h,, := 3R/4n. For each j = 1,...,n, let v/ and v} be the posmve
and negative principal eigenvalues of (1.1), with f = F., in place of F, and (2 = I,.
Since there are at most n — 1 zeroes of the function ¢ in the interval (R/4, R), we
may choose an interval [;, with j € {1,...,n}, in which ¢. does not vanish. This
means that either I; C (a1, b-1) or I; C (beg—1, bo ) for some k € {2,...,n}. By
the monotonicity (Theorem 4.2 (i)) on the domains of the principal eigenvalues, we
infer that

(8.3) pe < max{v;, vy} < max{y; ci=1,..,n},

Vio¥j ViV

the right hand side of which gives an upper bound of (p.)o<c<r/4 independent of €.
To see that (y.) is bounded from below, we set m. := max,c.,] p-(r) and note
that ¢'(¢) =0, p-(b.1) = 0 and
Pr(eds oo /r) + Bleel + (v + pe)pe(r) 20 ae. in (g, be).

By Theorem 7.6, there is a constant C; > 0, independent of ¢, such that
(8.4) me < mCh[ (v + pe )+

1 (0,R)"
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Since limy—_oo || (7 + )4l z2(0,ry = 0, we may choose op € R such that Ci[|(y +
t)4llrgo.r < 1if t < og. Thus, from (8.4), we deduce that the inequality oo < p.
holds, and conclude that (u.) is bounded.

Now, we prove that there exists a constant dy > 0, independent of ¢, such that
be1 —e >0dp and b, j — b, j_1 > g for all j = 2,...,n. To this end, we set b,y := ¢,
Mej i= Maxp, 5, || for 1 < j <n. Also set u = || temporarily, and observe
that, depending on the parity of j, we have two possibilities: either u(r) = ¢.(r)
for all r € (b j_1, b ;), or u(r) = —p.(r) for all r € (b, j_1, b. ;). In either cases, we
have P*[u] + B|u'| + (7 + pe)+u > 0 a.e. in (b j_1, b. ;). Hence, as a consequence of
Theorem 7.6, we have

q—1
2g—N 29g—N

55) ey < maCe (057 =030 ) TG0

L¥(0,R)»

for some constant 'y independent of . Since m.; > 0 for all j = 1,...,n, we see
from the above inequality that

q—1
2q—N 29g—N

1< G <b;jl - b;j_ll) (7 =+ pe)+

which, together with the boundedness of (p.), gives a lower bound &y > 0, indepen-
dent of €, of b, ; — b, j_1, with j =1,...,n.
We next note that u := ¢, satisfies a.e. in (e, R),

P [u] + Bl + (v + |pel)lul = 0> P~ [u] = Blu'| — (v + |pe])|ul.

We may assume without loss of generality that ||¢.|| 1 (-, r) = 1 for all . By Theorem
7.5, there exists a constant C3 > 0, independent of €, such that

(8.6) [l |

We extend the domain of definition of . to [0, R] by setting @.(r) = @(r), if
e <r < R, and = p.(¢) otherwise. We note that $. € W29(0, R) and that, by (8.6),
(¢) is bounded in W2>4(0, R). Hence there exist a sequence (£4)52, converging to
zero, a constant u € R, a sequence 0 = rg < r; < ... <7, = R and a function
p € W20, R) such that, as k — 0o, e, — pt, be,; — 1 forall j =1,...,n—1,
|@e, — @llze,r) — 0 and [|@L, — ¢'||L(a,r) — O for any a € (0, R). It is obvious
that r;—r;_1 > o, p(r;) =0 and (=1)"'o(r) >0 in(r;_1,r;) foralll <j<n.

We show that ¢ is a solution of Flp] + pp = 0in (0, R). Fix any a € (0, R), and
observe that the function F. = F on R3 x [a, R] satisfies (F2) with 3 replaced by
the function § + A(N — 1)/a. We choose a constant x > 0 so large as in Section 3
that

LI(0,R)>

w2aer < Csll (v + kel @ellnge.my < Cslly + lpelll Loy

(R—a)exp (A8 + AN = D/allram) Ay = K)4llram < 1.

and set F.(m,l,p,u,r) = F(m,l,p,u,r) — ru for (m,l,p,u,r) € R* x [a, R]. Note
that Fy[pe] + (e +k)pe = 0 a.e. in (a, R). Let ¢ € L(a, R) be the unique solution
of F[] + (1 + k) = 0 with the boundary condition ¥ (a) = ¢(a) and (R) = 0.
We define the functions 1, = by putting ¥=(r) = ¥(r) £ |(¢. — )(a)|. Observe
that for a.e. r € (a, R),

Folol)(r) = FI(r) = sl (r) < FolW](r) + (v(r) = £) (@ — 9)(a)],
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and hence, F.[vT](r) + (u + r)p(r) — v(r)|[(pe — ¢)(a)| < 0. Similarly, we get
Folo 1+ (n+r)e(r) +v(r)|(pe — ) (a)| > 0 for a.e. r € (a, R). We apply Theorem
2.4 to the pairs (., ¥) and (¥, ¢.), to find that

e = Y||Lo(a,r)y £ C (H% — ||z (a,r) + |1te — M|)
for some constant C' independent of . This guarantees that ¢» = ¢ in [a, R] and
hence ¢ is a solution of F[p] + e = 0in (a, R). It is now clear that ¢ is a solution
of Flp] + up = 0 in (0, R). Thus, the pair of x4 and the function ¢ is an eigenpair
of (8.1).

To complete the proof, we show that ¢(r) > 0 in [0,71) and (—1)"p(r) > 0 in
(rj_1, r;) for all j =2,...,n. We suppose by contradiction that either p(0) = 0, or
else p(b) = 0 for some b € (rj_y, r;) and j € {1,...,n}. By Theorem 7.7, if ©(0) = 0,
then ¢(r) = 0 in [0, 1], and if the latter is the case, then ¢(b) = ¢'(b) = 0. Then,
by the uniqueness of solution of the Cauchy problem (Theorem 2.2), we see that
©(r) =0 in [0, R], which is a contradiction. The function ¢ has therefore the right
sign property. 0

The next lemma states analogues in the radial case of Theorem 4.1 and Theorem
4.2 (i).

Lemma 8.1. (i)Let (i, ) € W20, R) be an eigenpair of (8.1). Assume that the
function ¢ is nonnegative (resp., nonpositive) on [0, R]. Then we have ¢ > 0 (resp.,
0 <0)inl0, R). (i) If (u, ), (v,0) € R x W24(0, R) are eigenpairs of (8.1) and
either ¢ > 0 and v > 0 in [0, R), or else ¢ < 0 and ¢ < 0 in [0, R), then u = v
and ¢ = 0y in (0, R) for some constant § > 0. (iii)Let 0 < a < b < R. Let
(n,0) € R x W29(0,a) and (v,7) € R x W24(0,b) be eigenpairs of (8.1) in (0, a)
and in (0, b), respectively. Assume that either ¢ >0 in [0, a) and ) > 0 in [0, b) or
else p <0 in [0, a) and ¢ <0 in [0, b). Then we have > v.

Proof. The assertion (i) is a direct consequence of Theorem 7.7.

To check (ii), we may assume by symmerty that © < v. We treat only the
case where ¢ > 0 and ¢ > 0 in [0, R); the other case can be treated similarly. Set
6§ = infjo r) 1 /. We have either 0 = 1(s)/¢(s) for some s € [0, R) or else, in view of
1" Hopital’s rule and the strong maximum principle (Theorem 2.6), 6 = ¢/'(R)/¢'(R).
Note that the function u := 1 — 6y satisfies

0> F[Y] + mp — Flop] — pbp > P~ [u] — Blu'| — (v + [pu))u ae. in (0, R),

and that either u(s) = 0 for some s € [0, R) or v/(R) = 0. Applying Theorems
7.7 and 2.6 to the function u, we find that u(r) = 0 in [0, R], that is, ¢ = Op.
Furthermore, if u < v, then vyp = —F[¢p] = —=F[0p] = pdp = puyp in (0, R), which
is impossible. That is, we have u = v.

We prove that (iii) holds. Again, we treat only the case where both ¢ and 1
are positive in [0, R). Suppose by contradiction that p < v. Set 6 = infjy ) 1¥/¢.
Clearly, we have 1(s) = 0p(s) for some s € [0, a). If we set u := 1) — f¢, then u
satisfies P~ [u] — B|u/| — (v +]|pu])u < 0 a.e. in (0, a). Hence, we deduce as above that
u(r) = 0in [0, a], while we have u(a) > 0. This contradiction shows that > v. O

Proof of Theorem 1.2 (ii). Let (u, ) € R x W24(0, R) be an eigenpair of (8.1). We
treat only the case where ¢(0) > 0, since the other case can be dealt with in a
parallel way.
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We first prove that ¢ has at most a finite number of zeroes. For this, we suppose
by contradiction that it has infinitely many zeroes. As a result, the set of zeroes
of ¢ has an accumulation point a in [0, R]. We first suppose that a > 0. Clearly
we have ¢(a) = 0. Moreover, by Rolle’s theorem, we see that ¢'(a) = 0. By the
uniqueness result (Theorem 2.2) for the Cauchy problem for ODE, we find that
©(r) = 0 in [0, R], which is a contradiction. We next suppose that a = 0. By the
above argument, we have (¢(r),¢'(r)) # (0,0) for all » € (0, R]. Because of the
choice of a, there are sequences (ax), (br) C (0, R) such that 0 < a; < by for all k,
by — 0 as k — o0, p(ag) = ¢(bx) = 0 for all k and ¢(r) > 0 for all r € (ay, bx) and
all k. Since by — ar, — 0 as k — oo, following the argument which led to (8.5), we
get a contradiction. Thus, ¢ has at most a finite number of zeroes.

We note here by Theorem 7.7 that ¢(0) > 0. Let (ry)7_; be the sequence of all
zeroes of ¢ such that ro :=0<r; <--- <r, = R. If n =1, then our claim is a
consequence of Lemma 8.1 (i) and (ii).

We may thus assume that n > 2. Fix any eigenpair (v, 1) € Rx W24(0, R) having
exactly n zeroes in [0, R] such that ¢(0) > 0. It is enough to show that y = v and
that there is a constant § > 0 such that ¢» = f¢ in [0, R].

Let (sx)p_; be the sequence of all zeroes of ¢ such that sp ;=0 < s1 < --- <
s, = R. By Lemma 5.2, there are two indices k, j € {1,...,n} such that [ry_q1, ri| C
[sk—1,sk] and [s;_1,s;] C [rj_1,7;]. Hence, Theorem 4.2 (i) and Lemma 8.1 together
implies that g = v and [r;_1, 7] = [sj_1, s;] for some j € {1,...,n}. Applying the
same argument repeatedly for complementary intervals, we infer that [ry_i, 7] =
[sk—1,sk] for all k = 1,...,n. Now, by Lemma 8.1, we may choose a constant 6 > 0
so that ¢ = 0y in [0, r1]. Theorem 2.2 (a uniqueness result for the Cauchy problem
for ODE) allows us to conclude that ¢ = 6y in [0, R]. O

The following proposition is analogous to Theorem 5.3.

Proposition 8.2. Let (u}) and () be the sequences of eigenvalues given by The-
orem 1.2. Then

(8.7) lim min{u;, i, } = oo,
(8.8) maxc{pif, i} < min{pf, iy} for every n e N,

Proof. Fix n € N, and let ¢ € W24(0, R) be an eigenfunction corresponding to ..
Let (r;)j—, be the increasing sequences of zeroes of the eigenfunction ¢. Set ry = 0.
Obviously, there exists j € {1,...,n} such that r; —r;_y < R/n. Fix j € {1,...,n}
so that r; —r;_; < R/n. Set m = maxy,,_, »|¢| and
.
£, = max <(r + %)23%{\] — ng:{v>7 :
0<r<R

Similarly to how we have obtained (8.5), we get m < Ce,||(v + 1)+
some constant C' > 0 independent of n. It is then easily seen that ut — oo as
n — oo. Similarly, we find that pu, — oo as n — oo. Thus, (8.7) is valid.

The inequality (8.8) is proved in the same way as the proof of (5.5) in Proposition
5.3, and we do not give here the detail. 0
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