Let a,b € R™ and p > 1. Note that
1
(|a]P~2a — |b|P~2b)(a — b) = / b+ s(a—b)P%|a— b® ds
0
1
+(p—2) / b+ s(a—b)P"*((b+ s(a—b))(a—b))*ds
0

> |a —b|? /01 b4 s(a —b)[P~2 ds.
We set
I(a,b) = (|a|P"2a — |b|P~2b)(a — b).
Case 1: 1 <p < 2. For any 0 < s < 1 we have
[sa+ (1= )b > (la] + [b])" 7,
and therefore
(A) I(a,b) > (la] + [b))P~2|a — b|*.
Case 2: p > 2.

Subcase (i): |a| > |a — b| and |b| > |a — b|. Note that if 1/2 < s < 1, then

sa+ (1= s)bl =la+ (1 —s)(b—a)] = [a] = (1 = s)|a —b|
| — ]

>la—b—(1—s)la—0b)=sla—0b| > 5

and if 0 < s < 1/2, then

|a — ]

|sa+ (1 —s)b]| > (1 —s)|la—>b|] > 5

Hence, we get .
/ |sa + (1 — s)b|P~2ds > 227 P|a — b|P~2,
0
and
I(a,b) > 2% P|a — b|P.

Subcase (ii): |a| < |a — b| or |b] < |a — b]. We consider only the case where
la| < |a — b|. Observe that for 0 < s < 1,
lsa+ (1 —s)b]| =la+ (1 —s)(b—a|] <|a|+ (1 —s)|a — b|
<(2—=3s)|la—0b| <2|a—b|.

1



Hence,

1 1
I(a,b) > Z/ |sa + (1 — s)b|P ds.
0

By convexity, we get

1 p/2 1
(/ |sa + (1 — s)b|? ds) < / |sa + (1 — s)b|P ds.
0 0

Observe that

1 1
/ |sa+ (1 — s)b]*ds = / (s®lal® 4+ (1 — 8)?|b|* + 2s(1 — s)ab) ds
0 0

= = (laf? + b + ab)

_Lla—bP +3la+ b la—b|\>
3 4 =\ 4 )

combining the above, we obtain

ja —b)”
I(a,b) > =
Thus, if p > 2, we have
(B) I(a,b) > (22 P A4 N Ja—bP =477 |a — bJP.



